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Abstract. The discrete vortex method (DVM) is based on a Lagrangian description of the vorticity transport equation. 

However, the solution of the fluid velocity field requires the evaluation of the contributions from the incident flow, the 

perturbation due to the body and the vortex-vortex interactions. The latter contribution is computationally expensive 

since the Biot-Savart law is used to compute the induced velocity by all discrete vortices in the cloud. The fast 

multipole method (FMM) is an attractive algorithm used to accelerate the expensive vortex interactions. It reduces the 

computational cost of the Biot-Savart law from O(N
2
) to O(N), where N is the number of discrete vortices in the cloud 

for a particular time step. In this work work, the analysis of the flow past an impulsively started cylinder is presented, 

including the computational time reduction for the FMM. 
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1. INTRODUCTION 

  

The Discrete Vortex Method (DVM) is a meshless numerical method based on a Lagrangian description of the 

vorticity transport equation, which is split into diffusive and convective effects (Chorin, 1973). Several formulations 

can be used to model the diffusive effects (Barba, 2004), e.g., the random walk method, the core spreading method, the 

particle strength exchange, etc. The convection term can be treated using a material derivative to avoid the solution of a 

non-linear term. Therefore, each vortex is convected with the fluid velocity field, which is evaluated by the 

contributions from the incident flow, the perturbation due to the body, and the vortex-vortex interactions calculated by 

the Biot-Savart law. 

The DVM is a method used to represent wakes and boundary layers of arbitrary bodies using a discrete vortex cloud. 

The vortex-vortex interaction requires an expensive convolution step of O(N²) calculations, which imposes a heavy 

limitation on the usage of the method to solve engineering problems. With that in mind, alternative ways are required to 

accelerate the DVM simulations. 

The Fast Multipole Method is listed as one of the top 10 algorithms of the twentieth century (Cipra, 2000). It was 

developed by Greengard and Rokhlin (1987) for the solution of N-body gravitational problems. The algorithm consists 

of clustering the influence of elements close to each other into multipole expansions, and then evaluating their 

interaction at distant locations, i.e., the center of far away clusters. This way, the influence among different groups of 

particles is computed faster than the O(N²) operations required by the direct Biot-Savart law. 

Due to the cost associated with vortex clustering, the reduction in time from O(N²) to O(N) is achieved when N is 

sufficiently large and a hierarchical multi-level multipole expansion is used. The method is not applicable among near-

field clusters of vortex particles and, hence, these calculations are still performed using the Biot-Savart law. 

There are two different multi-level FMM algorithms (Greengard and Carrier (1987); Carrier et al (1988)); the first 

one is suited when the distribution of particles is nearly uniform in the domain. In this case, the computational box is 

uniformly refined to a prescribed level. The second implementation, which applies an adaptive refinement of the 

computational boxes, is highly efficient in cases where particles are clustered in specific locations. In the adaptive 

method, boxes are only refined in regions where clusters of particles exist.  

Vortex wakes concentrate behind aerodynamic bodies, so one can argue that the adaptive method provides better 

cost reductions in this case since empty boxes are neither refined nor used. However, the non-stationary wake 

developed downstream the body and the continuous vortex shedding mechanism along the body surface by the DVM 

requires an update of the pre-processing step and the continuous creation of lists of box interactions in the adaptive 

FMM every time step, considerably increasing the simulation time. 
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The vortex cloud is, then, concentrated in a small region of the FMM domain, making the analysis expensive due to 

the Biot-Savart interaction among adjacent boxes. To avoid this cost, it is necessary to use several refinement levels, 

increasing the memory cost of the method due to the large number of computational boxes in the highest refinement 

level. This way, efficient ways to allocate memory are necessary. 

We use the non-adaptive multi-level FMM with only a few pre-processing steps, along with several techniques to 

speed up both pre-processing and FMM steps. A further acceleration of the computational simulation is also obtained 

with parallelization using OpenMP in several steps of the present FMM implementation. The simulation of the flow 

past an impulsively started cylinder is presented in this work, along with the comparison of the computational time used 

by both the DVM-FMM and the direct DVM. 

