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Abstract. Heterogeneous media with multiple spatial scales are finding increased importance in engineering. An example
might be a large scale, otherwise homogeneous medium filled with dispersed small-scale particles that form aggregate
structures at an intermediate scale. The objective in this paper is to formulate the strong-form Fourier heat conduction
equation for such media using the method of reiterated homogenization. The phases are assumed to have a perfect
thermal contact at the interface. The ratio of two successive length scales of the medium is a constant small parameter
€. The method is an up-scaling procedure that writes the temperature field as an asymptotic multiple-scale expansion in
powers of the small parameter €. The technique leads to two pairs of local and homogenized equations, linked by effective
coefficients. In this manner the medium behavior at the smallest scales is seen to affect the macroscale behavior, which
is the main interest in engineering. To facilitate the physical understanding of the formulation, an analytical solution is
obtained for the heat conduction equation in a functionally graded material (FGM). The approach presented here may
serve as a basis for future efforts to numerically compute effective properties of heterogeneous media with multiple spatial
scales.
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1. INTRODUCTION

In some recent engineering applications it has become important to know the macroscopic behavior of heterogeneous
materials in terms of several different microscopic levels. Reiterated homogenization is a mathematical technique for
deriving the effective coefficients for such type of complex media. From the mathematical point of view, the homoge-
nization process allows to transform problems involving systems of partial differential equations with rapidly oscillating
coefficients in others, wherein the coefficients are not rapidly oscillating, and are the so-called effective coefficients. To
demonstrate proximity between the solutions of the original and the homogenized problems is the key for the mathemati-
cal justification. Classical studies of the linear elliptic partial differential equation can be found, for instance, in Panasenko
(2008) for two-scale media, and in Bensoussan et al. (1978) and Allaire and Briane (1996) for media with two or more
spatial scales.

As an application-oriented study, the aim of this work is to, first, describe didactically the formal procedure of the
reiterated homogenization method for the Fourier heat conduction equation with differentiable coefficients. Second, the
formulation is employed to obtain the effective properties of a conductive functionally graded material - FGM (Mahamood
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et al., 2012; Paulino et al., 2009; Yin et al., 2005) with periodic, rapidly oscillating, isotropic, and infinitely differentiable
coefficients. The approach presented here may serve as a basis for future efforts to numerically compute effective proper-
ties of heterogeneous media with multiple spatial scales, and may be useful for the development of behavioral models to
be embodied in a broader multi-material design method (Wargnier et al., 2014).

Let € be a three-dimensional open connected bounded subset with a sufficiently smooth boundary 0f2. The domain
) extends over the spatial coordinate x. Two structural levels are considered, such that € denotes the small positive
parameter that is the ratio of two successive length scales of the medium. Thus, the fast variables y and z are defined,
y = X/e, z = y/e = x/e*. The components of the conductivity tensor kf; (x) = ki;(x, €) = kij(x/e,x/e%) = ki; (y,z)
are Y x Z-periodic differentiable functions.

The formalism of the reiterated homogenization method is here applied to the following family of boundary value
problems depending on €,

o [ . or .
87337; ( ij a$j> _fa m Qa (1)
T5 =0, ondQ, 2)

where T (x) is a scalar field, K = (k) is a symmetric and positive definite matrix-valued function, and f(x) € C*(€).
Physically, problem (1)-(2) may govern the temperature field 7 set up by heat conduction in a medium with thermal
conductivity k7.

By applying the reiterated homogenization method, Egs. (1)-(2) are transformed in

i T _
Y 8$i8$j a

T =0, ono, “4)

f, inQ, 3)

where K = (/%Z]) is a symmetric, positive definite matrix with constant entries. The new problem (3)-(4) is called the
homogenized problem. The entries of K are the effective coefficients which determine the macroscopic behavior of the
heterogeneous medium.

2. HOMOGENIZATION: LOCAL AND HOMOGENIZED PROBLEMS, AND EFFECTIVE COEFFICIENTS

In this section, following Bensoussan et al. (1978) and Bakhvalov and Panasenko (1989), the reiterated homogeniza-
tion method is applied to the problem (1)-(2). The following operators and notations are used in this section:

0 0
Lyg =5 kijz— )
p,q 8}71( Jaqj)

Ll = Lz,z )
2
L*=Ly.+L,,,
L3 = La:,z + Ly,y + Lz,x y
L' = Loy +Lye,

[

L>=L,,.
The formal asymptotic solution of (1)-(2) is sought in the form
T* (X) = TO (X, Y, Z) + €T1 (X7 Yy, Z) + €2T2 (X7 Yy, Z) + 5:31—‘3 (X7 Yy, Z) + 5:4114()(7 Yy, Z) +.. (5)

where T; are differentiable functions, and Y -periodic with respect to y and Z-periodic with respect to z. The operator
0/0x; for a function v = O(x) = ¥(x,y, z) is thus determined using the chain rule,

