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Abstract. In the present paper, we present a new linear cell-centered finite volume method with
a Multipoint Flux Approximation (MPFA-HD) that uses a quasi-local stencil to approximate
the steady-state one-phase flow problem in porous medium using arbitrarily polygonal meshes
that reproduces piecewise linear solutions exactly. The derivation of our linear MPFA-HD
scheme is based on recently developed Non-Linear Finite Volume (NLFV) methods that are
aimed to produce monotone solutions even for highly distorted meshes and strongly anisotropic
media. In our linear scheme, we first construct the one-sided fluxes on each control surface
independently and then a unique flux expression is obtained by a convex combination of the
one-sided fluxes. In order to improve the performance of our linear scheme for highly
anisotropic diffusion tensors, and differently from other classical MPFA methods, in our
scheme, fluxes on each cell face are explicitly expressed by two cell centered unknowns
belonging to two adjacent control volumes and points defined on vertices that do not necessarily
belong to the same face shared by the adjacent cells, leading eventually to a non-local stencil.
The unknown values at the required vertices are obtained by means of a linear preserving
interpolation procedure, considering the surrounding control volumes to such vertices. To show
the potential of our MPFA-HD finite volume formulation, we solve some benchmark problems
found in literature.

Keywords: One-Phase Flow, Anisotropic and Heterogeneous Porous Medium, MPFA-HD
Finite Volume.
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Numerical Simulation of Flow Through Porous Media

1 INTRODUCTION

Diffusion processes based on conservations laws are present in several engineering
applications, such as heat propagation or flows in porous media encountered in reservoir
engineering. These physical phenomena are mathematically described by equations that have
an elliptic operator with a diffusion coefficient, which is, in general, discontinuous and
represented by a tensor that usually can present a high-anisotropy ratio (Queiroz et al., 2013,
Droniou, 2014). Accurate modeling of diffusion processes in these applications requires reliable
discretization methods.

In this paper, we are interested in constructing a cell-centered finite volume scheme which
satisfies the following properties:

e itislocally conservative;

e it satisfies the Discrete Extremum Principle (DMP);

e it must be reliable on unstructured anisotropic meshes that may be highly distorted,;

e itallows heterogeneous full tensors;

e it has a second-order accuracy for smooth solutions.

e itreproduces piecewise linear solutions exactly.

These properties were suggested initially by Lipnikov et al., (2007) and Yuan and Sheng
(2008) to characterize an ideal numerical method developed to solve elliptic problems. The
second property is the most difficult one for a discrete scheme to satisfy. The DMP or at least
monotonicity is very important in different areas of application, for instance, in the context of
oil reservoir simulation, unphysical oscillations in the discrete solution are undesirable in any
application, but for multiphase flow, such oscillations may have serious consequences. If the
computed pressure lies below the bubble-point curve of the mixture, while the actual pressure
lies above it, artificial gas may be liberated, yielding a strongly diverging solution (Nordbotten
et al., 2007). Therefore, an oscillation-free solution of the elliptic model equation is desired.

Classical discretization schemes for diffusion problem include linear: finite-differences
(FD), finite-element (FE) or finite-volume (FV) methods. Whenever applying these schemes to
diffusion problem with a strongly anisotropic full-tensor field they can fail to satisfy the
maximum principle, resulting in spurious oscillations in the numerical solution. In an attempt
to mitigate these problems, for challenging cases, a new generation of numerical linear and non-
linear locally conservative formulations have been proposed in literature (Edwards e Zheng,
2008; Chen et al., 2008; Aavatsmark et al., 2008; Gao e Wu, 2011).

For diffusion problems with slightly anisotropic diffusion tensors and with non-distorted
quadrilateral meshes, the classical MPFA-O scheme can adequately represent the pressure field.
However, as it was shown by Nordbotten and Aavatsmark (2007) the MPFA-O scheme fails to
satisfy the maximum principle for strong anisotropies or grid skewness. To improve the
robustness of the classical MPFA-O scheme, Edwards and Zheng (2008) proposed a MPFA
with Full Pressure Support (MPFA-FPS) that can reduce the numerical oscillations in general
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unstructured meshes for problems with highly anisotropic diffusion tensors or whenever using
strongly distorted meshes.

