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Abstract. The Generalized Integral Transform Technique (GIfds appeared in the literature as an alternative
conventional discrete numerical methods for partldferential equations in heat transfer and fldldw. Its hybrid

numerical—analytical structure permits the autoroatontrol of the global error in the simulation, iwh avoids the
need for several computer program runs to inspecttfie convergence on the final results, yieldirgles that

automatically work towards user prescribed accurgéangets. This method is also easy to program,esthere is no
need for a discretization mesh and its adaptiveneshent according to the potential field and phgbagituation to be
calculated. The method has being constantly imptanerder to solve convection-diffusion problenithvncreasing

complexity. However, there still a vast number w#cfical problems that has not being solved satisfey by the

method due its need for a previous algebraic tresnof the equations. In several brands of engingethe transport
equations have to be solved for a combination fiéint phases or materials or inside irregular dans. In this

case, the simple application of the well-known mitee numerical methods demands some specific tegdtthat adds
some residual error to final results. In this catiee mathematical resource of the Indicator funttias defined in the
Interface Tracking Method can be employed. Thistfan is a representation of the phases or parthefdomain with
the numbers 0 and 1 for each phase. Accordingdaortathod, the Indicator Function is defined by Baigs equation,
which is added to the system of the transport égosit An integral is done along the curve that iedi the interface
that will generate the source term in Poisson’ gguraused to calculate the Indicator Function distition. The

solution of the system of equations is done usiagcommon GITT approach. Then, an analytical exgiwesfor each
transformed potential of the indicator function atfeé other variables are available. Once the transfed potentials
are known, the Indicator Function can be analytigalperated, and the interface can be representedrbanalytical

continuous function, in a similar form as a Fourigries. In this work, the use of the GITT in canjion with the

Indicator Function is proposed. The methodologydéscribed and some previous results are preser@dT is

applied to a two-dimensional heat conduction prable a multiphase domain with an irregular geometnside a

square domain. The methodology presented here eaaxtended to all brands of convection-diffusionbems

already solved via GITT.

Keywords: Integral Transforms, Irregular Geometries, Heatrdaction
1. INTRODUCTION

The Generalized Integral Transform Technique (GIMa3 appeared in the literature (Cotta, 1993) adtamative
to conventional discrete numerical methods for ighrdifferential equations in heat and fluid flowts hybrid
numerical-analytical structure permits the automedintrol of the global error in the simulation,iefhavoids the need
for several computer program runs to inspect ferabnvergence on the final results, yielding catias automatically
work towards user prescribed accuracy targets. athod is also easy to program, since there inewd for a
discretization mesh and its adaptive refinemenow@tng to the potential field and physical situatio be calculated.
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The method has being constantly improved in ordessdlve convection-diffusion problems with increagi
complexity, like the solution of the Navier-Stokeguations in internal flows inside irregular georiest (Monteiro et
al, 2004, Silva et al, 2004), new eigenvalue pnuislevith optimization of the transformed potentiéBuigon et al,
2004) and other successfully examples. Howevergtbéll a vast number of practical problems thas mot being
solved satisfactory by the method, consideringstneng concurrence of the traditional discrete wésh One of the
main difficult in GITT use for engineering probleiissthe need for previous algebraic treatment efafuations, which
restricts its popularization, in spite of the acdvegyes presented concerned to the error controhandesh generation.
As a consequence, some classes of problems haveimgt studied with this method yet, like two-diraemal phase
change, complex two-phase flow and irregular dos)atc.

In several brands of engineering, the transporaggus have to be solved for a combination of déife phases or
materials, or considering the presence of dissetece terms. In this case, the simple applicatiotihe well-known
discrete numerical methods demands some speo#fatntent: the discontinuity must be isolated viardmate or
domain transformation or grid refinement. Both eoenplex numerical processes, and add some resdlto final
results. In this case, the mathematical resour¢keofndicator function, as defined in the Integfd@acking Method of
Unverdi and Tryggvason (1992) and Juric and Tryggwa(1998) can be employed. This function is agsgmtation of
the phases or parts of the domain with the num@ensd 1 for each phase (in this point it is supgdaséasts only two
phases, however this method can be used in preséneghases).

This work is an extension of the previous work cddlado and Leite (2013) where this methodology aygdied
in a one-phase domain. In this work GITT is apptieé two-dimensional heat conduction problem sgaare domain
with two phases separated by an irregular edgeorfstant source term is applied in one phase ane swevious
results are presented, where the convergence tbiastics and a comparison with the exact solusicndescribed.