  

2. MATHEMATICAL METHOD 

  

2.1 Discrete Vortex Method 

 

The fluid flow is governed by the continuity equation, Eq. (1), and the unsteady 2D Navier-Stokes equation (N-S 

equations), which is expressed in terms of the z-vorticity vector,  ω0,0,ω , Eq. (2): 

 

∇ ∙ 𝑢  = 0, (1) 

 
𝜕𝜔

𝜕𝑡
+  𝑢   ∙  ∇𝜔 =  

1

𝑅𝑒
 ∇2𝜔. (2) 

 

For the numerical simulation, the vorticity in the fluid flow is represented by a cloud of  discrete vortices, whose 

cores are filled with a Gaussian distribution of vorticity. Since the left hand side of the vorticity equation carries on the 

information about the convection and the right hand side the information about the diffusion, Chorin (1973) proposes 

the use of the so called viscous splitting algorithm. According to this algorithm, at a time step of the numerical 

simulation, the convection process is governed by Eq. (4), while the diffusion is governed by Eq. (5): 
 

𝜕𝜔

𝜕𝑡
+  𝑢   ∙  ∇𝜔 =

𝐷𝜔

𝐷𝑡
= 0, 

(4) 

𝜕𝜔

𝜕𝑡
=  

1

𝑅𝑒
 ∇2𝜔. (5) 

 

2.1.1 Convection 

 

In this work, the convection equation is written using a Lagrangian description and its solution is obtained using 

Euler’s time marching method, while the solution of the diffusion equation is obtained using the random walk method. 

Once the vorticity field is modeled by a cloud of discrete vortices, Eq. (4) is written in Lagrangian form as:  

 

𝑑𝑥 𝑗

𝑑𝑡
=  𝑢  𝑗  𝑥 , 𝑡 ,      𝑗 = 1, 𝑁𝑉 (6) 

 

where NV is the number of vortices in the cloud and the velocity field u(x,t) can be split in three parts according to 

Bimbato et al. (2009):  

 

𝑢   𝑥 , 𝑡 =  𝑢𝑖     𝑥 , 𝑡 +  𝑢𝑏      𝑥 , 𝑡 +  𝑢𝑣      𝑥 , 𝑡  (7) 

 

The influence of the incident flow is represented by ui (x,t). For a dimensionless uniform flow with zero angle of 

incidence, its components are: 

 

ui1 = 1 and ui2 = 0 (8) 

 

The velocity uv(x,t), due to the vortex-vortex interactions using Biot-Savart law, is given by Eq. (9), where γj is the 

j-vortex strength and 𝑐𝑘𝑗
𝑖  𝑥𝑘(𝑡) − 𝑥𝑗 (𝑡)  is the i component of the velocity induced, at point xk(t), by a vortex located at 

xj (t) with unit strength. 
 

     𝑢𝑣𝑘
𝑖 =   𝛾𝑗 𝑐𝑘𝑗

𝑖  𝑥𝑘(𝑡) −  𝑥𝑗 (𝑡) 

𝑁𝑉

𝑗=1

,      𝑖 = 1, 2 (9) 
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The body is represented using the Panel Method, with constant sources distributed along straight lines (panels) as 

described in details by Katz and Plotkin (1991). The indices 1 and 2 denotes the beginning and the end of the panel, 

respectively. The tangential, Eq. (10), and normal velocities, Eq. (11), are given in the local coordinate system of each 

panel, where x and z are the panel longitudinal and normal direction, respectively. 

