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Abstract. This paper presents a proposal for solving plane elastic problems. The kernels
presents on the fundamental solution for displacements and tractions are weakly singular and
can be integrated easily. Only the boundary is discretized and are used continuos quadratic
elements. The domainsintegralsare transformed in boundary integral using the radial integra-
tion method (RIM). Results for internal displacements under residual stress are presented and
comparated with a stressresidual.
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Boundary element method to analysis nonlinear in elasticity

1 INTRODUCTION

The boundary element method is a established numerciatitpod to deal an enormous
number of engineering complex problems which have the ftatimn described by partial
differential equations. Problems elasto-plascity usimg BEM has atracted the attention of
many researchers during the past years, proving to be ayarty adequate field of appli-
cations for that technique. The first work using BEM applied elasto-plascity problems
was proposed by Mukherjee (1977) presented the expredsiooieep and Fracture problems,
Bui (1978) presented the expressions three-dimensiopahibelastoplastic problems, Telles
and Brebbia (1979) e (1980) presenteds expressions fdigiaproblems and Banerjee and
Davies (1986) presented the formulation the analisys ofamethree dimensional problems of
elasto-plasticity. The kernels of Kelvin fundamental $iolu for displacement and traction are
weakly singular and can be integrated easily. The equilibreguations was obtained through
of Hooke’s Law and in followed aplicated the Betti's theor@gane, 1994). Domain integrals
which appear are exactly transformed into boundary intedna a radial integration method
(RIM) proposed by Gao (2002).

2 Basics equations

On the formulations bellow the Latin indices take values ahtl 2.
1. The relationship between the total strgss) and the strairic) is give by Hooke’s law:
oij = Njjerk + 2Gey; Q)
in which A\ andG are elastic constants.

2. The elasto-plastic deformation can be decompost in a&paliastic part and other plastic
part as follows:

e =¢eP 4¢° (2)
3. The strain-displacement relationship:

t; = oyjn; 3)

tr = a1 4)
4. The strain-displacement relationship:

€ij = (Ui + ;i) /2 (5)

é;'kj = (U:] + U}kz)/2 (6)
5. Differential equations of equilibrium:

0ij; + b =0 @)

o5+ b =0 (8)

whereb is the body force. More details in Gao and Davies (2002).

3 Betti's theorem

Considering a domaif® with a boundaryl” associated with the total strai; ando;; and
your related strains;; ande;;. Using the Eqg. (1) and multiplying both sides &y, we obtain:
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se _x - * . *

Using the properties of Kronecker delta, we obtain:

05:€5; = AerkEpmm + 2GEjE]; 0
So,
03j€i; = iy .

Using the Betti’s theorem on the Eq. (11), the following gréd results:

[ et = [ aieqan (12)

Substuting the Eq. (2) to (11) into Eq. (12) and integratigmparts, the hand-left is given

by:

|5 = [urdr+ [ wibde+ [ et (13)

Similarly, the right-hand side of Eqg. (11) can be integratee obtain:
U%U:/ﬁWE+/wwm (14)

r Q

By substuting the Eg. (13) and (14) into Eq. (11), we obtain:

/@ﬂ+/@@&+/%%@z/ﬁWF+/WMQ (15)
r Q Q r Q

4 Boundary integral equation

The boundary integral equation for a regi@rbounded by a boundaidy, can be express
by direct formulation of the boundary equations for elgsl@stic (Gao and Davies, 2002) how
can be seen bellow:

cii(Piy(P)+ [ Tiy(P. Q)i (@QDT(@Q) = [ U(P. QUi Q@) + (16)
/Q Eiji(P,q)6"(q)d2

wherec;; = 0, 56;; for smooth boundary and; = ¢;; for internal pointsT;; is the fundamental
solution for tractions (t) and’;; is the fundamental solution for displacements (u). The term
E,j, of the Eq. (16) can be written as follows:

-1

Eijk = S7(3 = D = 0)Gri 1 {(L = av)(r o +1r;00) —ridj + Brarret  (17)
where,
T
7’71' = —
,
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and

i = 1;(Q) — i(p)

where, = 3 in three dimensions anel= 2 in plane-strain¢ = 2 andj = 2), r is the distance
beteween the source poimand the field poin®).