In this paper, the mathematical model is discretized by a non-orthodox cell-centered Multi-
Point Flux Approximation (MPFA) Method with a Half-Diamond stencil (MPFA-HD). This
method was based on the classical non-linear method to solve diffusion problems in strongly
heterogeneous and anisotropic media using general polygonal meshes in two dimensions (Le
Potier, 2005; Lipnikov et al., 2007; Yuan and Sheng, 2008). In our method, as in other finite
volume schemes the key point is the discretization of the flux across each cell control surface
(edge in 2-D). We first construct the one-sided fluxes on each cell independently and then,
integrate the two one-sided fluxes on both sides. Finally, the cell edge fluxes are expressed as
a convex combination of the one side fluxes to obtain a unique flux expression. In contrast to
classical MPFA method (Aavastmark et al., 1998; Edwards and Rogers, 1998; Gao and Wu,
2011; Contreras et al., 2016), in the MPFA-HD method, the flux on each face is explicitly
expressed by one cell centered unknown defined on the cells sharing that face and two auxiliary
unknowns defined at two edge endpoints that do not necessarily belong to the same edge shared
by the adjacent cells. As the scheme is cell-centered, auxiliary unknowns are expressed as
weighted linear combinations of the neighboring cell-centered unknowns in order to reduce the
scheme to a completely cell-centered one. In the method proposed by Gao and Wu (2011), the
weights are neither discontinuity or mesh topology dependent as in some of the other previous
methods and can be used even for full tensor problems. The derivation of the scheme and of
these weights satisfy the linearity preserving criterion, which requires that a discretization
scheme should be exact on piecewise linear solutions (Carvalho et al., 2006; Gao and Wu,
2011).

2 MATHEMATICAL FORMULATION

The equation that defines the two-dimensional steady-state diffusion problem in
heterogeneous and anisotropic media can be written as:

VA =Q(X) and F =—K(X)Vu in X=(x,y)eQcR? (1)

where Q is an open bounded subset R with 6Q being its boundary, u is the variable pressure,

the flux # the Darcy’s Law for porous media. And Q represents a source (or sink) term. In
Cartesian coordinates, the diffusion tensor is usually represented by:

o kxx kxy
(s )

yX yy
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Which is a positive-definite symmetric matrix that can be discontinuous through the open
domain Q.

The problem described by equation (1) is only completely defined when we use appropriate
boundary conditions. Typical boundary conditions are given by:

u=gp, on I'y#d,
B (3)
F-n=gy on T

where 0Q=I", UI', 'y represent the Dirichlet and I"y, Neumann boundaries. The scalar
function g, (prescribed pressure) is defined in I'; and g, (prescribed fluxes) is defined in

I'\, . Furthermore, 1 is the unit outward normal vector.

3 NUMERICAL FORMULATION

In this section, we present the numerical formulation of a non-orthodox Multipoint Flux
Approximation Method (MPFA-HD), using an interpolation strategy proposed in (Gao and Wu,
2011).

3.1 Formulation of the MPFA-HD method

The discretization of the continuous domain is performed by an open set polygonal Q — R®
with its boundaries denoted by 6Q =Q\Q (the closure of Q is denoted by Q). An admissible
discretization (Eymard et al., 2000) involves the composition of three supersets denoted by

D=(M,E,0), where:
. /l//:{li} is a finite family of control volumes such that: U [=O , Where each control
Lem
volume L is a star-shaped polygonal with respect to x. (barycenter), which means that any ray
emanating from x_. intersects the boundary of L at any one point (Lina C., 2014). The volume

(area in 2D) of L e A7 is denoted by V, and the cardinal of .47 is given by n.

-EZ{IJ} is a finite family of edges in Q, usually called control surfaces. For each

L e A7, there exist a subset & of & such that: | J 1J =oL . Also, we assume that for all

|J6££
Je& , wehave I3 coQ or 1 ﬁmli,for some (I:, Ifl)e/%x/‘//. The set of internal and

external edges are denoted, respectively by £™ =£nQ and £ =£noQ. Finally, the
length of the edge 1J is given by the Euclidean norm Hﬁ”
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o = {xﬁ }[ P is a finite family of points (barycenter’s of the control volumes) of Q , so that,
forall Le A7, x. eL.

Now, we integrate Equation (1) over the whole domain, yielding:
[v.Ads=[Qdv (4)
Q Q

By applying the divergence theorem to the left-hand side of equation (4), we have:

[ v~ nds = [Qdv (%)

Considering a control volume approach in which L e .47 is a polygonal mesh (Figure 1),
we can write:

> | F-rids= jQ dv forall Le Ar (6)

Therefore, the left and right sides of equation (6) can be approximated, respectively, as:

[#-fids= Y AN, and QV, =[QaV 7)
o We& [
N 1
where 7, = = ffds and Q; :—thdv.
|5 V[ L