 

𝑢𝑡 =  
𝜎

4𝜋
 𝑙𝑛  

(𝑥 − 𝑥1)2 + 𝑧2

(𝑥 − 𝑥2)2 + 𝑧2
  

 

(10) 

𝑢𝑛 =  
𝜎

2𝜋
  tan−1

𝑧

𝑥 − 𝑥2

− tan−1
𝑧

𝑥 − 𝑥1

  (11) 

 

The Euler method is applied to the solution of Eq.(6) as:  

 

     𝑥𝑘
𝑖  𝑡 +  ∆𝑡 =  𝑥𝑘

𝑖  𝑡 + 𝑢𝑘
𝑖  𝑥 𝑘 , 𝑡  ∆𝑡,      𝑖 = 1, 2 (12) 

 

2.1.2 Diffusion 

 

The solution to the diffusion process, Eq. (5), in the Lagrangian context, is obtained using the random walk method 

(Chorin, 1973) to simulate the Brownian motion of the particles. According to this method, the random walk diffusion 

displacement (x,t), with a zero mean and a (2t/Re) variance, is added after the convective step. Hence, the position of 

each vortex at the instant (t + t) is given by: 

 

     𝑥𝑘
𝑖  𝑡 +  ∆𝑡 =  𝑥𝑘

𝑖  𝑡 + 𝑢𝑘
𝑖  𝑥 𝑘 , 𝑡 ∆𝑡 +  𝜂𝑘

𝑖 ,      𝑖 = 1, 2 (13) 

 

The random displacement components are:  

 

𝜂𝑘
1 =   

4∆𝑡

𝑅𝑒
  log  

1

𝑃
  cos 2𝜋𝑄 , (14) 

𝜂𝑘
2 =   

4∆𝑡

𝑅𝑒
  log  

1

𝑃
  sin 2𝜋𝑄 . (15) 

 

with P and Q being random numbers laying between zero and one. 

 

2.2 Aerodynamic Coefficients 

 

With the vorticity field, it is possible to obtain a Poisson equation for the pressure and its solution is given through 

the following integral formulation (Shintani and Akamatsu, 1994): 

 

    

11 S

np

Ω

p

S

npp dSΞ
Re

1
dΩΞdSΞYYH eωωue  

 

(16) 

where the pressure is computed at the p-th pivotal point, H = 1 in the fluid domain, H = 1/2 at the boundaries, Ξ  is a 

fundamental solution of Laplace Equation, 𝑌  is the specific work and 𝑒𝑛  is the unit vector normal to each source flat 

panel. The drag and lift coefficients are obtained by pressure integration: 

 

𝐶𝑙 =   𝐶𝑃𝑗  ∆𝑠𝑗  𝑛 𝑗 ,𝑦

𝑁𝑝

𝑗=1

, (17) 

 

𝐶𝑑 =   𝐶𝑃𝑗  ∆𝑠𝑗  𝑛 𝑗 ,𝑥

𝑁𝑝

𝑗=1

. 

 

(18) 
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2.3 Fast Multipole Method 

 

 In order to reduce the O(N²) computational cost of the DVM, alternative ways are necessary. The FMM was 

initially introduced by Greengard and Rokhlin (1987), and improved by Carrier et al (1988). Its main steps are: the 

creation of boxes in a pre-processing step, the clustering of particles into multipole expansions, calculated in the finest 

level of refinement, i.e., the smaller boxes, (step 1); the creation of multipole expansions at the parent (larger) boxes up 

to level 2 of refinement (step 2); the computation of multipole interactions among distant clusters (step 3); the 

translation of far-field interactions, calculated in the previous step, to the children boxes (step 4); and, finally, the 

computation of the near-field interactions at the highest refinement level (step 5). 

The main difference between the global and the adaptive FMM is how the boxes are created. In the first case, parent 

boxes at level l are always divided in 4 children boxes at level l+1, and the refinement is independent of the particles. In 

the second case, boxes at level l with a large number of particles are refined to level l+1, and its children are the non-

empty boxes, allowing that the number of children to be smaller than 4. 