67}_86_86_}_868&_}_@8% ©)
8l’i N 81‘,’ o 83:1 8% 8931 821 8% ’
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Applying Eq. (7) to the left-hand side of Eq. (1) yields

0 kE@TE (0 +16‘ +ii e 8T€+18T5+i8T5 ®
9z; 'Y or; ) \Ox; €0y, €20z gl dx; €0y, €2 0z, ’
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or, equivalently,

a% (kfjgi:) = e LT + 3L T° + e 2LPT° + e ' L*T° + " L°T". 9)
Using Eq. (9), Eq. (1) becomes
(e LY+ e B2 4 e 2L 4+ e LA+ L) TF = f, inQ. (10)
Substituting the asymptotic expansion of 7 up to £*, Eq. (5), into Eq. (10), one obtains

(e L + e 3L + e 203 4 e WL + OL5)(Ty + €Ty + 2Ty +3T5 + 4Ty) = f, in Q. (11)

Equating to zero the terms corresponding to equal powers of €, up to €%, the following recurrent chain of equalities is
obtained:

from 4, L'T, =0, (12)
from e 3, L' = —L?T, (13)
from 72, L'T, = — LTy — LTy, (14)
frome !, L'y = —L?T, — L3Ty — LTy, (15)
and from 0 | L'Ty = —L?T5 — L3T, — LTy — L°Ty + f. (16)

Note that all the equations (12)-(16) have a similar form,

LlU:F+aGi7 (17)
62’1'
where L' involves z only, and U and G; are Z-periodic. For Eq. (17), Bakhvalov and Panasenko (1989) proved that
(F); =0 (18)

is a necessary and sufficient condition for the existence of a periodic solution, and the latter is unique perhaps up to an
additive constant. The angular brackets denote the average of the function F over the periodic cell Z (| Z|~1 fl 2| Fdz).
By applying the solvability condition (18) to Eq. (12), one concludes that T} is a function of x and y only, or

Ty = To(x,y). (19)

Inserting Eq. (19) into Eq. (13), one obtains

Ok;; 0T,
LlT - _ v 20
1 920 Oy, (20)
such that a solution to Eq. (20) can be represented as
o, .

Tix.y,2) = —x(2) 5 (6 ) + Tix.y), 1)

where Xf, (z) is the solution of the local problem, or cell problem, described next.

First Local Problem. For each'y € Y, find the parametric family of Z-periodic functions {X;}yey, such that
, d X :

A;(X; —zj) = ~ 9 <kij — kie&zﬁ) =0, inZ\T,, (22)
(X9, =0, 23)

where Iy denotes the contact surfaces in Z for eachy € Y.
With Eq. (19), Eq. (14) simplifies to

L’y =—L,,T) — L, . Ty — L., To — L, ,Tp, (24)
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which, given Eq. (21), can be rewritten as

~ ~ 0 8)([ 8TO
L'T, = —L, Ty — L, Ty — L, T — ki»—y— . 25
2 il 40 yylo + yi < J 8zj Ay (25)

From Eq. (18), the necessary and sufficient condition to be held for the solvability of Eq. (25) in the class of Z-periodic
functions is

. dxy 0Ty
— Ly To+ — | ki —2 =2 =0, 26
< y’y0+3y¢<J32j3ye . (20
or, removing the y-derivatives and considering Eq. (19),
0 aXZ 8To
— ki — k=2 ) — =0. 27
8yi< £ Dz, , Oue 7)
Next, by introducing the operator
0 0
A= — ki(y)-— 28
9y < ) 3%‘) o
with
o’
1 = e, Y
kij (Y) = <k71] ki D2 >Z7 (29)

Eq. (27) takes the more compact form
ATy = 0. (30)

Eq. (30) constitutes the intermediate homogenized problem, whose effective thermal conductivity tensor is k:ilj(y). The

tensor kilj preserves the symmetry and positive definiteness properties of k;;.

