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Abstract. This paper presents a novel constitutive model to describe the thermomechanical behavior of shape memory
alloys (SMAs). The proposed model is developed within the scope of the standard generalized material formalism. In-
elastic behavior includes both phase transformation and classical plasticity. Solid phase transformations are described
considering four macroscopic phases representing three variants of martensite and an austenitic phase. Classical plas-
ticity is described considering both kinematic and isotropic hardening. Under these assumptions, the proposed model
can fit threshold stress-strain-temperature curves from the transformation surfaces representing multiple simultaneous
phase transformation processes. Numerical simulations are carried out establishing a comparison with experimental
data available in literature.
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1. INTRODUCTION

Shape memory alloys (SMAs) belong to the smart materials presenting a complex thermomechanical behavior due to
solid-phase transformations. Several behaviors can be observed under themomechanical loadings and it is important to
highlight: Shape Memory Effect (SME) that represents the capability to recover residual inelastic strains after a proper
themomechanical loading; Pseudoelasticity (PE) that is related to the capability of recover large strains through an inelastic
hysteretic mechanical cycle. Due to these unique properties, SMAs have several applications on engineering, medicine,
dentistry, and other potential areas. They can be used in a passive way, as structural elements, or in a active way, as
actuators and sensors. Among their applications, it should be pointed out absorption of vibration or impact; high pressure
pipe couplings; self-expanding structures; and adaptive structures. A general overview of the SMAs’ applications can be
found in Lagoudas (2008).

The development of an SMA application has the special need of a proper mathematical description for each phe-
nomenon involved. Nevertheless, the nonlinear thermomechanical behaviors make this task a special challenge, involving
several research efforts. According Lagoudas (2008), although the SME has had first reported in 1963, the first constitutive
models are associated with 1980’s. In general, SMA description is performed by considering three different approaches:
macroscopic - based on the continuum mechanics; microscopic - based on the interaction among the crystals and grains,
or micro-planes; mesoscopic - that considers the macroscopic field from some microscopic effects as variations of volume
fractions of the phases Bo and Lagoudas (1999).

Lagoudas (2008) and Paiva and Savi (2006) presented general overviews about constitutive models for SMAs. de Souza
(1998) stated a model based on the generalized standard formalism, with a Helmholtz free energy function having constant
coefficients, and dissipation functions adapted from the classical plasticity theory. That model was built for 3D media and
has drag and deviatoric components. Three different criteria for phase transformation, each one based on distinct elasticity
criterion, are adapted from the Drucker-Prager flux. This model needs to set a parent phase and does not represent changes
in properties of austenitic and martensitic phases.

Auricchio and co-workers developed a model using the generalized plasticity theory to represent stress induced marten-
site. Parallel surfaces for direct and reverse transformations are considered without any hardening function. Under these
assumptions, the model has the same properties for martensite and austenite and the description of SME is restrict to the
gap between the transformation surfaces.

Paiva et al. (2005) proposed a one-dimensional model that follows the same ideas of Savi et al. (2002). This model
proposed energy functions based on the mixture of four macroscopic phases (austenite, twinned martensite, tensile marten-
site and compressive martensite). The generalized standard material formalism was employed using indicator functions
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to establish restrictions on volume fractions mixture. A large number of behaviors can be described by this model as
SME, PE, internal subloops due to incomplete phase transformations, two-way shape memory effect (TWSME) and
tension-compression asymmetry. In addition, the model has viscous behavior that allows the representation of thermo-
mechanical couplings. Its current version includes phenomena like transformation induced plasticity effect (TRIP) for
three-dimensional medias.

Bo and Lagoudas (1999) proposed a one-dimensional constitutive model based on the Gibbs free energy with a parent
phase transforming in a product phase through relations based on the classical theory of plasticity. The current state of the
Lagoudas’ familiy proposed an extension of the original model for three-dimensional media, including three macroscopic
phases (seff accommodated martensite, detwinned martensite and austenite). This model employed different hardening
rules and a wide set of phenomena can be described (SME, TWSME, PE, TRIP and internal subloops). This model
presents a constant thermodynamic resistance to the phase transformation that results in parallel transformation surfaces.
Moreover, it does not allow the description of compressive behavior since it does not use a compressive martensitic
variant.

Rizzoni and Marfia (2015) stated a unified model derived from Hemlmoltz free energy with Voight mixture and Gibbs
free energy with Reuss homogenization, restriction rules on the phase diagram and three microscopic phases (austenite,
compressive and tensile martensites). Twinned martensite is treated as a mixture from the detwinned variants. Phase
transformations are defined from parallel surfaces. Numerical simulations were conducted for isothermal processes.

