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Abstract. In this paper we present the development of a mathematical model for the numerical simulation of one-
dimensional compressible transient flows in natural gas distribution networks, based on the method of characteristics.
This model was devel oped to validate transient phenomena in distribution networks of piped natural gas, which is why
it was decided to build an experimental network with carbon stedl pipe, 140 metersin length and two inchesin diameter,
in order to simulate situations involving localized ruptures. To achieve the safety conditions and calibration of the
instruments, the experiments were initially conducted using compressed air, with subsequent use of natural gas. The
study included several cases of leakage in the experimental network, which provided evidence that the results obtained
show good agreement with the experimental values, thus justifying the use of the model for real cases.
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1. INTRODUCTION

Mathematics plays an important role in selvamaas of study — for example, economics, engingén general, and
biological sciences — because through this knovdetlg possible to describe the behavior of sopseidic systems or
phenomena in mathematical terms. Most mathemdticadulations for these phenomena lead to ratevafige of two
or more independent variables, translating thesmdtations into partial differential equations. Theathematical
modeling of these formulations may result in distiapproaches, namely: experimental, analytical, @mputational,
which can be evaluated jointly or individually. Teeperimental approach requires a physical moaeldan facilitate
studies involving the analysis of the direct oriiedt measurement of the determinant parametetheokvaluated
problem, which may, in certain circumstances, bprautical due to the costs and time involved. Far analytical
approach, in most cases an adequate solution charlitained because the mathematical techniguéslale are not
always suitable for determining such solutions. Aindlly, the computational approach has provebdaan important
tool because certain simplifications allow one t@ain a consistent computational model that carsddeed using
numerical methods.

This work presents a computational mathemlafmanulation that enables the evaluation of transievents in
distribution networks of piped natural gas, by gpm the numerical technique based on the methathafacteristics,
which ensures accurate results with consistent atatipnal times. To validate the said algorithm, chese to build a
corresponding experimental model, through whidieitame possible to simulate leakage conditiongddda a straight
section of piping.

2. PARTIAL DIFFERENTIAL EQUATIONS AND THEIR CLASSIFICA TION

In engineering, many conventional problems lsamlescribed by a partial differential equatioBip which can be
classified as elliptical, parabolic, or hyperbolilepending on the category into which the physitenomenon falls
(Lax, 2006). Thus, considering a general PDE&following form:

2 2 2
aa Z)*b 0°p +C0 Z)+daqo+eaqa
0x oxoy oy ox oy

+ fp+g=0 1)

in whicha, b, ¢, d, e f, andg may be functions of the independent varialemdy and of the dependent variabje
which is defined within a regioR of the planecy, can consider that:
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and the PDEs are classified as three distinct fypaEsely:
if A <0, the equation is said to be elliptic;

if A =0, the equation is said to be parabolic; and

if A >0, the equation is said to be hyperbolic.

In terms of problems involving compressibtai, there are two distinct evaluation approacéiasionary flows and
transient flows. In the general stationary probletns differential equations involved are ellipticsimilar to Laplace’s
equation. Transient problems include the tempomaiation of the magnitudes involved, which is wtey are
represented by hyperbolic or parabolic differenégliations, corresponding to the wave equationtheddiffusion
equation, respectively. The solution for these esyist can be achieved either by numerical methodsy analytical
methods — the method of characteristics is bothraarical and analytical method, according to Ragrgy(2010). This
method is classically used in the solution of hipodic equations, being a good alternative for sajvthis type of
problem, which is why it was chosen for the devaiept of this present work.

Since the PDEs that model physical systemallyduave many solutions, it is necessary to imgsadliary conditions
which may characterize a function that represeés solution to the physical problem. Such auxiliapnditions
correspond to the boundary conditions and theainitonditions of the problem.

3. MATHEMATICAL FORMULATION FOR THE FLOW OF THE GAS

The transportation of the natural gas alorgy pipeline can be analyzed as follows (Lurie, 20@B¢ flow is
compressible and transient; the flow is continu@asising the whole cross-section of the pipe téllee; the flow can
be considered to be one-dimensional (i.e., allpda@meters involved depend only on ¥heoordinate measured along
the axis of the pipe and the tirjethe cross-sectional area of the pipe can varggathe length; and the piping can be
considered to be indestructible, with the intexattbetween the fluid and the pipe due to vibrapooblems being
negligible.

The mathematical models for fluids and gasidl@along the pipes are based on physics princ{pieshanics and
thermodynamics) of the continuum and are obtainech fthe following fundamental principles: conseiwatof mass,
conservation of momentum, conservation of energgt,acorresponding equation of state.

