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Abstract.Every time the natural frequency of a machine or structure coincides with a 

vibration frequency of an external excitation, resonance appears and it can cause serious 

problems in civil constructions. Hence, it is important to control the latter. In this field the 

shape memory alloys (SMA) are gaining more and more usage due to its properties and 

ability to serve as a passive element of energy dissipation. This work has as an objective the 

vibration control in a girder bridge structure through the implementation of superelastic 

shape memory alloy springs. The mathematical model was based in a beam element fixed at 

one end and simply supported at the other with the springs attached to one point at the beam 

span. The experiments were realized with a shaker applying a transversal harmonic force at 

the bridge. It was noted that the damping ratio increased, causing a reduction of the vibration 

amplitude of the structure. 
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1. INTRODUCTION 

In a day to day basis it is easy to observe the presence of mechanical vibrations; they are 

all around the world. In some cases vibrations are desired, as in a guitar string. However, this 

phenomenon may have destructible effects. Every time the natural frequency of a machine or 

structure coincides with a vibration frequency of an external excitation, resonance appears and 

it can cause serious problems in civil construction, causing rupture of support beams due to 

the significant increase of vibration amplitude of the structure. Hence it is important to control 

the latter. In this field the shape memory alloys (SMA) are gaining more and more usage due 

to its two main properties: the shape memory effect and the superelasticity, which are used in 

active and passive vibration control, respectively. Recent studies gives a review of 

applications of Shape Memory Alloys. Recent studies, Alamet. al. (2007) e Jani et. al. (2014), 

shows a great potential for the application of shape memory alloys in several areas, such as 

civil construction, automotive, biomedicine and aerospace industries. 

Some recent studies of bridges attenuation are referenced, as the study conducted by Liu 

et. al. (2016), that presents the implementation of these alloys to reduce the lateral and 

torsional vibrations of a bridge, considering only the free vibration of the latter. Hamdan and 

Jubran (1991) made a fairly precise mathematical model for this type of application when 

considering the addition of a concentrated mass along the bridge. Moraes (2017) developed a 

new concept of spring association in tendons to verify the effectiveness of the implementation 

of the SMA springs in a two-degree-of-freedom model simulating a two-store building. The 

results showed that about 60% of attenuation was possible in terms of displacements in the 

first mode of vibration. 

2. METHODOLOGY  

2.1. Forced damped vibration in a beam with concentrated mass 

Figure 1 presents the model of the physical system used, which consists of an aluminum 

plate fixed at one end and simply supported at the other. 

 
Figure 1–Bridge model 

 

According to Liu et. al. (2016) and Hamdan & Jubran (1991)Eq. (1) presents the 

mathematical model in forced vibration, where 𝑚 is the concentrated mass along the structure 

span, 𝜌𝐴 is the linear density, 𝐸𝐼 presents the system stiffness, 𝑐 is the equivalent viscous 

structural damping, 𝑐𝑠 and 𝑘𝑠 are viscous damping and stiffness constants of the SMA, 

respectively and 𝛿(𝑥 −  𝑥0) is Dirac delta function. 
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[𝜌𝐴 + 𝛿(𝑥 −  𝑥𝑚)𝑚]
𝜕2𝑦(𝑥, 𝑡)

𝜕𝑡2
+ 𝐸𝐼

𝜕4𝑦(𝑥, 𝑡)

𝜕𝑥4
+ 𝑐

𝜕𝑦(𝑥, 𝑡)

𝜕𝑡

+  𝛿(𝑥 −  𝑥𝑠) [𝑘𝑠𝑦(𝑥, 𝑡) +  𝑐𝑠

𝜕𝑦(𝑥, 𝑡)

𝜕𝑡
] = 𝛿(𝑥 −  𝑥𝑓)𝐹0𝑒𝑖𝜔𝑡 

(1) 

 

This equation has as solution: 

𝑦(𝑥, 𝑡) =  ∑ 𝜙𝑛

∞

𝑛=1

(𝑥)𝑞𝑛(𝑡). (2) 

Where 𝑞𝑛(𝑡) is the generalized coordinate and 𝜙𝑛(𝑥) is the corresponding mode shape. 

Applying the particular solution at Eq. (1), multiplying by 𝜙𝑛(𝑥) and integrating along the 

beam we may find the differential equation at the generalized coordinate. The solution may be 

approximated as a system with 2 degrees of freedom using the matrix method. Hence the Eq. 