Using a similar argument as that for the deduction of Eq. (19) from Eq. (12), one concludes from Eq. (30) that
Ty = T(x). (31)
Substituting Eq. (31) into Eq. (21) for 77 yields
T =Ti(x,y). (32)

Now substituting Eq. (31) and Eq. (32) into Eq. (25) yields

Oki;(y,z) (0T  OT}
1 _ J ) _ i
L'Ty = 55 o, + oy ) (33)

In analogy to Eqgs. (20)-(21), a solution to Eq. (33) can be represented as

oT T (x, .
TZ(X,yvz) = _Xgl;(z) ( 81(,‘:() + 18(; y)> +T2(X, y) (34)

Considering Eq. (31) and Eq. (32), Eq. (15) transforms to
L3 = —(Ly.To+ L.To + Ly T + L., Ty + L, .T). (35)

Substituting into Eq. (35) the expression (34) for 75 yields

d oxt (or oy 9 o1y d or
1 - 2 AN Il Z2 _ = [ T
LTy = 0y <k” 0zj \ Oz + Oy y; i 0y; y; (k” 8acj>
8 Vi 82T1 8T2 8T1 )

_8721- <_k”Xy8yj8yg + Uaiyj + k”ach (36)
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Applying once again the solvability condition (18) to Eq. (36), one obtains

o 1 oxd ol or | o 1 oxd B)
o kydz— | ke dn ) TN = T T /ki-dzf/ki—ydz 37
{ y; | 7] (/Z J /Z eazg >8yj} ! axj{ayi |Z] ( g 7 eazg 0y, vi- G7)

Using the definition of the operator A2, Eq. (37) becomes

~ oT
ATy = —(A%y;)—. 38
It is now possible to separate variables x and y, and write T, as
~ o 0T(x =
7= () 2 4 Fi). (9)
L
The expression (34) for 75 thus becomes
OT(x) X’ (y)0T(x)\ |,
T, = —y/* - T . 40
2 Xy (Z) ( 61‘@ 3ye 833]‘ + Q(Xv y) ( )
Substituting Eq. (39) into Eq. (38), one obtains the local problem, or cell problem, described next.
Second Local Problem. Find x7 , Y -periodic, such that
, 0 o’
2083 ) = — (KL —plZA ) — i
A (X y]) ayZ (klj kl@ ay[ ) 07 inY. (41)

The solution x? can be determined up to an additive constant. Possible discontinuities of kilj are not considered here.
From Eq. (18), the necessary and sufficient condition for the existence of a Z-periodic solution of Eq. (16) is
(Ly,-Ts + (La,z + Ly y)To + (Lay + Ly o )Ty + Lo o To), = f - (42)
In view of Y -periodicity, on applying the average operator (-),- to both sides of Eq. (42) one obtains
(Lo To+ Loy Ty + Lo To), )y = (fly = f 43)

Substituting the expressions (31), (39), and (40) for Tp, 11, and T5, respectively, into Eq. (43), and doing the algebra
straightforwardly, leads to the homogenized problem

9°T .
z‘jm—ﬁ in 2, €))

whose components of the effective conductivity tensor are defined by

~ oy’ O™ j
kij = kij — Eie ) Kim — kie Xy % . (44)
0z 0z¢ ) OYm Vxz
X

Clearly, Eq. (44) can be rewritten as

. o’
ki; = <k1 — k. > , (45)
! J W [y

so that it incorporates the homogenization results from the previous level Z. It is worth noting that the effective tensor
defined by (44) is symmetric and positive definite.

3. APPLICATION TO A FUNCTIONALLY GRADED MATERIAL

In this section the particular case of a periodic functionally graded material (FGM) is considered, whose coefficients
kf;(x) = kij(y, z) are rapidly oscillating, isotropic (kf;(x) = k°(x)d;; = k(y,z)d;;), infinitely differentiable (kf;(x) €
C>(£2)), and positive-definite (3¢ > 0¥y € R3 : kymn; > cnl®, n = (91, m2,m3), 0|2 = 325 12). Because the
coefficients are infinitely differentiable, it is not necessary to impose contact conditions on the constituents interfaces.
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The procedure of the previous section is here applied to a periodic FGM (Paulino er al., 2009) with k°(x) = k(y, z)
being Y x Z = [0, 1] x [0, 1]-periodic and given, with respect to some reference conductivity, by the trigonometric function

croy _ J 1+40.25sin 2 gin 2T 3y € [(n — 1)e, (n — 0.5)¢]
k() = { 1, 1 € [(n—0.5),ne] | (46)
or
[ 140.258in2n1y; sin27z, y1 € [(n—1),(n—0.5)], z1 € [([n —1)/e,(n —0.5)/e],
k(y,2) = { 1, yi € [(n—0.5),n], 21 € [(n— 0.5)/e,n/e]. “7)