In Equation (7), the numerical flux flow or flux density f,] -N,J can be approximated in

many ways, each one leading to different, linear or non-linear finite volume schemes (Edwards
etal., 1998; Aavatsmark., 2002, Le Potier, 2005; Lipnikov et al., 2007; Yuan and Sheng, 2008;
Gao and Wu, 2011). For a general control surface 1J of the mesh, this term must satisfy the
local conservation equation, given, by:

fTJ'NJ

+‘Z__;:]'NJI =0 (8)

From equations (1) and (6), the one sided flux through a control surface 1J with respect to
control volume L, is expressed as:

J‘f:-ﬁwds=—.|‘ I5£Vu-ﬁ,st=—.[Vu~I§LTﬁ,st , foreach 13 e &£, 9)
1J 1J
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In Equation (9) the transpose of diffusion tensor is represented by Igg . We approximate the

term Vu- KTn,J using the Taylor series expansion (Yuan and Sheng, 2008) on the “Half-

Diamond” region showed in figure 1.

&

X z(IJ) Xz (L)

_/ Half diamond region

Figure 1. Some details of the MPFA-HD method: the physical-geometric parameters and the “Half-
Diamond” region (yellow).

For instance, consider the triangle Ax.x of the figure 1. For this triangle, the co-

L|(IJ) |_ i)

normal ISE -, always can be written as a convex combination of x X i) and xLxL i) since

the control volume L is star-shaped, therefore, we can write:

K, =a.. XX 4o XX (10)

~L IJ Li(13) "L i) Lj(3) "L,y
where,

i) >0, o i) >0 and «. (12)

L|(IJ) [,j(IJ) >0

Equation (10) (with Equation (11)) is the so-called, convex decomposition of the co-
normal (Shang and Yuan, 2016), this decomposition is necessary in constructing positive-
preserving schemes, such as those in (Lepotier, 2005; Lipnikov et al., 2007; Yuan and Sheng,
2008). The physical-geometric parameters in Equation (11) are calculated following a
geometric procedure. In fact, we can write:

T=
Ky A X[X[,i(IJ)

X X. AXX.
L°L,j(1d L™ Li(1d
and sm(e +6? )— J() (1)

a (12)

L,1J L, - -

Ciany| =

X[X[,j(IJ) AX[X[,i(IJ) X[X[,i(IJ) XEXL‘,j(lJ)

where the angles 9& , and 0L2 , are represented in figure 1. From Equation (12), we have:
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- - H}STﬁIJ /\X_li).(l;i(l\]) - - . 91 02 13
Xﬁxﬁ,j(u)/\xﬁxﬁ,i(m - ‘ ‘ - XlZXL‘,i(lJ) XI:XI:,j(IJ) Sm( to ™t [,lJ) (13)
a. .
L.j()

We can also write:
HKTﬁIJ AXX,
~ Lo .

— ) =S|n(l9éu) (14)
HK My H XﬁxL‘,i(lJ)

After some algebraic manipulation of Equations (13) and (14), we get:

| sin(e,, )

i = XX sin(6* +6? ()
L7, 513) (MN] [N
where A | = %y 2 0, because the angles satisfy the following conditions 0< HEIJ <r
and &, +6; , <. Using asimilar argument to calculate the parameter ¢, o
T . 2
HK["U HSIn(Q[’U)
A, =1 (16)
SO X [singgt 62 )
L7Ci(d) L1 19
_ - - -y . 2
where % ian| = Qi >0, because the angles satisfy the following conditions 0 < O, <7
2
and 6 +67  <7.
Summing up, in the previous equations, the coefficients Ay P gy EXISE and are non-
negative when the angles formed by segments @ﬁi(u) (resp. x—[{(ﬁ j(IJ)) and the co-normal

K{, , satisfies the following conditions: 0<¢; , 67 <z and 6 +67 < (see figure

2a), therefore iy T >0. It is worth mentioning, that our scheme is not monotone,

because non-negative coefficients is a necessary but not sufficient condition to assure the
monotone or extremum-preserving properties of this type of method (Le Potier, 2005; Lipnikov
et al., 2007; Yuan and Sheng, 2008; Gao and Wu, 2013).
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\ Interpolation point
\\‘ /"‘.‘ ‘

R —’,»"/ ‘
\\ ‘};J f';‘

“ u. L [ Unique flux
) Af-N g ] N q‘

“\“ / LJ; / pig \

u\ < = Ou. / \

L [ \
\ \
\ T ll-\

\ | TR.j(IT)
\ ‘ /
. [

Figure 2. Represent the one-sided flux’s, the unique flux and auxiliary variables.