(1) may be simplified as: 

 
[𝑀]{𝑞𝑛̈(𝑡)} +  [𝐶]{𝑞𝑛̇(𝑡)} + [𝐾]{𝑞𝑛(𝑡)}  = [𝑄]{f(t)} (3) 

 

Where the matrices may be organized as: 

 

 𝑀𝑖𝑖 = 𝜌𝐴 ∫ 𝜙𝑖
2(𝑥)𝑑𝑥 + 𝑚𝜙𝑖

2(𝑥𝑚)
𝑙

0
 

 𝑀𝑖𝑗 = 𝑚𝜙𝑖(𝑥𝑚)𝜙𝑗(𝑥𝑚) 

 𝐶𝑖𝑖 = 𝑐 ∫ 𝜙𝑖
2(𝑥)𝑑𝑥

𝑙

0
+  𝑐𝑠𝜙𝑖

2(𝑥𝑠) 

 𝐶𝑖𝑗 =  𝑐𝑠𝜙𝑖(𝑥𝑠)𝜙𝑗(𝑥𝑠) 

 𝐾𝑖𝑖 = 𝐸𝐼 ∫ ⌈
𝜕2𝜙𝑖(𝑥)

𝜕𝑥2 ⌉
2

𝑑𝑥
𝑙

0
+  𝑘𝑠𝜙𝑖

2(𝑥𝑠) 

 𝐾𝑖𝑗 =  𝑘𝑠𝜙𝑖(𝑥𝑠)𝜙𝑗(𝑥𝑠) 

 𝑄𝑖 = 𝜙𝑖(𝑥𝑓)𝐹0 

  

Since the excitation force is of the harmonic type, the response will be presenting the 

same behavior. The amplitude responses in Eq. (4) may be obtained using the impedance 

matrix of the system. 

 

𝑋1(𝑖𝜔) =  
𝑍22(𝑖𝜔)𝐹10 −  𝑍12(𝑖𝜔)𝐹20

𝑍11(𝑖𝜔)𝑍22(𝑖𝜔) −  𝑍12
2 (𝑖𝜔)

; 𝑋2(𝑖𝜔) =  
−𝑍12(𝑖𝜔)𝐹10 + 𝑍11(𝑖𝜔)𝐹20

𝑍11(𝑖𝜔)𝑍22(𝑖𝜔) − 𝑍12
2 (𝑖𝜔)

 (4) 

Where: 

[𝑍(𝑖𝜔)]  =  [
𝑍11(𝑖𝜔) 𝑍12(𝑖𝜔)

𝑍12(𝑖𝜔) 𝑍22(𝑖𝜔)
] = [

−𝜔2𝑚11 +  𝑖𝜔𝑐11 +  𝑘11 −𝜔2𝑚12 +  𝑖𝜔𝑐12 +  𝑘12

−𝜔2𝑚12 +  𝑖𝜔𝑐12 +  𝑘12 −𝜔2𝑚22 +  𝑖𝜔𝑐22 +  𝑘22
] (5) 

𝑭𝟏𝟎and𝑭𝟐𝟎 are the external forces acting on the system in each mode of vibration. 𝒁(𝒊𝝎) 

is the impedance matrix and can be calculated in Eq. (5), the index numbered refers to the 

positions elements in the matrix. Those equations were used to obtain the analytical 

parameters in order to compare to the experimental ones. 

2.2. Experimental model of the structure 

The structural model adopted in this paper can be characterized in the Figure 2a, where a 

semi-crimped beam represents the bridge and the mass m is a concentrated charge which is 

fixed to the SMA device. It may be observed how the experiment was realized, with M is the 

counterweight used to act as a preload to the SMA spring. Fig. 2b show the two analytical 

mode shapes of the structure and the maximum deflection points, at where the absorber 

element, mass and measuring instrument were placed. 
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(a)                                                                         (b) 

Figure 2 – (a) Experimental model, (b) Mode shapes. 

 Table 1 shows the characteristics of the experimental model. According to Hamdan & 

Jubran (1991) 𝛽1𝑙 and 𝛽2𝑙 are frequency parameters used to calculate the natural frequencies 

of the structure, that can be found by solving of the transcendental equation of the mode 

shape.  

Table 1 – Parameters used in the modeling. 