3.1 Conservation of mass

The conservation of mass, or continuity eaqumtin the context of mass flow along a pipe, cgpomds to the condition
in which the mass of the fluid considered can meithe created nor destroyed. This condition affdwsfact that the
mass accumulation rate within the control volum&)@utlined in Figure 1(a), is equal to the netssidlow in the
control surface; that is:
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Figure 1. (a) Control volume for an infinitesimalad element (b) Control surface for an infinitesimiact element

Mathematically, one can write:
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3.2 Conservation of momentum

The principle of the conservation of momenitorresponds to the application of Newton's secamwddf motion to
a fluid element. Thus, the net force acting, inxhgirection, on the gas within the control volurgerresponds to the
algebraic sum of the individual forces presentis system in relation to the same reference vol(Figure 1(b)).

For the present case, due to the symmetryhefcobntrol volume it becomes possible to negleetrtdial force
components, thereby featuring only the presencdoumfes due to the fluid pressure and shear forééctign).
Electromagnetic and electrostatic forces are nibd¢igind are consequently ignored. Mathematic#iig, results in:

ov 1dp Vav+
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0 4
D (4)
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Designating the last component of this expoesask, (Darcy friction force), one can also write:

a_v+vﬁ+l%+|:a:0 (5)
ot 0X p OX

3.3 Conservation of energy

The equation for conservation of energy isvaer from the application of the first Law of Thesdynamics which,
when formulated for an open system in terms ofstaterresponds to:

%_'tz = Q-W+ah (©)

that is, the rate of change of the energy withendantrol volume is equal to the rate of heat fiemristo the same minus
the work production rate via the control surfacd,darthermore, added to the net flow of the stéigneenthalpy. Since
the term corresponding to the work production catie be considered to be zero due to the wallseodititts being rigid,
one can obtain the conservation of energy equétinplained in terms of the entropy) in the finainfo
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3.4 Differential equations in matrix form

By specific simplifications, with the corresmbng application of the equation of state foritteal gas case, the group
of equations (3), (5), and (7) enables us to wvitigefollowing system of differential equations:
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or in the matrix form:
a_U + Ba_U = f (9)

ot 0x
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The matrix of coefficient8 exhibits real eigenvalues, which are different the other, thus characterizing a
hyperbolic equation set (Godunov, 1994). Amongdéeeral methods that can be used to solve hyperpatblems,
finite difference techniques based on the Lax-Wefidicheme and the method of characteristics asbally the most
used. According to Ames (1965), Lax-Wendrof finitéference methods are adequate for problems thed la well
stated solution within the calculation domain. #lay et al. (1988), on the other hand, pointedtbat in the case of
flows that may exhibit abrupt variations in theipperties, the method of characteristics can bd ts@btain accurate
solutions.

The characteristic curves represent the nato@dinate system for solving hyperbolic problemmsthis coordinate
system, the equations in partial derivatives defiteoughout the entire domain can be expresseddasary differential
equations defined along the characteristic curve¥hese curves are obtained by solving the equasef
det(B—dx/dt 1) =0, where the identity matrix is. This equation set expresses the necessary aamddi the

existence of singularities in the solution of tmeljem described by Equation (9) (Velasquez efl@B5). Therefore, the
equations of the characteristic curves are:

dx dx dx
—=Vv+cC —=v-—-C — =V
dt dt dt

The first two characteristic curves in theabequations are callddach lines, while the third one is the trajectory of
the fluid particles (path line). The necessary @m for Equation (9) to have a solution along tiaracteristic curves
is expressed by the so callemmpatibility equations:

Mach line compatibility equations:

k- k-1c k-1 vcdA
d + d =———(d +—|——+ (k-1 +VF F 10
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Path line compatibility equation
kR *
(d8);un = (G v, )t (1)

It should be noted that the compatibility eiipras for the Mach lines in Equation (10) are espesl in terms of the
differentials of V, C, and S. However, these equations can be expressed irs tefronly two of these differentials by

introducing the Riemann variableband/3, defined according to:

A= c+—k21v ﬁzc——k_lv

By doing so, the following compatibility equatioresult:

k-1 dA
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k-1c,
(dc,) s = Tc—g‘(q+ VF, )dt (14)

In Equations (12), (13), and (14), a variable chéatropy IeveI(CA) was introduced instead of entrogy It is related
to the former by the following definition (Bensohad., 1964):

C =exr{k—_1 j (15)
A 2k

4. THE COMPUTATIONAL MODEL

The computational model uses two numericadsggr— one of them is Eulerian and the other is Lagien. The
Eulerian grid was built by dividing the pipe lengjtho (n-1) equal parts, thus identifying “n” nogdesth two of them at
the corresponding duct ends. Furthermore, “m” goiveére chosen along the duct, with two of therhattuct ends, thus
defining “m” fluid particles whose positions defittee Lagrangian grid.