In the adaptive FMM, the motion of the vortices requires the boxes to be constantly refined to adapt to local clusters, 

so the pre-processing have to be updated every time step. On the other hand, the global method only depends of the total 

number of particles, being independent of the local clusters. So it is possible to make the preprocessing only when a 

particle leaves the domain or when the total number of particles becomes too large. This way, by avoiding constant pre-

processing, it is possible to have a faster simulation compared to the adaptive FMM. 

In this work, a global refinement is done, but the empty boxes are neglected (following the ideas from the adaptive 

method). Also, the size of the initial box in the computational domain and its maximum refinement level are imposed. 

The domain is increased whenever a vortex leaves it. When the total number of vortices becomes too large, refinement 

is applied in order to reduce the near-field interaction cost.  

 

2.3.1 Pre-processing 1 

 

The pre-processing 1 creates variables related to the boxes which are completely independent of the particles. This 

step can be done only when it is necessary to increase the domain or its maximum refinement level. The memory 

allocation requires both the number of levels and the total number of boxes. So, efficient ways to allocate the variables 

are implemented to avoid unnecessary memory allocation, e.g., derived data type. 

Lists of well-separated boxes and their neighbors are also determined here. An important characteristic of the global 

refinement is that the boxes are similar to a regular structured mesh, so it is easy to know which are the adjacent boxes. 

It is possible to create the two interaction lists simultaneously: denoting B as the parent of a box b, B can have up to 9 

boxes sharing a node, being 8 neighbors and B itself. These 9 boxes have 36 children boxes, which can be classified as: 

b itself (one box), the near neighbors of b (8 boxes) or the 27 well-separated boxes in the interaction list of b. 

 

2.3.2 Pre-processing 2 

 

This step determines all the particles inside a box and also the box for every particle. The initial box can be divided 

into 4 identical children boxes in level 1 of refinement, and, by the relative position of the particle to the center of the 

level 0 box, it is possible to discover which of the 4 boxes contain the particle at level 1. This process can be repeated 

up to the penultimate level, resulting in the particle's finest level box. 

Simultaneously, we obtain the list of all non-empty boxes and the list of the particles inside each of these boxes. 

Both lists make the memory allocation more efficient and also reduces the analysis time in the loops of steps 1 to 4. 

 

2.3.3 Particle-to-multipole: step 1 
 

The creation of multipole expansion, a, in the center of the box b, in the finest level L, is given by Eq. (19) as a 

Taylor's series truncated after p terms, for n particles with intensity γi, with a complex distance of zi from the center of 

the box: xi and yi are the real and imaginary components of zi, respectively (see Eq. (20)). 

The sum of all vortex particle intensities is given by Eq. (21). In this case, the series is a logarithmic function (vortex 

interaction), and for different applications, one should change the functions in the following equations. The error in 

FMM is strictly related to the truncation term, and the lower the number of terms in the series, the larger the error. 
 

𝑎 𝑏, 𝑘, 𝐿 ≡     −𝛾𝑖  
𝑧𝑖
𝑘

𝑘
 

𝑛

𝑖=1
 , 𝑘 = 1, 𝑝 (19) 

𝑧𝑖 =  𝑥𝑖 − 𝑥𝑏𝑜𝑥  +  𝑗 𝑦𝑖 − 𝑦𝑏𝑜𝑥  , (20) 

𝑄 𝐿 ≡    𝛾𝑖
𝑛

𝑖=1
. (21) 
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2.3.4 Multipole-to-multipole: step 2 

 

After the finest level, multipole expansions a(l) are created and the influences are translated to the center of the 

parent box B, at the level l-1, resulting in a(B, k, l-1) in Eq. (21). These operations are done for every k-term in a Taylor 

series with p terms. The intensity of the multipoles in level l-1, Q(l-1) in Eq. (23), is the sum of the children intensities, 

Q(l). In the inner loop, it is necessary to use the binomial coefficient given by k and kk. 

