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Abstract. This work analyzes the influence of nonlinear modal coupling on the nonlinear forced vibrations of a simply 

supported cylindrical panel excited by a time dependent pressure load. The cylindrical panel is modeled by the 

nonlinear Donnell shallow shell theory. The lateral displacement field is determined by a perturbation procedure and 

the axial and circumferential displacement are described in terms of the lateral displacement, thus generating a 

precise low-dimensional model. A general expression for the nonlinear vibration modes is provided in this paper, 

satisfying all boundary conditions. The discretized equations of motion are obtained by applying the Galerkin method. 

Various numerical techniques are employed to obtain the cylindrical panel resonance curves, bifurcation scenario and 

basins of attraction. The results show the influence of geometry and nonlinear modal coupling on the nonlinear 

response of the cylindrical panel.  
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1. INTRODUCTION 

 

Cylindrical shells and panels are good examples of slender structures, being a three-dimensional solid whose 

thickness is small compared to the other dimensions. Cylindrical panels are also called open cylindrical shells and are 

commonly found in several engineering applications. Due to their slenderness and initial curvature, cylindrical panels 

display a highly nonlinear behavior, usually greater than that of the associated cylindrical shell of same geometry. They 

display under resonant conditions coexisting solutions, and can move from one steady state to another due to the action 

of a small perturbation. Also, they may exhibit excessive vibrations capable to leading the structure to collapse. These 

factors motivated researchers to develop accurate models for the analysis of their behavior to static and dynamic loads. 

Amabili and Paidoüssis (2003) and Alijani and Amabili (2014) published an extensive review on the nonlinear free 

or forced vibrations of cylindrical shells and panels. In a large number of referred works, the importance of the correct 

modal expansion for the lateral displacement of the shell and panel is highlighted, since different choices may lead to 

radically different results. Recently, the authors proposed a new solution method for cylindrical shells well adapted to 

the derivation of efficient reduced order models (Gonçalves et al., 2008; Silva et al., 2011), based on the perturbation 

technique initially proposed by Gonçalves and Batista (1988). In the present work this methodology is extended to 

cylindrical panels to obtain a consistent modal expansion for transversal displacement field. Based on the obtained 

modal expansion, a low order model is proposed to study the nonlinear vibrations of a simply supported cylindrical 

panel subjected to a lateral harmonic pressure. The consistent modal solution for the displacements field satisfies all 

boundary conditions for a simply supported panel. The obtained results show the influence of nonlinear modal coupling 

and quadratic nonlinearities on the resonance curves and basins of attraction of the cylindrical panel. 

 

2. MATHEMATICAL FORMULATION 

 

2.1 Panel equations 

 

Consider a cylindrical panel of radius R, sector angle , chord b, thickness h and length L, made of a linear elastic 

material with Young’s modulus E, Poisson coefficient  and mass density . The three displacement components u, v 

and w are related to the cylindrical coordinate system x,  and z, as shown in Fig 1. 
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Figure 1. Cylindrical panel geometry and coordinate system 

 

For an isotropic cylindrical panel, the stresses, at an arbitrary point along the shell thickness, are given by: 
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The deformations at an arbitrary point    xx and,  are given in terms of the middle surface strains 

   xx and,  and changes of curvature    xx and,  by: 

 

  xxxxxx 2  (2) 

 

These middle surface quantities are given in terms of the displacement components, according to Donnell shallow 

shell theory, by: 

 

   









xxxxx

xxxxxx

w
R

w
R

w

wwu
R

vw
R

wv
R

wu

,,2,

,,,,
2
,2,

2
,,

11

1

2

11

2

1





 (3) 

 

The cylindrical panel is subjected to a harmonic lateral pressure of the form: 
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where P is the pressure magnitude in N/m²; n and m are, respectively, the number of half-waves in the circumferential 

and axial direction,  is the excitation frequency and t is time. 

The nonlinear equations of motion, considering only the transversal inertia and damping forces, are given in terms 

of the force and moments resultants by: 
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where 1 and 2 are, respectively, the linear viscous damping and the viscoelastic material damping coefficients, 

D = E h
3
/12(1 –  2

) is the flexural stiffness of the shell, 0 is the lowest natural vibration frequency, p(t) is the lateral 

pressure and 
4
 is the bi-harmonic operator defined as: 2222224 ]//[  Rx .  