Inserting Eq. (10) into Eq. (9), we obtain the following equation

_[f iy, ds = —j( iy VU XX gy T VU xﬁxm(m)ds (17)

1

To construct the one-sided flux, we use a local finite difference method to approximate the

partial derivatives Vu along directions xLxL ) and xLxL . (Yuan and Sheng, 2008), as

shown in the following equation:

fL N HIJH( L.(lJ)(uﬁ,i(lJ)_u£)+a£,j(u)(u[,j(u)_uﬁ)) (18)

where the one-sided fluxjf.ﬁuds: ZL.N, is represented in figure 2.
Jl

In compact form, we can write:

0 q
fl— IJ HI‘]H[ [N L Z_aﬁ,y(la)u[,y(lJ)] and "/)LU |_|(|J)+a|1,j(u) (19)
7=i]

satisfying .

L,

Similarly, we calculate the one-sided flux with respect to control volume R (see figure 2),
as:

&N
f Jl “IJ“(leJ R Z_aﬁ,y(w)uﬁ,y(u)] and Z/)Ru li,i(u)+a|i,j(|3) (20)
y=i]

satisfying .

R,1J
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In equations (19) and (20) the auxiliary variables are denoted by u u and

Ry(13)" “Ly(13)

represented in figure 2.
3.1.1 Construction of the unique control surface flux

In order to construct a conservative scheme, we use the one-side fluxes defined in equations
(19) and (20) to define the unique flux on the face (1J), therefore:

‘ZI—J 'NIJ :wﬁJJ‘ZTJL'NIJ _w[,UfLR‘NJI (21)
The weights w, ~and w, —are defined as:

1@
wﬁ,u = e and wli,u = (22)
77b[,u +wﬁ,u w[,u +7’bfz,u

The fluxes given in the equations (19) and (20) are introduced into equation (21), and, after
some algebraic manipulation, we have the following unique flux:

SNy =7y (uﬁ “Ug z K paniem) _’(r%,y(u)ur%,ym)J (23)
y=i
— Vs e o, a.
where 7, :HUHM’ Ka = R7(9) ang Ke o = Ly(13)
wﬁe,u +w£,u ,L/Jﬁ,lj ¢|;,J

Remark 1. In K-orthogonal grids, the discrete flux given in equation (23) will result in a
TPFA scheme.

3.1.2 Treatment of boundary fluxes

For control surfaces (1J ) over boundaries I', = & NE™ with prescribed scalar variable
(Dirichlet boundary conditions) and considering equation (15), we have:

‘/,EI'J ) NIJ = -EJL : N|3 = Tuu[ _HHH Zij a[yy(u)u[,y(u) (24)
7=,

where 7, :Hﬁu(a +a ) is defined in equation (19).

L,i(13) £,jad)

For control surfaces (1J) over boundaries I'y < & N E with imposed fluxes (Neumann

boundary conditions) and again, considering equation (15), we can write:
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-’ZTJ ) Nu :_gN,u Hﬁu (25)

in equation (25) the normal flux on T is given by the mean value @, , .

Remark 2. In our scheme, the choice of the interpolation points depends on the co-normal
direction (L(EﬁIJ ), see figure. 1 and 2. Therefore, whenever handling boundary conditions, if

the co-normal intersects the correspondent boundary face (IgLT M AT, 1 eZ.n¥ *) as
shown in Fig. 3a, the pressure in the vertex of the face are provided when 1J €I',, or when
IJ T, the pressures are interpolated (Gao and Wu, 2011). In severely anisotropic medium the

co-normal can intersect an inner face ( }ggﬁu SN Z; NZ™), see Fig. 3b for which only
one vertex of the control surface belongs to the boundary.

Figure 3. Schematic showing different boundary conditions.
3.1.3 Approximation of vertex-unknowns.

As previously mentioned, the scalar unknowns on mesh vertices can be written as linear
weighted combinations of the neighboring cell-centered unknowns, so that the MPFA-HD
scheme becomes a fully cell-centered finite volume formulation. In the present work, we used
the explicit weight proposed in (Gao and Wu, 2011) and used in (Queiroz et al., 2014, Contreras
et al., 2016). This weight is called “explicit” to indicate that the it is computed with no need to
solve a set of local system of equations, as in others classic MPFA methods (Aavatsmark 1998,
2002, Edwards and Rogers 1998). Other authors have proposed various ways to calculate the
interpolation weights, but, as pointed out by (Gao and Wu 2011), in general, these interpolations
are not very robust in treating anisotropic and heterogeneous (possibly discontinuous) media.
However, adopting the Linearity-Preserving Explicit Weighted (LPEW) interpolation, the
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explicit weight in Eq. (26) is derived using the continuity equation throughout the auxiliary
volumes or “interaction regions” built around each mesh vertex, by connecting the midpoints
of adjacent mesh edges.