From initial conditions, the fluid velocity drthermodynamic properties of the fluid are knoyang the pipe, and
starting from these data at (x, the compatibility equations should be integratieh@ the corresponding characteristic
curves, thus giving the solution at (xAt}. The time steft is chosen in order to satisfy the Courant-Frddtiewy
stability criterion (Courant et al., 1928), whickpeesses the necessary condition so that the tadigdacement of a
perturbation wave does not exceed the distancedestweighboring nodes.

5. THE EXPERIMENTAL SETUP

Experimental data were obtained from a piletwork approximately 140m long, which was builtaafrbon-steel
piping of 2 inches nominal diameter. In this setiwpothetical transient events were generated roylating localized
leaks and using both compressed air and naturalfasexperimental apparatus included: five pressansors installed
along the extension of the pipeline in order tovjite records of the pressure variations occurnmthe course of each
test; a system for regulating pressure at the esftithe experimental network to maintain the pressaf the system
within the limits previously established; and, foe test with compressed air, a reservoir (pressessel) installed at the
beginning of the network. Figure 3 illustrates sonetric schematic of this apparatus, identifyisgnain components,
while Figure 4 depicts specific details such asvigsel used during the tests, and the main pielin

It is worth mentioning that, in order to cheble repeatability of the measurements, each tastperformed at least
three times. Although the opening of the valve wadormed manually and without the use of any airdevice to
guarantees the repeatability of this processhallt¢sts sought to make this opening as quickfyoasible. By doing it
this way, a delay of about 0.5 s was observed ftmmmoment of activation to the moment that theimar opening
of the valve was reached.

Compressed Air
7 bar

Pressure Reducing

Control Valve Ball Valve

Flowmeter
Ball Valve #3

‘1 S5

Pressure
Vessel

Figure 3. Schematic of the experimental network
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Figure 4. The pressure vessel and main pipeline
6. RESULTS AND DISCUSSION

Prior to the comparison of numerical and expental results, a study was conducted to verié/ régsults obtained
after a given number of tests performed in thelfieider localized leakage conditions. Such teste indially performed
using compressed air as the test fluid and thegakatself derived from the existing local distition network.

In Figure 5(a) it is observed that at the hagig the velocity is zero throughout the wholetdaad, after opening the
valve located at x = 137.8 m, which simulates tigure that causes the leakage of the air, thezitglincreases rapidly
at the end of the duct, reaching the sonic conugicthe throat section of the valve (Figure 6uim, Figure 5(b) shows
that a fall in pressure at the end of the valveuoesimultaneously with the increase in velocityg generating a
depression wave that propagates in the directidheofank and reaches it at approximately t = 8.45s the depression
wave sweeps through the length of the duct, thal lpressure decreases and causes the mass ahfitilies ahead to
begin flowing. The depression wave generated attigeof the valve is reflected at the other end esmpression wave
which, upon passing through a point, provokes actahn in the rate at which the local pressure el@ses due to the gas
leakage. This compression wave reaches the ered ofaive at approximately t = 0.8 s and returriseting reflected as
a depression wave. This process of depression @ngression wave propagation causes gas leakagesuo as jets,
the intensity of which decreases over time.
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Figure 5. (a) Velocity of the fluid during emptyind the vessel and pipeline
(b) Pressure of the fluid during emptying of thes&l and pipeline
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In Figure 7, the experimental data are congpavi¢gh the results of the simulation. As can bensieethis graph, the
calculated values show good agreement with therewpatal data, despite the final ones displayings@an the data
acquisition system. It should be noted that, despitt using any control device during testing thatld guarantee the
repeatability of the process of opening the disgbaralve, in the computational model the flow arethe valve was
considered to vary according to a sinusoidal fumctind the opening is completed in 0.5 s. It iseetgd that such an
approach would be one of the sources of discrepamtiserved between the numerical results andpezimental data.

T
Discharge valve
Concentric reducer

Mach number

X=24m

0 1 1 I
0 1 2 3 4

Time, [s]

Figure 6. Mach number at throat sections of thetdisge valve and concentric reducer
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Figure 7. Numerical and experimental pressure asageneric test

7. CONCLUDING REMARKS

A specific mathematical model to describe drant events in the natural gas distribution nekapbased on the
method of characteristics, was presented in thiepaAdditionally, tests were performed in a pipgpeline system in
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order to compare numerical and experimental déta. domparison showed good agreement, thus encagrtwg use
of that method for solving such problems.

8. NOMENCLATURE

A sectional area of the duct

Aw lateral area of the duct

c local speed of sound in the fluid
Ca entropy level variable

D diameter of the local duct

fo friction factor

Fa friction force

identity matrix
ratio of specific heats
pressure of the fluid

heat transfer rate per unit mass

the gas constant

entropy

time

temperature of the fluid
velocity of the fluid

space coordinate
Riemann variable

fluid density

Riemann variable
shearing stress at the wall
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