2. FORMULATION

Consider a two phase square domain with unitarg silere a pure conduction heat transfer occurs.ehleegy
equation with all variables in dimensionless forit te:

%%:DﬁﬂwaU+QUdﬁ ?

WhereQ is a source term and(x,y) is the thermal diffusivity of both regions corresging to each phase. This
property is calculated using the Indicator Functioffk,y), and is given as(x,y) =a ¢ + (@ 1 — O o) I(X,y); @ ¢ is the
thermal diffusivity for the region wheile= 0 anda ; for the region wheré= 1.

Consider also prescribed wall temperatures andalinitondition equal to zero. In order to apply GITdn
associated eigenvalue problem is chosen, that imaifais boundary conditions. This problem will beettSturm-
Liouville problem:

I ==xr for 0s<x<lorO<ys<1 (2.a)

with an analytical solution known for the eigenftions /;(x), eigenvaluesl; and normsN,. The boundary condition
used is prescribed wall temperature, Eq. (2.b).

r(0)=0; r(1)=0 (2.b)

The solution allows knowing the spatial dependeoitthe solution analytically. Since for this cake boundary
conditions are the same in the whole border, theessingenfunctions are applied in both directicremndy.
Next step is to define the Transformed-Inverse: pair

0,(1) = [ FOOF,(YIT(xy.t)dydx (3.2)

Ty) =Y S F T ()0, (1) (3.b)

=1 =1

where 7 is the normalized eigenfunction:

Ii=r N2 (4)
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Applying the integral operatojjf/:i(x)/:j( y)_dydx over Eq. (1), substituting by its definition in the Eq. (3.b)
and taking advantage of the ortogonality of theefgnction, according to Mikhailov and Ozisik (198dne obtain:

do; (t) 1ol —

— ="+ A)0, )+ [ [T OO, (M@ = @)1 (6 y)0°T +Q(x, y, Hldydx (5)
The resulting infinite system of coupled ordinanjfetential equations will be truncated to an ord¢f high

enough to assure the precision target, and repgesbers a first order matrix systedy /dt=D(Y,t) , where the

vectorY represents the transformed potenti@g(i,j=1,2,...,NT). According to the shape of the source t&€pror the
variation of thermal conductivity, the system allows straight analytical solutiofisis is not the case, since the spatial
dependence of both terms is arbitrary, and theegys$ coupled. The infinite summation used to regmné the original
potential, Eq. 3.b, will be truncated to the sanfed¥der. Initial conditions for transformed potexiti are obtained from
the transformation of the original ones.

This system is stiff, where the frequency of eaohut®on is quite different, and has to be solved dpecific
computational libraries, like DIVPAG, from IMSL liary (1989), based on the Gear's method. Onceréresformed
potentials are obtained for each time in a marclpraress, the original potential can be recovehedugh Eg. (3.b),
since spatial dependence is analytically known.

The Indicator Function is defined by Poisson’s eigua

0’ =0G (6)
VectorG is the distribution of interface over the domaind is given as:

G= Lnd( x-x, Ys (7)

wheren is the normal vector along the interfadas the Dirac function, which is nonzero only wher x; (subscript
denotes points along interface). The integral @isrdone along the curve that defines the interface

The solution of Eq. (6) is done using the commom TGapproach. Functiol{x,y) is expanded in the Transformed-
Inverse pair, as temperature in Eqg. (3). The eigaetfons @,( xor y) for I(x,y) are obtained from the same auxiliary

problem as temperature, Eq. (2.a,c), using zero dsl boundary condition in both directions. Nexpsts apply the
integral operatod;lfcﬁ(x)ﬁ( y)_dydxand again replacing I(x,y) by its expansion, yiegdi

(@ +¢)T, = [ [ ®()®,(y)1 G.dxdy ©)

whereq o ; are the eigenvalues for each direction. From Epa(d after some manipulation, including the usthe
chain rule, we finally obtain an analytically exps@n for the transformed potential of the Indicatanction:

(7 +@)T, ==["In(p)@ () @,(y)+n,(p)&,(y)®,(x)] dp (©)

Equation (9) provides an analytical expressiorefach transformed potential of the indicator funttidhe integral
at the right hand side is done over the parangtdrat commonly can be considered the length atbagcurve which
defines the interface, amy, n, are the components of the normal vector. The kergtalculated defining a beginning
for the curve. One should observe that the curvstine closed, and the two regions have to be cdeiplseparated.
Once the transformed potentials are known, thechatdr Function can be analytically operated, aednterface can be
represented by an analytical continuous functiara isimilar form as a Fourier series. The interfaile have a thin
thickness, which will be smaller as a higher nundfeierms are used in the expansion. Within thiskitess l(x,y) will
present values varying from 0 to 1.