It is considered that the small parameter ¢ takes values in the succession {1/n : n € N}, such that k° has periods ¢
and 2. The local function is seen to depend on the fast variables y = 1, and z = z; only. Figure 1 illustrates the
rapidly oscillating character of the function k°(x) for various values of . Figure 2 illustrates the functionally graded
behavior of the conductivity k(y,z) by considering the periodic part [0, 1] x [0, 1] of its domain of definition. For the
FGM characterized by Eq. (47), a one-dimensional homogenization problem is, therefore, obtained, whose periodic cell
solutions of Egs. (22) and (41) must be found, in order to calculate the effective conductivity tensor given by Eq. (45).

e=1 e=1/2
13 . : - - 13 : : :
1.2} 1 1.2}
1.4 ] 14}
kS 4 ke 4
0.9F 1 0.9}
0.8f 1 0.8t
075 02 04 08 08 1 0% 02 04 . 06 08 1
e=1/4 . e=1/8
1.2}
1.1H
ke 4f
0.9
0.8f
. . . ) 07 . ) . .
0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X T

Figure 1. An illustration of the rapidly oscillating character of the function k°(x) (x = z1).

First Local Problem. For each'y € Y, find the parametric family of Z-periodic functions {X%}yey, such that

d dx?
- (zﬂj - mé‘;) =0, in Z (48)
x5(0) = xJ(1), (49)
(x3), =0. (50)

Integrating (48) in z € Z, one obtains

dxJ, ,
k/’lj _kudiz( :Cj, Cj const. V7 . (29
Thus
dx} dxd,
—klljj =Cj— ki, or CTZy = kiy (ki — Cy).- (52)
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Figure 2. Periodic part (n = 1) of the domain of definition of the conductivity function k(y, z) of the FGM.

Integrating Eq. (52) from O to 1 yields
1 dyd 1 1
%dz :/ kyilky dz—cj/ Kl de.
0 0 0
Because x7,(0) = xJ,(1), Eq. (53) gives
_ _ -1,
0= (k' k), = Ci (k' ), »  or Ci=(kn'), (kiihis)y, -
Substituting Eq. (54) into Eq. (52) yields
dxj _ 1,1,
TZy = k‘ulklj - k111 <k111>z <k111k1j>z )

so that Eq. (50) is satisfied.
With the solutions { Xé}yey of the First Local Problem, it is possible to calculate the effective coefficients

dx; dy]
kllj = <k’l] - k“dzy> = <kU>Z - <kb1 dZJ> .
A Z

As a matter of fact, substituting Eq. (55) into Eq. (56) one arrives at

kilj = <kij>z - <ki1kﬁ1k1j>z + <ki1kf11 >Z <k71711 >Z_1 <kf11k1j>z

One may verify that: (i) k{; = kj;(y) € C™; (i) ki; = kj

isand (i) 3¢/ >0Vn € R? : ki > d|nl>.

Second Local Problem. Find X7, Y -periodic, such that

d dx? )
diy (lﬂ%] - kildy) = 0, 11 Y,
X7 (0) = x7(1).

The solution of this problem can be determined up to an additive constant.

(53)

(54)

(55)

(56)

(57)

(58)

(59)
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The second local problem can be solved in a similar fashion, such that one can directly write

. - ) o i
iy = (b — (b 617U Dy o+ (B () ™), (el 70 (k) R ), (60)
In particular, for the case being considered, k;;(y, z) = k(y, z)d;;, and Eq. (57) yields
-1
kij = (k) 655 — (k) = (k71); )0 di 61)

As a consequence,
_1\ -1 .,
k%l = <k 1>Z ) k%z = k§3 =(k)z » kilj =0fori#j. (62)

Now with the help of a math code, on substituting Eq. (47) for k£ and Eq. (62) into the solution of the second local
problem, Eq. (60), one finally determines the effective thermal conductivities,

—1

ko= (kiy — (e (ei) ™ ey + (R () ™)y (i) 0y (o) ™)y

= (kb)) Ny = (R, = (kYL = (0228 4 0.75) 71 = 1.0225, (63)
o 2
koo = ksz = (kyg)y = (k)y, = 0.25+ 0775 +0.75 = 1.0253, (64)
kij =0fori#j. (65)

4. CONCLUSIONS

In the present work the strong-form Fourier heat conduction equation for heterogeneous media with multiple spatial
scales has been successfully derived using the method of reiterated homogenization. The effective coefficients can be
calculated by solving two local or cell problems, while the macroscopic behavior is governed by the homogenized prob-
lem. To facilitate the physical understanding of the technique, an analytical solution is obtained for the heat conduction
equation in a trigonometric functionally graded material. The approach presented here shall serve as a basis for future
efforts to numerically compute effective properties of more complex materials with multiple spatial scales.
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