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Abstract. This article present a study of the shear wave propagation based on asymptotic dispersive method for the
description of the dynamic processesin a periodically multi-laminate medium with perfect and/or non-perfect contact
between the layers. The dispersion relation was derived analytically from the average model. Detailed numerical
simulations are provided to illustrate graphically the phase and group velocity. The effects of the unit cell size, wave
number and incident angle on the dispersion relation are also examined. The frequency band structure as a function of
the wave-vector components is calculated.
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1. INTRODUCTION

Periodically multi-laminated elastic composites afanterest in many engineering and geophysicaliagtions.
Layered composites have been becoming increasingdgrtant in various branches of modern technolbggause
they offer more attractive and cost effective sohs for a large variety of problems. For exampiestructural design,
laminated composites find increasing applicatioegaose not only they have high strength-to-weigid high
stiffness-to-weight ratio but also they are momsgstéve to environmental effects and require leagitenance.

Various methods have been proposed to describdyifemic problems of a laminated medium, which taite
account structural effects. We can mention thecéffe modulus theories (Postma, 1955; Behrens, ;186@udi and
Weitsman, 1972; Schoenberg and Weitsman, 1975);effextive stiffness theories (Swet al., 1968; Grot and
Achenbach, 1970; Aboudi, 1981); variational methtiu=ories (Hashin and Shtrikman, 1963; Nemat-Nassat.,
1975; Saurin, 2007; Willis, 2012); continuum mixtuheories (Green and Naghdi, 1965; Hegemier. anddk, 1973;
Aboudi, 1973; Ben-Amoz, 1975); continuum theorigshwnicrostructure (Mindlin, 1964; Drumheller andedord,
1974; Wang and Sun, 2002; Potaperkal., 2005; Huang and Sun, 2006); and asymptotic honmiagton method
(Meguid and Kalamkarov, 1994; Chen and Fish, 20Barnell and Abrahams, 2006; Andrianet al., 2008;
Smyshlyaev, 2009).

The purpose of this work is to determine the effemft the microstructure, incidence angle, voluneetion and
imperfect interface on the dynamic effective prdiesrfor multi-laminate medium derived by considgrhigher order
terms in the expansion of the stress and displacefieéds. The present investigation is an extemsibprevious results
reported at the literature (Vivar-Pérezal., 2009; Brito-Santanet al., 2015) for wave propagation in periodically bi-
laminated composites.

2. THE PROBLEM FORMULATION

* Corresponding author, Volnei Titagltita@sc.usp.br
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We consider an anisotropic elastic body of a pécistructure occupying a bounded regigh in R*space with
Lipschitz boundaryos® =9,0° 0d,0° such thatd,o® nd,0° = ¢ where9,#° and 9,0° are boundary portions. We

assume that the regiad is made up of periodic repetition of the unit cellin the form of a parallelepiped with
dimensionsgy (i =1,2,3) where¢ is the ratio of the unit cell size (i.e. periodtieé structure) related to a typical length

in the region. The method is presented for theiqdar case of anti-plane wave propagation in aopérally multi-

laminated composite; see Fig. 1 where the setteffaces separating of the phases is denoteld®byrhe unit cell is
presented in the Fig. 2 with denoting the set of interfaces. The medium israssuto be layered in thg direction,

with all material parameters independentxgfand x,. We consider spring structural interface (Benwenid984;
Hashin, 1992; Bigoni and Movchan, 20@goni et al., 2008.
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Figure 1. The multi-laminate composite
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Figure 2. The unit cell and structural interfaa®: nit cell and (b) structural interface

The anti-plane problem is formulated in a boundesetQ® of R?, i.e. a boundary-value problem within a two-
dimensional domain in the x, -plane. The reference cell with perfect contaddrifaice is denoted by

