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Abstract. The Modified Local Green’s Function Method (MLGFM) is an integral technique
that is distinguished by the great accuracy in the approximation of dual and flow variables.
This method performs a boundary approximation by calculating the projections of the Green’s
functions on the approximation space basis of the problem. The Finite Element Method can be
used to construct an approximation base and then is possible to calculate the corresponding
projections. In this article the MLGFM is described in a new approach taking into account
the concept of the Partition of Unity Method. Thus, this work presents examples of MLGFM
application in modal dynamic analysis with non-polynomial approximation spaces, using en-
richment techniques. The accuracy gains of the method and the characteristic aspects of the
approximation in terms of frequency spectra are discussed.
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1 INTRODUCTION

First and foremost, the Modified Local Green’s Function Method (MLGFM) is an integral
method that is distinguished by the great accuracy in the approximation of dual and flow vari-
ables (Barbieri & Machado, 2015). However, unlike the Boundary Element Method (BEM), it
is not necessary to directly use the fundamental analytical solution. Instead, a hybrid strategy is
used to make the approximation.

In the MLGFM, only projections of the Green’s Function (GFs) are required. The Finite
Element Method can be used to construct an approximation base and then is possible to calculate
the corresponding projections of the GFs (Machado, 1992; Barbieri, 1992; Monken e Silva,
1988). It is interesting to note that, as a consequence of the hybrid formulation, the method
presents nodal superconvergence for the flow variables, as highlighted by Barbieri (2005).

In this article the MLGFM is described in a new approach taking into account the concept
of the Partition of Unity Method, intending to generalize its concept. It’s shown that a the
MLGFM may take advantage of a generical method that relies on the Partition of Unity concept.
Thus, this work present examples of MLGFM application in modal dynamic analysis with non-
polynomial approximation spaces, using enrichment techniques.

Numerical results are presented relying on the fact that MLGFM results for the potential
are identical to the FEM results and so modal analysis may present very close approximation
behaviour in spectrum terms.

2 PARTITION OF UNITY: PRELIMINARY CONCEPTS

The mathematical theory of the Partition of Unity Method ensures that the local approxi-
mation spaces V; generated by the base of functions v; present the approximation properties that
will be described next (Melenk, 1995).

Let u be the function to be approximated function and v; € V;, local approximation spaces
V; that satisfies the following conditions

[ = il 2 (0,n0) < €1(4) (D
and
IV (u— Ui)Hm(QmQ) < €(i) (2)

where € (i) e €2(i) are dependent values of the i-th cover that limit (v — v;) and their derivatives
according to a convenient norm. This way, the function w;, that approximates u satisfies,

Ju— UhHLz(Q) < Oy | M (Z 6%@)) (3)

)

and

IV (= )l oy < | 2M (Z (ﬁg@)) €2(7) + cgoeg(i)> @)
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In the Eqgs. 3 and 4, M is related to the number of cover overlays on the same point in the
domain €. In the same expressions, C, and C,, are constants. Lastly, diam (£2;) corresponds
to the diameter of the cover defined by the approximation functions.

Finally, it can be pointed that the approximation carried out by the Finite Element Method is
a particular case of this theory. It is also possible to highlight that the approximation made by the
FEM can be extended through these concepts with the enrichment strategy of the Generalized
Finite Element Method (GFEM). Thus, the approximation sums up:

U, = UpmEF + UENR (5)

where u ), corresponds to the portion described by the classical approximation functions of
the FEM and ugypr corresponds to the approximation made by the enrichment functions that
aim to incorporate particular aspects of the studied problem.

3 MODIFIED LOCAL GREEN’S FUNCTION METHOD (MLGFM)
The core of MLGFM'’s theory is the determination Green’s function projections on the

domain and boundary of the problem, without the knowledge of it. For this purpose, it is
necessary to solve two problems associated with the operator under study A.

3.1 Delta Loading applied on the domain

Applying the operator to the Green function (G7) related to source and field domain points
(P, Q) it results in a Delta loading applied on the domain. The adjunt boundary operator N*
(or Neumann operator) shall be modified by an additional operator N'. The notation * stands
for the adjunts operators.
A'G(P,Q) = 6(P,Q)I (6)
(N*+N)G(p,Q) =0 (7)
Projecting the problem described by Egs. 6 and 7 on the subspace generated by domain
interpolation functions (V(Q)), it’s related the Green’s projection in the domain G4

A*Ga(P) = W(P) ®)

Applying the projection in the Eq. 7, it holds that

(N* 4+ N)Galp) =0 9)
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3.2 Delta Loading applied on the boundary

Applying the operator to the Green function (G) related to source and field domain points
(P, Q) it results in a Delta loading applied on the domain. The adjunt boundary operator N*
(or Neumann operator) shall be modified by an additional operator N'. The notation * stands
for the adjunts operators.