 

𝑎 𝐵, 𝑘, 𝑙 − 1 ≡       𝑎𝑖 𝑘𝑘, 𝑙 𝑧𝑖
𝑘−𝑘𝑘  

𝑘 − 1

𝑘𝑘 − 1
  

𝑘

𝑘𝑘=1

 −  𝑄𝑖 𝑙 
𝑧𝑖
𝑘

𝑘
 , 𝑘 = 1, 𝑝 

4

𝑖=1

 
(22) 

𝑄(𝑙 − 1)  ≡   𝑄𝑖( 𝑙)

4

𝑖=1

 (23) 

 

2.3.5 Multipole-to-local: step 3 

 

The multipole-to-multipole (M2M) steps are made up to level 2, which is the lowest level possible to have 

multipole-to-local calculations (M2L). The interaction list of a box contains all the 27 source boxes j that will interact 

via M2L with objective box B, resulting in the M2L variable b(B, kk, l). The M2L step is given by Eq. (24): 

 

𝑏(𝐵, 𝑘𝑘, 𝑙)  ≡   

 

 
 
 
  𝑎𝑗  𝑘,𝑙  −1

𝑧𝑗  
𝑘
 
𝑘𝑘+𝑘−1
𝑘𝑘−1

  
𝑝
𝑘=1

𝑧𝑗
𝑘𝑘

 −   
𝑄𝑗 (𝑙)

𝑘𝑘 𝑧𝑗
𝑘𝑘 , 𝑘𝑘 = 1, 𝑝

 

 
 

𝑛𝑏𝑜𝑥

𝑗=1

 (24) 

 

where nbox represents all the non-empty boxes from the interaction list of B. In this equation, zj  is the complex distance 

between the box with the multipole representation to that with the local representation, and a and Q are obtained from 

the previously calculated multipole expansion from box j in the interaction list of b(l). 

 
2.3.6 Local-to-local: step 4 

 

The local-to-local (L2L) step represents the translation of the influence coefficients from the boxes that are in the 

interaction list of the b's parent box, B, to a child box b. This way, the influences of boxes at coarser levels than b's level 

are evaluated in this step. The influence of all distant boxes of b is the sum of the M2L steps from the boxes of its own 

interaction list and also from the L2L steps from its parent, B. 

The L2L influence in a box in the level l+1 from its parent, at level l, is given by Eq. (25). Here, b(k, l) is the local 

representation of the far field multipole expansions at the parent box and zi is the complex distance from the parent's 

center to its children. 

 

𝑐(𝑏, 𝑘, 𝑙 +  1)  ≡       𝑏 𝑘, 𝑙  −𝑧𝑖 
𝑘𝑘−𝑘  

𝑘𝑘

𝑘
  

𝑝

𝑘𝑘=𝑘

, 𝑘 = 1, 𝑝 

4

𝑖=1

 (25) 

 

2.3.7 Local-to-particle: step 5 

 

When all contributions are evaluated in a box, they are translated by another Taylor's series to all particles within the 

box. Hence, all the interactions from distant particles are evaluated with the steps M2M, M2L and L2L previously 

shown, while the near-field interactions are computed through the Biot-Savart law. 

Equation (26) gives the translation from the center of a box to a particle, resulting in the induced velocity by the near 

field and distant particles in the vortex i: 

 

𝑢𝑣𝑖 =  𝑉𝑛𝑒𝑎𝑟𝑓𝑖𝑒𝑙𝑑  +  𝑏 𝑘, 𝑙  𝑘  𝑧𝑖 
𝑘−1

𝑝

𝑘=1
 (26) 

 

In this equation, p is the truncation term in the Taylor series, b(l) is the sum of L2L and M2L in a box in the highest 

refinement level l and zi is the complex distance from the particle i to the center of the box. 

In the near-field interaction, we use a vortex with a Gaussian distribution of vorticity to avoid the singularity from a 

potential vortex and, for far-field calculations with the FMM, we use a simple potential vortex. 
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3. RESULTS AND DISCUSSION 

  

An initial study of the viability of the FMM together with the DVM was presented by Ricciardi et al. (2015). With 

that in mind, we studied the flow past an impulsively started cylinder.  