Y~={y=(Y1vY2)DR2 0<y, <lj,i= 1-%
wherel; are given positive numbers. Note that the subeis
Q° =¢Y ={x = (%, %) OR? 17 OY, i =1,2}
wherey=x/¢.
The anti-plane problem is modeled mathematicallhenform

aagl £ azug
—=-p*—>2=0in Q*x]0r 1
x P o 107 @)
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au; (x,t .
B =ue, ZEXN g6 inor @
t=0
u§(x,t)‘algf =htt), o5 ni‘azgf =qt) fort> 0 3)
o3n; = Kﬂugﬂ : ﬂagjnjﬂ: 0 inS® 4)

where gz =Cy 35 (x/ £)0u3/dx; and 00 =9,0° 09,Q° such thats,0° n9,Q° =¢; [+] denotes the jump across the

interface, i.e. [[-ﬂ:(-)(l)(y)—(-)(z)(y) for yOS® (henceforth, the Latin indices take values 1 ang 2
0<K(MPa/cm) <» denotes the interface stiffness (witKk — o corresponding to a perfect interface);

Caizi (V) :cgi”gj for y,OT,; n=12,3,.. N (T, is thenth layer of the unit cell)S* is the projection of"® on xx,-
plane; andn; is the unit vector in the outward normal direction.

2.1 Displacement formulation

Elimination of the stress in (1) leads to the partifiecential equation forg

£ 2 &
oug 6u3=0

6]
a_xi[c3i3j(y1) ox, J‘p()ﬁ) 2

where the functionss, pandc,,; arel, - periodic.

()

We shall assume a time-harmonic solution of (5) in thef

5 = Refu (9| v ;o ®

where w is the circular frequency.
Substituting (6) into (5), we obtain:

0 ov(X, .
a—(cgisj(ypw}p(yoafv(x,yo=o in Q° @
X 0x;
under imperfect contact conditions,

ov

ov .
C3i3jani =K[v], CasjaTr\mz 0 ins* (8)
j i

By introducing the notatiow; (X, y;) = Cq 5 (Y1) 0V(X,Y1) /9x;, (7) can be written in the form

00
% + p(yy) &PV(X, ;) = 0 9)

Taking into account a regular asymptotic expansiothe circular frequencyo and following the works reported
by Sanchez-Palencia, 1980; Bakhalov and Panasef&8, tve begin by writing the series representations

w=p+Ely+E Qo +-= > €7 [y, (10)
a=0
V(X yy) =V () +e D (x,y) + 2D (x, )+ =vOx)+ > e 1 (x, ;) (11)
a=1
05 (%, y1) = 0 (X, y) + 05 (X, y) + E2 TP (x,y)+- = > 7 W (x,y,) (12)

a=0
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where w are constants; and® and a:gi”) are periodic with respect to the fast varialyle In the case that only
functionsv(x, y,) and o5 (x,y;) are expanded asymptotically, if equating the teofthe orders™, £, £° to zero,
we obtain the results from the asymptotic averagieghod called adassical homogenization.

2.2 Effective medium

In this section the average expression given in(&j.up toO(e?), which is known as the effective equation of

motion for a homogeneous dispersive medium, wilptesented.
Substituting the above asymptotic expansions (18)-{nto (9), and rearranging the result by poweg ave can
thus write

2 €"Hg(x,y1)=0

a=-2 (13)
The asymptotic sum in (13) vanishes, yielding
Ha(X,%1)=0 (14)

which constitutes a recurrent system of partiafledéntial system of equations with unknown funcﬁm@f’)(x,yl) in

which the solutions;éi"’) and aéi‘”l) for then-th and (+1)-th equations are inserted into the next2)-th equation.
Considering

=00 + 9@ +£29 (15)

I - o . .
we can gekv>|; = Iolvdyl =Vly, then it is possible to obtain the averaged model

. 0% .
Caisj +ahpV=0 (16)
0% ax,-
with C§i3j :<03 3 +C330N; /ay]> and 0 =y o, where N; are local functions of the first local problem iBf

Santanat al., 2015), yx and p, are the volume fraction and mass density of l&yeespectively.
Recall thatus = vcosat , thereforeli; =< u; >=<v >cosat =V cosd . Finally, the effective equation of motion for a
homogeneous dispersive medium is obtained as
L 0% _ 0% - 04
p—7 =Cazj———+ & pNCag———
ot 0% 0Xj 0x 0x; ot

wheren =<C3i316Njk| /8y;1+C3 3Ny —pp 'Cs 3Ny >C3,§C*3'j§ is a microstructure functioriy and Ny are local

7

functions of the second and third local problemsitBSantanaet al., 2015), andcggg} are the components of the

inverse of the tensat” .