The force and moments resultants, in Eq. (5), are obtained by the integration of the stress components along the 

cylindrical panel thickness as follows: 
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For a simply-supported cylindrical panel, the following boundary conditions must be satisfied in the transversal 

direction: 
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    0,0,  xwxw  (8) 

    0,,0   LMM xx  (9) 

    0,0,  xMxM 

 

(10) 

 

The displacement field, in this work, is also required to satisfy the following condition: 

 

  0,2 Lu

 

(11) 

 

The following non-dimensional parameters are now introduced: 
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2.2 2.2 General solution of the shell displacement field by a perturbation procedure and determination of the in-

plane displacements u and v 

 

The numerical model is developed by expanding the transversal displacement component w in series in the 

circumferential and axial variables. From previous investigations on modal solutions for the nonlinear analysis of 

cylindrical shells (Hunt, et al. 1986; Gonçalves and Batista, 1988; Gonçalves and Del Prado, 2002; Awrejcewicz and 

Krys’ko, 2003; Gonçalves, et al. 2008; Silva, at al., 2011) it is observed that, in order to obtain a consistent modeling 

with a limited number of modes, the sum of shape functions for the displacements must express the inherent nonlinear 

modal couplings. Gonçalves, et al. (2008) and Silva, at al. (2011) have developed a methodology to derive reduced 

order model for shell vibration analysis trough perturbation techniques, using as variables only the modal amplitudes in 

the transversal direction. Using these works as a basis, a modal solution for cylindrical panels satisfying the boundary 

conditions (7)-(10) is here obtained. 

The analysis stars by considering as the seed mode or basic initial solution the fundamental vibration mode, that is: 
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By applying a perturbation procedure [13-14] and by imposing the boundary conditions for a simply supported 

cylindrical panel, Eqs. (7)-(10), the following modal solution that accounts for the essential nonlinear modal coupling is 

obtained: 
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The in-plane displacements u and v are obtained by substituting a selected numbers of relevant modes from Eq. (14) 

into the in-plane equilibrium equations, and solving the system of linear partial differential equations in u and v and 

imposing the relevant in-plane boundary and symmetry conditions. Based on this procedure one obtains the necessary 

number of in-plane modes and write their modal amplitudes in terms of the modal amplitudes Wi,j in Eq. (14) [13-14]. 

Finally, by substituting the adopted expansion for the transversal displacement w together with the obtained expressions 

for u and v into the equation of motion in the transversal direction, third equation in Eq. (5), and by applying the 

standard Galerkin method, a consistent discretized system of ordinary differential equations of motion is derived. 

 

3. NUMERICAL RESULTS 

 

Consider a perfect cylindrical panel with the following material properties: E = 2.06 x 10
11

 N/m²,  = 0.3 and  = 

7850 kg/m³. A cylindrical panel with radius R = 1 m, length L = 0.1 m, thickness h = 0.001 m and two different sector 

angles  are considered. Table 1 shows the lowest natural frequency, associated wave-numbers m and n and the profile 

of the vibration mode in the circumferential direction. These values will be used throughout the present numerical 

analysis. As the sector angle  increase the circumferential half-wave number n increases and the fundamental 

frequency decreases. The dense frequency spectrum typical of cylindrical panels is illustrated in Fig. 2. 

 

Table 1: Natural frequencies and vibration mode for different cylindrical panel’s sector angles. 

 

Sector angle –  (rad) 0 (rad/s) m n Vibration mode 

/3 3979,52 1 10 
 

/2 3973,39 1 14 

 
 

  
(a) /3 (b) /2 

 

Figure 2. Natural frequencies for the cylindrical panel with different sector angles. 
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(a) /3 (b) =/2 

 

Figure 3. Frequency-amplitude relation for the cylindrical panel with different sector angles. (1 = 0 and 2 = 0). ─ 

Model: 1. ─ Model: 2. 

 

The frequency-amplitude relations of the cylindrical panels are obtained, considering two reduced order models 

obtained from Eq. (14). They are: 

Model 1: w1,1() + w1,3(). 

Model 2: w1,1() + w2,2(). 