 

3.1 Simulation Time   

  

The process of vortex generation changes the simulation time different every time step. The size of the domain in 

the FMM also changes whenever a vortex particle leaves it, together with the refinement level (whenever the total 

number of vortex becomes too large). In the present study, the truncation term is 30 for the Taylor's series. This way, in 

order to have an optimum simulation time, the exact time to refine the box is initially studied. After several executions, 

we propose a "rule-of-thumb" which consists in increasing by one the maximum refinement level when the near-field 

cost becomes 3 times the far-field cost. By increasing the refinement level, it is possible to see in Figure (1) the time 

reduction in the near-field cost compared to the far-field, but sacrificing this last cost. So, when the near-field becomes 

expensive compare to the far-field, there is a refinement to reduce total computational time. 

All simulations are performed using an Intel Xeon, 2.2GHz, parallelized in 3 thread, with 16Gb of memory. 

 

 
 

Figure 1 - Wall time for a single time step for different numbers of particles in the wake. 

 

The FMM simulation time is compared to the Biot-Savart time, in Fig. 2a, which is plotted in log-scale. It is possible 

to see that our implementation is something between O(N) and O(N²). By trial and error, it is about O(N
1.3

). Even for a 

low number of particles, the FMM is faster than the Biot-Savart method, indicating a very efficient algorithm. The total 

time of simulation for 1500 time steps is estimated for both methods, and plotted again in log-scale in Fig. 2b. For the 

FMM, it is extrapolated after 1000 steps, and for the Biot-Savart, it is extrapolated after 300 steps. 

 

       Single time step        Total simulation time 

       
 

Figure 2 - Comparison of the wall time for FMM and Biot-Savart 
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3.2 Results 
 

3.2.1 Aerodynamic coefficients 
 

After 2500 time steps, the drag and lift coefficients are calculated using Eqs. (14) to (17) and are shown in Figs. 4a 

and 4b. The time-marching method used is Euler's method, with a time step equal to 0.05. There are 300 panels to 

represent the body. The final number of vortex particles is 750.000 and the simulation takes about 14h with the 

hardware described in section 3.1. The mean values, in red, are calculated in the range between the dashed lines. 
 

 
 

Figure 4 - Aerodynamic coefficients 
 

The Strouhal number indicates the frequency of vortex shedding and it is calculated with a Fast Fourier Transform 

using Matlab (Figure 5) for the lift coefficient. The results for a single simulation, illustrated in Fig.6 by positive 

vorticity (red dots) and negative vorticity (blue dots), are compared with experimental data from Lienhard (1966) and 

are in Table 1, showing a good agreement. 

 

  
 

Figure 5. Strouhal Number  
 

Figure 6. Wake representation by discrete vortex 

 

Table 1. Aerodynamic coefficients 

 

Parameter FMM Biot-Savart Lienhard (1966) 

Mean Lift -0.025 -0.0101 0 

Mean Drag 1.1809 1.2157 ~ 1.2 

Strouhal number 0.2214 0.2226 0.195 ~ 0.215 
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4. CONCLUSIONS AND FUTURE WORK 

 

In this work we developed a fast numerical tool for the simulation of unsteady high-Reynolds number flows. The 

Fast Multipole Method showed great efficiency to reduce the total time of analysis compared to the conventional Biot-

Savart law from the Discrete Vortex Method alone. 

In the future, we will study more accurate time-marching methods, like the Adams-Bashfort class of schemes. Also, 

together with the vortex-vortex evaluation using the FMM, developments in the algorithm, e.g., the direct solution of 

the linear system, will allow the solution of multiple bodies. 

This tool can be further developed to solve the energy equation and simulate heat exchangers, or use Howe and 

Powell analogies to solve aeroacoustics problems. 
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