2.3 Dispersion relation, group velocity and frequency bBnd structures
Considering in the dynamic effective medium (1 Heaamonic solution of the form

ag(X,t) :Ug,ei(klxl -a)t) (18)

whereU3 is the displacement amplitudie; = ksin@ and k, = kK cos@ are the propagation vector components with
being the wave number, we obtain the dimensiorpgease velocity

LA S — . (19)
Vo 1+7&° (klh) (031315|n2 9+C3232CO§ )
wherexl, is the dimensionless wave number a71d/7/|12. The effective phase velocity obtained from thassical
homogenization is
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(20)

v _\/C§1315in2 6 +C'3p3,c08 6
(U =
D

The velocity of energy flux (i.e. the group velggitequals the derivative of frequency with respiecthe wave
number. Using the relatiom= «V , we can also write the group velocity

Vg :—:V+Kd_v
dx

P (21)

Frequency band structures are the frequenciesreidus of the wave-vector componenkg,and k,. The pure
shear @) frequency can be rewritten in the form

_ Cara1ki +Czais
P+ P (Caraiki +Ci3k*)

(22)

3. NUMERICAL RESULTS

In order to illustrate the general behavior of @iént approximations for effective dynamic paramsetsome
numerical examples for a tri-laminated composit presented. The material parameters used in thelations are
listed in Tab. 1. For all calculations the lengti,() of the composite in theq direction is 40 cm, and

n=ra=WAQ-yy)l2.

Table 1. Material parameters (Brenal., 2010)

Materials

#(MPa)

p(kg/m®)

Layer 1

10

1000

Layer 2 (mesophase)

50

3000

Layer 3

450

5000
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Figure 3. Dispersion relatiovf /V,, vs «l, for different values of the interface stiffned§ € 0.1,10 and» ), different
values of the mesophasg,(=0.01,0.1 and 0.) with £ =0.09 and 8 = 45°

Figure 3 illustrates the dimensionless transvetrses@ velocity predicted by Eq. (19) versus the wawaber for
different values of the interface stiffnes$¢),(different values of the mesophagg X with size of the unit celk =0.09

and the incident angl@ = 45°. This figure shows that the system is more dispenshen the interface stiffness and the

mesophase decrease. Note that, the Kase o corresponds to the perfect bonding whereas the Kas 0 to the
complete separation of the layers, simulating aptetely damaged material.
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Figure 4 displays the distribution of the dimenséss transverse phase velocityV, vs @ (the incident angle).
According to this figure, the dimensionless phaskgity increases with the incident angle incregsend decreases

with the interface stiffness decreasing.
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Figure 4. Angular dependence of the dimensiontessverse phase velocity/V, , for different values of the interface
stiffness (K =0.1,1,10,100 aneb ), with ), =0.01, € =0.09 and «l, =5

Figure 5 show the effects of the interface stiffnesd the size of the unit cell on group velogity. In this figure, it
can be observed that as the interface stiffnessedses with the fixed size unit celly decreases. Also, as shown in
this figure, the pure shear group velocity decreeifie the size of the unit cell increases.
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Figure 5. Group velocityg vs «l, for different values of the interface stiffned§ €0.1,1, 100 and» ), different size
of the unit cell ¢ =0.03,0.06 and 0.0) with £ =0.09 and 8 = 45°

Figure 6 shows the constant-frequency contourshegevith the direction of energy flow as functiarisk, and k,

for the first frequency band of the pure shear wangpagation and different values of the interfatiiness. As it is
seen, for suitably small values kf these contours are ellipse. The phase velocitgases with the interface stiffness

increasing.
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4. CONCLUSION

The paper reports the study of wave propagatiomutti-laminate composite materials with perfect /anchon-
perfect contact between the layers. The resultsyghat the imperfect contact and the mesophasedute stronger
dispersion in the systems. The cd€e- « corresponds to the perfect bonding. In additiontte incident angle
increases the dimensionless pure shear phasetydiomieases, and decreases when the size of thealinincreases.
The current approach provides the possibility towdate the frequency band structure as a funaifathe wave-vector
components, and produce contours of constant fregyuim the wave-vector components space. The duagproach
provides possible applications to damage deteatitine composites.
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