This paper deals with a novel SMA constitutive model. The idea is to characterize inelastic behavior from the definition
of phase transformation and plastic surfaces. Four macroscopic phases are considered. The model is developed within
the scope of the generalized standard material formalism and continuum mechanics. A Helmholtz free energy function of
the SMA results from a combination of the energy functions for each of its four macroscopic phases. As in many of the
model for SMAs, theory of plasticity is used as an inspiration for the definition of the inelastic behavior resulting either
from yield or phase transformation surfaces. Phase tranformation surfaces has nonparallel representation as observed
on experimental data. Classical plasticity description considers both isotropic and kinematic hardening. In addition,
the model presents a plastic-phase transformation coupling. A critical analysis of this new model can consider it as a
combination of the main ideas of de Souza (1998) and Auricchio et al. (1997) together with those proposed by Paiva
et al. (2005). The resulting model is close to the proposed by Bo and Lagoudas (1999). For the sake of simplicity, TRIP,
internal subloops, TWSME are not treated in this paper.

2. CONSTITUTIVE MODEL

In brief the generalized standard material approach relies in the definition of two potentials from which the associated
variables and flux variables are derived.

The first potential is the free energy ¥(e,T, V), where £ and T are the observable variables and V is the internal
variables set. Stress and entropy can be related to this potential through the equations (1) and (2), and it is used to define
the thermodynamic forces, or associated variables to the internal variables, Eq. (3). The strain is additively partitioned in
elastic and inelastic components € = €, + €.
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The second potential, the intrinsic dissipation', is a convex scalar field, function of the flux variables (internal variables
time rates), related to the dissipative processes. Herein the conjugated dissipation, function of the thermodynamic forces,
is being used instead. This conjugated scalar field can be derived from the former one by the Legendre-Fenchel transform,
Eq. (4), and the result is a null scalar field inside the phase diagram’s elastic areas, Eq. (5).
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Since ®7 is not differentiable when V* = Ay, then Ve 8‘-,@* when the flux variable is not zero. So the solution
for the flux variables comes from the maximum dissipation principle, that establishes that the dissipation is the maximum
kinematically feasible value that respects internal variables restrictions. Using Lagrange’s multipliers, it is possible to
write the Eq. (6), so each flux variable can be purchased by the Eq. (7).

x = max{¢j(V*) = Af(V*)} (6)
ox

AT 7

ove ! (7)

These equations allow one to write the flux variables as functions of the Lagrange’s multipliers, Ai,» which need to be
calculated from the Kuhn-Tucker conditions: f;A\; = 0, f;A; = 0, f; < 0 and A; > 0. Based on that, the following
evolution law is defined:
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2.1 SMA model

This section presents the SMA model employing the formalism presented in the previous section. Free energy density
is initially presented. Afterward, potential of dissipation is presented defining inelastic phenomena: phase transformation
and yield surfaces.

2.1.1 Free Energy Potential

A Helmbholtz free energy function is proposed for each macroscopic phase: austenite, twinned martensite, positive and
negative detwinned martensite.

Mt pUy(e,T) = 222 T H(T — Ty)e + Ay )
M~ pUs(e,T) = 2E2 T H(T — Ty)e + Ay (10)
A: pUs(e,T) = 4Ee2 —TH(T — Ty)e + A5 (11)
M: pUy(e,T) = 2E2 T H(T — Tp)e + Ay (12)

Considering the the same specific weight to all phases, and A; as the sum of a enthalpy and a specific heat, Eq (13), a
global free energy function for the mixture can be stated by using the phases’ volumetric fractions, 3, a phase interaction
term, P,,;, and a restriction for phase coexistence. This constrain was imposed by a indicator function, Ig(/3), which is
defined by the property in the Eq. (15), for the group stated in the Eq. (16). B

4
pU(e,T,B) = > [Bi¥i(e,T)] + Prnt(B) + In(3) (14)
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In order to establish a comparison with the preceding section, the following vectors are defined:

V. =[5 B1 B2 Ba Bagp g k]’ (17
v =[B1 B2 B3 Baas ak]' (18)
AV = [Afﬁ A51 A,@2 ABB Aﬂz; AEp AOtI Aax]t (19)
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Under these assumptions, the free energy from the Eq. (14) can receive classical plasticity with linear isotropic and
kinematic hardenings whose coefficients where arbitrated to follow the Voigt mixture law, Eq. (22), the same rule derived
for the other coefficients present in each ¥;, £ and T H.