5 Fundamental solution

The Kelvin fundamental solutions for displacemertfs X and tractionsT;;) are given by:

1
T [ (3_4 . . 1
for 2D problems, and
1
Ui = Toxti —wyar (@~ 40 +rars o)

for 3D problems, and

_ )
T = m {é (1 —2v)d; + (a+ Drary] — (1= 2v)(rmn; — T,j”z‘)} (20)

wherea = 1 for 2D anda = 2 for 3D problems.

Some useful quantities related to the distaneee give by:

= \/TiTl% (22)
ri =x; — 1t (22)
0
% =Triny (23)
or ;

_ _ 24
i or; r (24)
7’71'7’71' =1 (25)

The kernels of displacements and tractions are found in G@@3).

6 Domain integral

The Eg. (16) presents domain integral on your formulatiohe @lomain integral can be
transformed into equivalent boundary integral using tligalantegration method (RIM). The
domain integral of Eq. (16) can be expressed in polar cosatdiof following form:

[ B (P.q)o"(@)d2 = [ Eyu(P.q)6" (q)rdrds (26)

The term of domain integral;;,. (P, ¢)o”(¢) of the Eq. (16) is called of (x;, z2) and can
be written as:

/Q f(ay, 22)dQ2 = /027T /Or f(z1, x2)rdrdp = /(fw F(¢)do 27)
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where
Flo) = [ fr.o)rdr (28)
The termd¢ can be express in the form cartesian co-ordinate system:
rin; 1 or
dp = ———dl' = —dTl’ 29
PTR" T Qo @9

The symbol) indicates that the field point is located on the boundary.@rEq. (17) the
valueg is 2. Substituting the domain integral of Eq. (16), we obtain:

' . lor K
/Q Eijk;(P7 q)ap(q)dQ = /F ~ a1 (1 — GJ/) (T’k(sij -+ T’J(Sik) - r,iéjk

ronr
+0rr jr i o (q)dl (30)
whereK is given by:

—1
8r(f—1)(1 —v)G

K =

More details can be found in Gao and Davies (2000).

7 Results

The code implement presented a formulation to problemsaogiksticity and ther-
moelasticity. The results to thermoelascity was shown ia (803).

Consider a plate unitary subjected to tensile displamernteuuniformily distribuited load
with amplitudeq = 1N/m. The plate have the following properties: B¥/m? and Poisson
v = 0. The plate present a side clamped and three free as showigtire E.

The plate was discretized into 4, 8, 12 and 16 quadratic bayrelements, 8, 16, 24 and
32 doundary nodes and 1 internal point. Was used a stregsiatégive by:

10
oF =
The computed displacements in the internal points is shawiable (1).

Table 1: Displacements into internal points

Boundary elements Displacemefits) Time (s)

4 1,000153 0,289077
8 1,000076 0,288737
12 1,000051 0,327817
16 1,000039 0,367943
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Figure 1: Plate unitary.
The displacements, can be see on Figure 2.
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Figure 2: Displacements on directionz.

As can be seen in Table 1, results are in good agreement eoimgjdhe number of the
boundary elements and low processing time on a Dell Inspi@me i3, 4GB, DDR4, 2400
MHz. The displacements on directigrare equals zero. The code implement was validated the
stress residual give by:

-1 0
0 O

o =

The results are shown in Table 2.
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Table 2: Displacements into internal points

Boundary elements Displacemefts) Time (s)

16 0,000000 0,367943

8 Conclusions

This paper presented a boundary element formulation fete@falascity problems for the
computation of displacements in plates under uniformlyriisited load. Domain integral
included in these equations was evaluated using the radégriation method (RIM). Was used
of this work quadrature Gauss with 10 integrations points.
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