Parameter Values Parameter Values 

Bridge length  1000 mm Young’s modulus (E) 71.0 GPa 

Bridge density (ρ) 2770.0 kg/m³ 𝜷𝟏𝒍 3.926602 

 Bridge thickness 3.175 mm 𝜷𝟐𝒍 7.068583 

Bridge width 101.6 mm Mass 126.95 g 

2.3. Dynamic absorber selection 

To select the mini-springs it was important to know how much deformation they could 

endure as a function of the vertical deflection of the bridge. The SMA mini-springs present a 

hysteretic loop when subjected to load and unload. Choosing a NiTi superelastic mini-spring 

used in odontological application and some results obtained by Grassi (2014), the maximum 

value of dissipated energy is between 80 and 500% of linear deformation. Hence it is 

necessary that the effective displacement of the absorbers is in this interval. It is possible to 

find the linearized stiffness of the springs between the 80 and 500% deformation to calculate 

the necessary pre-load. The useful length of 2.5 mm was chosen due to the largest loop 

formed. 

As a way of comparing and evaluating only the amplitude reduction caused by the SMA 

absorbers, it was necessary to use steel springs with an equivalent stiffness. The tests were 

done using the steel and SMA springs separately. 

3. RESULTS AND DISCUSSIONS 

3.1. Results of forced vibration 

With the results of forced vibration it was possible to calculate the reduction of the 

vibration amplitude when the system is in its critical condition, at resonance. According to 

Rao (2011) the damping ratios may be calculated utilizing the bandwidth method. 
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(a)                                              (b) 

Figure 3 – Superposed analytic and experimental graphs of forced vibration (a) Without mass; 

(b) With concentrated mass. 

 

Table 2–Damping ratio and Vibration amplitudes 

 Damping ratio Experimental amplitude (mm) 

 
No 

spring 

Steel 

Spring 

SMA 

Spring 

No 

Spring 

Steel 

Spring 

SMA 

Spring 

Without mass 0.0481 0.0555 0.0708 4.594 3.883 3.369 

With mass 0.0404 0.0550 0.0616 5.089 3.932 3.476 

  

Table 2 presents a summary of the damping values obtained (from Fig. 3), where it is 

possible to observe that the damping ratio was increased with the use of SMA springs. For the 

structure with the concentrated mass, there was a 27% increase in comparison to the steel 

springs and 47% increase in comparison to non-springs. With the concentrated mass, there 

was a 12% and 52%, respectively.  

With regard to the vibration amplitudes at the resonance region, summarized in Table 2, 

there was a reduction of approximately 13% using SMA springs in comparison to the steel 

ones. Table 3 shows the comparison between the analytical and experimental natural damped 

frequencies of the bridge in all studied cases. 

 

Table 3 – Natural frequencies of the bridge and relative error. 

 
 

ωdExperimental 

(Hz) 

ωdAnalytical 

(Hz) 

Error 

(%) 

Frequency 

reduction (%) 

W
it

h
o
u

t 

m
a
ss

 

Without 

spring 
11.75 11.35 3.52% - - 

Steel spring 13.00 13.05 0.38% - - 

SMA Spring 13.15 13.00 1.15% - - 

W
it

h
 

m
a
ss

 Without 

spring 
10.25 9.90 3.54% 12.77% 12.78% 

Steel spring 11.25 11.35 0.88% 13.46% 13.03% 

SMA Spring 11.40 11.30 0.88% 13.31% 13.08% 
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Where it may be seen that the largest error was of 3.5% for the no spring configuration. It 

also may be seen that an added mass to the structure results in a large shift in its natural 

frequency (of 13.7%), hence making more crucial the use of adaptive dampers. 

4. CONCLUSIONS 

With regard to the amplitude reduction after the implementation of the designed device, 

which incorporates SMA springs as an energy dissipating element, it was possible to conclude 

that it happened only due to the hysteretic damping effect, since the structures had the same 

equivalent stiffness. This reduction wasn’t larger because the resonance region was at a high 

frequency and the SMA springs lose its capacity of dissipating energy. The vibration 

amplitudes of the bridge were another hindrance, the ideal strain of the springs as a function 

of the bridge deformation was of 500%, however it was only possible to reach a 242.5% 

deformation due to structure and equipment limitations. 

The analytical model had a good approximation, since the natural frequency errors were 

low. The errors of the vibration amplitudes were in major part due to the use of the bandwidth 

method, which is generally used in systems with low damping ratios.  
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