3. MATHEMATICAL MODEL

The domain of calculation where the determinatibithe temperature field will be performed is showedig.1.
The square inside the domain corresponds to onseplubere the Indicator Function is equal to 1 anthé rest of the
physical domain (outside the small square) thechtdir function will be equal to zero. A prescrildezht source term is
applied in the phase corresponding to1 while the other is kept at constant temperatuggsgleto zero in the border.
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Values assumed far were 1 inside the internal square and 0 outsideh¢ square side was= 0.5 and the imposed
heat source wa® = 100 Initial temperatures for both phases were talereso.
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1

Figure 1. Schematics of the physical domain used.
This problem admits an exact solution extractedhftbe energy conservation law:

T(x,y,t)=Qt for the phase where I=1 (10.a)
T(x,y,t) =0 for the phase where 1=0 (10.b)

Since temperature and Indicator Function have #mesboundary condition (prescribed T and | equalet® at the
boders) they have the same eigenvalue problem.egaestly the transformation of the source termqr(®) yields:

% =—a (R +£)0(0)+ [ [ FOOT(y)(@: =) ( x,y) D*Tdydx+ T, ,Q (11)

In order to perform the integral in Eq.(9), theeifiace between the internal square ant the extdorahin is described
through the combination of two functions:

={f1 fory, <y<y, 12.2)
f, fory,<y<y,
¢ = 1X(p)*b, for0<p<p,

2

:{_X(p)"'bg for P, <p< Ps
X(p)+b, forp,<p<p,

4. RESULTS
Applying the integral transform to the Poisson’aiktion, the distribution of the indicator functienobtained for

the whole domains of calculation. In order to amalthe convergence of the solution, different valioe the number of
terms of the expansion were used. Figures 2-4 shimadistribution of(x,y) for 3 values of (number of terms used).
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Figure 2. Distribution of Indicator Function in tdemain of calculation, 3-D and 2-D views, for 16
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Figure 3. Distribution of Indicator Function in tdemain of calculation, 3-D and 2-D views, for 126.
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Figure 4. Distribution of Indicator Function in tdemain of calculation, 3-D and 2-D views, for 160.

The sequence shows the thickness reduction ofrfegface region with the rising in the number afnte of the

expansion. Figure 5 shows the direct comparisotnaeted toward the diagonal of the internal sqigre 0.5). In this

case, behind the reduction in the interface thiskr@hat corresponds in a reduction in the slopth@interface), the
oscillation amplitude also reduces. However, evéh w00 terms, the peaks in the interface are lsitijh, compared to
the rest of the domains. It seems that the devieaiin the interface region do not present a gaedigion.
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Figure 5. Convergence of Indicator Function, for §.5.

The method of solution was applied to the heat ootidn problem, for n = 10, 20, 30 and 40. Residts
temperature distribution are showed in Figs.6. iufe 7, the convergence of the GITT solution isvebd in thex
coordinates at y = 0.5 and t = 0.01. The solutibcampared with the exact solution. Although theults for GITT are
still far from the right solution, it seems to lmeviard this result, and presents the same behadwidigure 6, the lack of
convergence and the effect of the oscillation dearcin the phases interface. The discontinuitthat point is better
represented as more terms are added to the solwgiducing the interface slope.
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Figure 6. Temperature distribution for t = 0.01.

5. CONCLUSION

In this work, the GITT was employed to solve a pheat conduction problem with prescribed sourcen tier an
irregular domain with two phases, represented ginothe use of the indicator function. The domains weell
represented by the indicator function field, ob¢girnthrough the integral transform. However, theutsmh for the
temperature distribution was still far from a go@bult, when compared with the exact solution. é&liph a good
agreement was not obtained for the GITT, the catali# behavior was considered in agreement withrigie solution.
An improvement in the convergence and the reduatiith the oscillation would result in a very reliabmethod for
heat conduction problems in irregular domains, mmsg the advantages in its implementation.
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Figure 7. Convergence of temperature, for t = 0.01.
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