A*G(P,Q) =0 (10)
(N*+N)G(p,Q) = 6(P,Q)I (11)

Projecting the problem described by Eqgs. 10 and 11 on the subspace generated by boundary
interpolation functions (®(Q)), it’s related the Green’s projection in the domain Gy

A*Gy(P) =0 (12)

Applying the projection in the Eq. 11, it holds that

(N* + N)Gy(p) = @(p) (13)

3.3 Discrete Projections

As the Green’s Functions projections are more continuous than the domain basis functions,
these can be interpolated using this very basis. The interpolation is performed among each
discrete projection in the domain and in the boundary, namely GP*, GBP GPP GPBP. The same
argument holds for the boundary functions, as its constructions relies on the Trace properties.
This way, it’s possible write:

4 Domain Projections from P in Domain,

G4(P) = ¥(P)GPT (14)
4 Boundary Projections from P in Domain,

Gy(P) = ¥(P)GP" (15)
4 Domain Projections from p in Boundary,

Gq(P) = ®(p)G"? (16)

4 Boundary Projections from p in Boundary,

Gy(P) = ®(p)G"™? (17)
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Recovering the Galerking approximation related to the projection techniques in the domain,
follows that

(K + K'|[GPP] = [M] (18)

where K is the domain stiffness matrix, K~ is the additional stiffness matrix due to the N’
operator and M is the domain mass matrix with unitary density.

Analogously for the boundary, follows that

(K + K')[GP"] = [m] (19)

where K is the domain stiffness matrix, K~ is the additional stiffness matrix due to the N’
operator and m is the boundary mass matrix with unitary density.

Equations 18 and 19 may be solved at once in a unified extended system of equations:

[K + K'|[GPP|GPF] = [M|m)] (20)

Displacements in the domain are then determined as:
u=G""(b) + G""(f) (21)

where b and f are forces applied on the domain and on the boundary, respectively. It is important
to note that u corresponds to generalized displacements of the solved discrete problem, that is,
coefficients of the linear combination of the interpolation functions present in the approximation
basis.

3.4 Eigenproblem in the MLGFM

As described by Barbieri (1992) and Filippin (1992), the eigenproblem derived from the
Helmholtz operator with wave velocity ¢ may be solved calculating the following auxiliar ma-
trices:

Ao = [ QT #(Q% @)
Mo = [ 1Guo) @109 23)
Ao == [ (GalP) (P @4
Moo= [ (@] [@(0)1d0% 25)
Mo = [ (Gup) @100 6)
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1

Moo = ¢ [ (GuPI(w(P)do @

Additionally, one can define the two following auxiliar matrices:

Tx = Nao[Acs) Moo (28)
and

Ty = Aao[Aco] Ay (29)

Finally, the natural frequencies are obtained from the eigenproblem to be solved given by:

{{Avy — Tk] + w?[Agw — T ] H{w}? =0 (30)

4 TRIGONOMETRIC ENRICHMENT IN DYNAMIC ANALYSIS
4.1 Bars

For free vibration of a bar problem was proposed by Arndt (2009) a block of enrichment
functions to the problem of dynamic analysis with GFEM. This group of functions consists of
building a couple of clouds, a sine and a cosine, subordinated cover of enriched node. These
clouds are written in the domain of element as two pairs of sine and cosine functions. The basic
domain is considered to £ € [0, 1].

Sine cloud:
Y15(§) = sin(B;Le€) (31)
V2 (§) = sin(B;Le(§ — 1)) (32)
Cosine cloud:
p15(§) = cos(BjLeg) — 1 (33)
p2;(§) = cos(BLe(§ — 1)) — 1 (34)

Where L. is the length of the element and 3; = jm is a hierarchical enrichment parameter
proposed by Arndt (2009) to j function levels.

4.2 Euler-Bernoulli Beam

For free vibration of a beam problem was proposed by Arndt (2009) an enrichment function
to the problem of dynamic analysis with GFEM. This function consists in a cosine, subordinated
cover of enriched node. This function is written in the domain of element considered to £ €
[0,1].

(35)

74(6) = cos [(j — Dn(€+ 1)] " cos [(j + V(€ + 1)]

2 2

for j = 1,2, ..., J, where J is the total number of level of enrichments.
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S DYNAMIC ANALYSIS

5.1 Modal Analysis Fixed-Fixed Bar

Consider a bar fixed at both ends as shown in Fig. 1.

L

[ 4

Figure 1: Fixed-Fixed Bar

The model results in the following elliptic eigenproblem, in the strong form:

d2
au +w2£u(x) =0 = A(u) = {— + w

st —] () =0 (36)

Subject to boundary conditions:

u(0) =0 (37
uw(L) =0

Analytical solution is then given by:

_nm [
w="1,12 (38)

This solution is used to normalize approximated solutions such as:

o= h (39)

w

Similarly, degrees of freedom (n) are normalized as a function of the total number of de-
grees of freedom (/V) as:
n

= (40)

Thus, when plotting & x 7, one can compare different methods with different numbers of
degrees of freedom.
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5.2 Modal Analysis Cantilever Beam

Consider a cantilever beam as shown in Fig. 2.