As shown in Fig. 3, where the frequency-amplitude relation is plotted up to vibration amplitudes of the order of two 

times the shell thickness, the two models lead to two radically different results. While Model 1 leads to a hardening 

behavior, Model 2, which contains the vibration mode w2,2(), leads to an initially softening behavior. At vibration 

amplitudes of the order of the shell thickness the curve veers back, displaying at large vibration amplitudes a hardening 

behavior. This is the expected results for these panel geometries. Mode w2,2() is associated with quadratic 

nonlinearities and leads to an asymmetry in the transversal displacement field (Gonçalves and Del Prado, 2002).  

Continuation techniques are used to obtain the resonance curves for the harmonically excited panel in the 

fundamental resonance region. These are shown in Fig. 4, where solid lines represent stable solutions and dashed lines, 

unstable solutions. The resonance curves, obtained using Model 2, show typical saddle-node bifurcations and coexisting 

attractors in a large frequency range. As shown in Fig. 4, increasing the sector angle from /3 to /2, new saddle-

node bifurcations appear along the resonance curves, creating a new unstable path and additional dynamic jumps. 

 

  
(a) /3 (b) /2 

 

Figure 4. Resonance curves, maximum lateral deflection versus excitation frequency. Continuation techniques. Solid 

line: stable solution. Dashed line: unstable solution. Model: 2. 1 = 1 x 10
-3

, 1 = 0 and P = 10 kN/m². 
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(a)  = 0.95 (b)  = 1.00 (c)  = 1.05 

 

Figure 5. Basin of attraction for a cylindrical panel with sector angle /3. 1 = 1 x 10
-3

, 1 = 0 and P = 10 kN/m². 

 

   
(a) ( = 0.88 ond  = 0.92) (b)  = 0.90 (c)  = 1.00 

 

Figure 6. Basin of attraction for a cylindrical panel with sector angle /2. 1 = 1 x 10
-3

, 1 = 0 and P = 10 kN/m². 

 

  
 = 0.90  = 1.00 

Figure 7 – Coexisting phase portraits for cylindrical panel with sector angle /2. Dark and light blue at basin attraction 

are coincident. (P = 10 kN).  

 

Figures 5 and 6 show, respectively, selected cross-sections of basins of attraction by the plane w1,1() x 

dw1,1()/dfor the cylindrical panels with sector angles /3 and /2, respectively, considering different values of the 

forcing frequency in the main resonance region. In Figs. 5(a) and 6(a) only attractor is observed. In the other basin 

cross-sections two attractors are identified. In these figures the dark blue region corresponds to the large amplitude 

resonant response, while the light blue region corresponds to initial conditions that converge to the small amplitude 

non-resonant solution. These coexisting attractors are illustrated in Fig. 7 where projections of the phase portraits onto 

the plane w1,1() x dw1,1()/dfor cylindrical panel with sector angle /2 are depicted for two values of the forcing 

frequency. The basins for coexisting attractors show a complex fractal structure that lead to sensitivity to initial 

conditions. So, future work will study the dynamic integrity of the panel in the main resonance region using local and 

global integrity factors (Gonçalves et al., 2011) 
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4.  CONCLUDING REMARKS 

 

In the present paper, Donnell shallow shell theory has been applied to model the dynamics of a cylindrical panel 

under harmonic lateral pressure. Based on a modal solution obtained from perturbation techniques, a general solution 

for the displacement field is obtained satisfying all boundary and symmetry conditions of a simply-supported cylindrical 

panel along the four edges. The discretized panel equations are obtained by the standard Galerkin method. The 

nonlinear resonance curves are obtained considering different models to describe the transversal displacement field and 

different sector angles. The results corroborate the influence of modal coupling between linear and nonlinear modes on 

the nonlinear response. Based on this analysis, the nonlinear forced vibrations of the cylindrical panel are investigated. 

The results show that the modes with cosine functions, derived from perturbation techniques, change the nonlinear 

behavior of the cylindrical panel from hardening to softening modifying the bifurcation scenario and basins of 

attraction. This is a work in progress; further work will focus on conducting a detailed bifurcation analysis for different 

cylindrical panels in order to understand the influence of the several control parameters on its nonlinear vibrations and 

instabilities. 
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