p\II(E7K) = §<56)2 - TH(T - TO)(Ee) +é AJ’_ %yf diag(HBUHBQaHﬁgaHﬁ4aHIaHK)Q+ IB(@) (20)
Ee =E—EB—&p (21)
0=l +Bs(all = al]) (22)

2.1.2 Inelastic surfaces

Irreversible processes are described with the aid of the pseudo-potential of dissipation. Essentially, irrerversibilities
are associated with inelastic behavior, here represented by phase transformations and plasticity. These behaviors are
defined by inelastic surfaces and, inside these surfaces, only reversible, elastic processes occur. The definition of the
phase transformations surfaces are based on the phase diagram shown in the Fig. (1). All possibilities are represented in
other surfaces shown in the Fig. 2. Note that each transformation is defined by the start and the finish surfaces. On the
other hand, plastic inelastic behavior is defined from classical yield surfaces.

AA =0

Figure 1: Glimpse of a phase diagram for a generic SMA proposed by Lagoudas (2008, Fig 6.4)

Although any kind of function can be employed to approximate the phase transformation surfaces, due the simplicity
and to agree with the reference models, linear functions are adopted. In brief, the model’s pseudo-potential of dissipation
is defined as a sum of the individual dissipations due to each of the inelastic processes, all elastic criteria were arranged in
the vector f. Concerning phase transformation, the function F; ; defines the transformation surface from phase 7 to phase
J. Hence, during a thermomechanical process, F; ; < 0 implies there is no dissipation due to the mechanism 4 j. Besides,
defining F), is the yield surface. These restrictions are taken from the linear Drucker-Prager flux. It is also possible to
employ smooth functions using different potentials, derived from different hardening functions.

[ Fi2] -_Aeﬂ + (Ap, — Ag,)/e12 + (0K12 +TK, 2T)_
Fyy Acy + (Ap, — Ap,)/e12 — (°Ko1 +TK>1T)
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Fyy AEB + (Aﬁl - Aﬁ4)/€14 - (OK41 + TK4 1T)
f=|Fs| = Aaﬁ + (Aﬁ3 — A52)/623 — (0K23 + TK23T) (23)
Fzo —Aey + (A, — Agy)/e2s + (°Ks2 + TK32T)
Fys _A‘fﬁ + (Ap, — Ap,)/e2a + (0K42 + TK42T)
F34 Ap, — A, — K34
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The evolution of internal variables is calculated applying the Eq. (8) to the restrictions in the Eq. (23).
3. MODEL PARAMETERS

The proposed model has several parameters summarized in Tab. 1. They have to be adjusted in order to make the
model fit each specific material being modeled.
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(a) Martensite-Austenite transformation
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Figure 2: Transformation surfaces
Table 1: Model Parameters
SYMBOL | PHYSICAL INTERPRETATION
EA Austeninic/martensitic phase elasticity modulus
M
TH
A Austenitic/martensitic phase thermal stress modulus
vt
AH; .. o . . .
Austeninic/martensitic phase isotropic hardening
mHp
aH K .. . . . .
Austeninic/martensitic phase kinematic hardening
mHk
AZy Austeninic/martensitic phase yielding stress
My
iAo Phase formation enthalpy
AT Phase specific heat
0K .
4 KZ- L Linear approximation coefficients for the material’s resistance to transform from the phase ¢ to j
ij
Hpg, Phase transformation kinetics characteristics defining the slope of the plateau involving 3; changes
€ j The transformation strain in transformation between the phases 7 and j
K34
Kys Material’s resistances to transform from the phases 3 to 4 and the reversal

4. NUMERICAL SIMULATIONS

In order to calculate the internal variables’ evolution it was implemented a implicit Euler scheme, Eq. (25). All loads
were applied with imposed stress and temperature states, so the thermal evolution aspects could be neglected and the
strain state resulted from the model.
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v =y 4 A, (25)

The model verification was performed by considering experimental data from Tobushi et al. (1991). Tensile behavior
was adopted as the reference and all parameter estimation is done considering the experimental curves of Tobushi ef al.
(1991, Figures 3, 6 and 9). As there is no classical plasticity within the Tobushi ez al. (1991)’s results, all plastic parameters
were adjusted to be in the expected place in the stress-strain space, which was inspired by the from Lagoudas (2008, Fig.
6.4), and they were arbitrarily chosen close to Lagoudas (2008, Tab 2.5). The table 2% shows the model parameters used
to generate the results, which include parameters chosen to show the model capabilities related to subjects not present in
the reference paper.