L

Figure 2: Cantilever Beam

This cantilever beam, with length L, modulus of elasticity £, specific mass p, moment
of inertia / and cross-sectional area A. This way, the natural frequencies may be obtained as
positive roots of the following equation (Arndt, 2009):

1] w2pA 4] w2pA
—L h —L 1= 41
cos ol cos o0 + 0 41)

A non-dimesionalized frequency parameter \, calculated as described in Eq. 42 is used to
compare the results.

2 2 /ﬁ
N =wlL o (42)

6 NUMERICAL RESULTS

The numerical results of modal analysis that will be presented throughout this section have
as main objective to show the coincidence of the approximations made by the MLGFM and its
domain approximation basis.

The choice of this type of numerical test is based on the fact that the frequency spectrum
is an intrinsic aspect of a certain numerical method approximation space, analogous to a finger-
print.

In this way, we will try to expose the coincidence of approximation characteristics numer-
ically with standard finite element frequency spectra.

6.1 Modal Analysis Fixed-Fixed Bar

In this section we will present results referring to the modal analysis of a bar as previously
described. The geometric and material parameters were adopted unitary for simplicity, without
loss of generality. Each analysis is based on a 20-element uniform mesh.
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First, the domain approximation is performed using only a linear finite element mesh. The
contour approximation of the elements is simplified in the one-dimensional case, coinciding
with the collocation method. Results of the MLGFM are presented along with Linear FEM

spectrum.
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Figure 3: Linear Functions Basis

In a second moment, the trigonometric enrichment of the functions is performed, according
to technique previously exposed. Results of the MLGFM are presented along with GFEM

spectrum.
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Figure 4: One Level Enriched Functions Basis

Continuing the successive enrichment process, a further level of enrichment is applied ac-
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cording to the appropriate procedure. Results of the MLGFM are presented along with the
corresponding GFEM spectrum.
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Figure 5: Two Levels Enriched Functions Basis

At the end of the analysis, a third enrichment procedure is carried out, in order to reinforce
the argument of the previous tests. Results of the MLGFM are once again presented along with
the corresponding GFEM spectrum.
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Figure 6: Three Levels Enriched Functions Basis

6.2 Modal Analysis Cantilever Beam

In this section we will present results referring to the modal analysis of a beam as previously
described. The geometric and material parameters were adopted unitary for simplicity, without
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loss of generality. Derived parameters, such as inertia, were calculated accordingly.

First, the domain approximation is performed using only a linear finite element mesh. The
contour approximation of the elements is simplified in the one-dimensional case, coinciding
with the collocation method. A uniform mesh with 30 elements is used in this example. Results

of the MLGFM are presented along with Linear FEM spectrum.
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Figure 7: Linear Functions Basis

In a second moment, the trigonometric enrichment of the functions is performed, according
to technique previously exposed. A uniform mesh with 30 elements is used in this example.

Results of the MLGFM are presented along with GFEM spectrum.
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Figure 8: One Level Enriched Functions Basis
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Continuing the successive enrichment process, a further level of enrichment is applied ac-
cording to the appropriate procedure. A uniform mesh with 15 elements is used in this example.
Results of the MLGFM are presented along with the corresponding GFEM spectrum.
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Figure 9: Two Levels Enriched Functions Basis

At the end of the analysis, a third enrichment procedure is carried out, in order to reinforce
the argument of the previous tests. A uniform mesh with only 8 elements is used in this final
example. Results of the MLGFM are once again presented along with the corresponding GFEM

spectrum.
4 MLGFM - Based on Enriched Functions - j = 3 |0
179 ==~ GFEM-j=3 !
1
1.6+ |
‘J
1.5 4
/
1.4 1
Ky
¢
338 '
1.3 1 !
1
1
1.2 4 !
1
1.1 ’0“
¢
0.‘.
1.0 WWM“WW
0.0 0.2 0.4 0.6 0.8 1.0

2l

Figure 10: Three Levels Enriched Functions Basis
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7 CONCLUDING REMARKS

Numerical tests were performed and the results were plotted. The bar results corroborate
the main hypothesis of coincidence of approximation between the MLGFM and the domain
approximations, as can be observed in Figs 3, 4 and 5. A little difference in the approximation
of the optical branch can be seen in Fig. 6. This difference can be associated with the numerical
sensitivity of the inversion required in the process of obtaining the MLGFM auxiliary matrices.
This observation does not interfere in the presented analysis since the general behaviour of the
approximation is very similar.

Following the analysis for the beam example, one can observe the results also corroborate
the main hypothesis of this work, as can be observed in Figs 7, 8 and 9. Normalized frequency
results for 3 levels of enrichment show some numerical oscillation near the unit in the acoustic
branch of the spectrum, as can be observed in Fig. 10. This characteristic is inherent to the
enrichment process and stems from the numerical instability of the method itself. Notably, this
numerical instability is also inherited by the MLGFM approach.

Lastly, the numerical results of modal analysis presented highlighted the coincidence of
the approximations made by the MLGFM and its domain approximation basis. In this way,
future works will bring enrichment strategies using MLGFM in more complex problems whose
flow variables are relevant, taking advantage of the differentiated properties of the method.
Potential applications are: voltage concentration problem, discontinuity problems and nonlinear
dynamics.
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