Table 2: Model’s parameters for Tobushi ez al. (1991)

Ex TH AHk AH; ASy Eum T H
3.758F + 10 2.612F + 06 2.000F + 09 2.000F + 09 7.000F + 08 2.429F + 10 1.668EF + 06
MmHr mHE MSy sAp 4o 4\ Hpg,
1.500F + 09 1.500EF + 09 6.500F + 08 —1.878E + 05 | 0.000E + 00 0.000FE + 00 3.625F + 05

Hﬁ2 Hﬁs Hﬁ4 0K12 TK12 0I{21 TK21
3.625F + 05 3.393F + 06 3.625F + 05 —1.240F + 08 | 0.000F + 00 2.440F + 08 —5.000F + 05
K13 TK; 3 OK34 TK3, K41 TKyq 'Ky 3
—3.343E +09 | 6.473E + 06 | —1.194F + 09 9.642F + 05 1.881F + 08 | —3.333E + 05 3.445F + 09
TKys OK5o TKso 0Ky o 7Ky VK34 Kys
—5971E +06 | 1.159E 4+ 09 | —1.402FE +05 | —1.224F +08 | 0.000E 4+ 00 | —5.294F + 07 6.045FE + 07
€12 €13 €14 €23 €24
9.600F — 02 5.300F — 02 5.300F — 02 4.300F — 02 4.300F — 02

4.1 Model Verification

Model verification starts considering SME and PE. Isothermal load cycles at three different temperatures are treated.
Figure (3) establishes a comparison between numerical and experimental data due to Tobushi et al. (1991). Note that the
model is able to capture the general thermomechanical behavior of SMAs for different temperatures.
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Figure 3: Model response compared to experimental results

4.2 General Simulations

The general model capabilities are now investigated by considering parameters presented in Tab. 2. Initially, isother-

mal tests for different temperatures are carried out. Figure (4a) shows the stress-strain curves for three different tempera-
tures, starting at austenitic phase and therefore, presenting PE effect. Figure (4b) presents the low temperature behavior,

2The missing parameters are null
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starting at twinned martensitic phase. Thermal loading is treated in Fig. (4c) showing strain-temperature curves for dif-
ferent, constant, stress levels. Note the hysteretic loops of stress-strain curves change their sizes and shapes according to
the temperature level. The same can be said related to hysteresis loop for strain-temperature curves depending on both
temperature or stress level.
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eral temperatures eral temperatures stresses

Figure 4: Model response under different conditions for the parameters in the Tab. 2

Different loadings are now in focus considering both tensile and compressive behaviors. Figure (5) shows the general
tension-compression behavior using the parameters of Tab. 2. Note the asymmetric behavior and also the capability of the
model to represent the expected behaviors to alternated loads under different temperatures. It is important to highlight the
martensitic behavior for low temperatures, which includes detwinning and reorientation (M ™ — M~ and M~ — M™).
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Figure 5: Model response under isothermal tension-compression loads based on parementers of Tab. 2

Plastic behavior is now in focus considering bigger stresses than the yield limit. For the paramethers from the Tab. 2,
the figure (6) compares the material’s PE and SM responses after accumulation of plastic strain. The forward transforma-
tion threshold reduction makes clear the model has coupled phase transformation and plasticity inelasticities. It indicates
his suitability for TWSME training. Comparing SM and PE curves leads to the conclusion that all residual transformation
strain can be removed by a thermal treatment, but the plastic strain keeps unchanged, establishing a new origin for stress
free material in SM regime, which is equal to that in the PE one.

5. CONCLUSIONS

This paper presents a novel one-dimensional constitutive model to describe the thermomechanical behavior of shape
memory alloys. The model is developed withing the framework of continuum mechanics and the generalized standard ma-
terials. Four macroscopic phases are considered. Classical plasticity with kinematic and isotropic hardening are treated.
The main idea is to define inelastic surfaces that represent all irreversible process associated with both phase transfor-
mation and plasticity. Numerical simulations are carried out promoting a model verification compared with experimental
data. Afterward, some classical tests are performed showing the model capabilities. In general, the model captures the
general behavior of SMAs presenting nonparallel phase transformation surfaces and tension-compression asymmetry.
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