In this case, a general vertex (I) unknown can be expressed as:

u =) Wu, (26)

i=1

where w. is the weight assigned to each control volume I , more details in (Gao and Wu, 2011;
Queiroz et al, 2014; Contreras et al, 2016).

4 NUMERICAL EXPERIMENTS

In this section, we present numerical result in order to show to efficiency, robust and
accuracy of our scheme. Firstly, in order to show the accuracy and robustness of the proposed
scheme, we briefly define the discrete L>-norm to evaluate approximation errors. For instance,
for the solution u, we use the following L>-norm:

gu=[z (u(x:)—u; / ] (27)

and for the flux we use the following L>-norm:

o[ Zua0-A nfgA

where the analytical solution and the analytical flux is denoted by u(X) and

F(X) =—KVu(X)-fi, respectively. And A, is a representative area associated with the edge

1J, more precisely, it is the sum of areas of the CVs sharing edge 1J. The numerical convergence
rates R, (7/ = u,f) are obtained by the following expression:

log(s, ()2, (1)
’ IOg(hz/hl)

(29)

where h, h, denote the sizes of two successive meshes and ¢,(h), &,(h,) are the
corresponding L>-norms of the errors.
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The maximum and minimum values of the pressure field are calculated using the following

relation Uy, =max {u; b and Uy, = min {u;}, respectively.
M et mn e UL

4.1  Linearity-preserving verification

This problem was adapted from Herbin and Hubert, (2008), with the aim of analyzing the
linearity-preserving criterion on heterogeneous and anisotropic media. The domain is composed
by follow domains:

Ql
Q,
Qg

{)? eQ:y(X) < 0}
{)? eQ:y(X)>0and y,(X) < 0} (30)
{XeQ:y,(X) <0}

where y;(X)=y-0.2(x-0.5)-0.475, w,(X)=y4(X)-0.05 and X=(x,y)eQ. In this
problem, we consider a configuration in that to exact solution is given by u(X)=2—-x-0.2y
in figure 4b we show the exact solution.

The outer contour coincides with the condition Dirichlet boundary and the diffusion tensor
is presented in the following equation for each domain:

a 0

where 7, is rotation matrix with angle #=arctan(0.2), =100, f=10 on Q, and a=1,
£=0.10n QuUQ;,.
We discrete the domain using the oblique mesh (see figure 4a), and we obtained the

following errors &, =1,0747x10™ and ¢, =7.7901x10™* that are very close to the machine
precision. Thus, we concluded that our MPFA-HD scheme is linearity-preserving.

1.946 -
1673
1400 38

L

(a) (b)

Figure 4. (a) Oblique mesh, (b) exact solution.
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4.2 Convergence test

This problem was adapted from Sheng and Yuan (2016), consists in a square domain of
dimensions [0,1]2 . We consider permeability tensor that varies as a function of the position and
is defined as:

k(X) 0

S\ -1 _
L((x)_7€9( 0 kz(i)]% and 0=>5x/12 (32)

where ky(X) =1+2x% + y?, ky(X) =1+ x% +2y?2.

The analytical solution and the source term respectively are given by:
u(X) =sin(zx)sin(zy) (33)
and:

Q(X) = —4.9342(x? — y?)cos(zx)cos(zy) + 72 (2 + 2.9998x? + 2.9998y?)sin(zx)sin(zy) —

(1.57061x +6.70353y ) sin(zx)cos(ry) — (6.70353x —1.57061y ) cos(zx)sin(zy) (34)

The Dirichlet boundary conditions are imposed by applying the analytical solution directly

over the boundaries. In order to evaluate the robustness and accuracy of the proposed numerical

scheme (MPFA-HD), we consider two meshes, as shown in figure 5. In addition, we compare

our results with some classical MPFA schemes available in literature, namely MPFA-O

(Aavatsmark, 2002) and MPFA-FPS (Edwards and Zheng, 2008). In tables 1, and 2, we present
the errors and rates of convergence for a sequence of successively refined meshes

7t e A VAT
17
7

AL
L1~

(a) (b)

Figure 5. Samples of the meshes used for simulations: (a) slightly distorted quadrilateral mesh with 100
cells, (b) Kershaw triangular mesh with 1152 cells.

Tables 1 give the errors and convergence rates of the MPFA-HD, O and FPS schemes on
quadrilateral meshes (see figure 5a). From this table, we obtain too close second order accuracy
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for the pressure field and greater that 1.5 accuracy for the flux, for the all methods (MPFA-HD,

O and FPS).

Table 1. Convergence test: Comparison of errors and convergence rates for a sequence of

successively refined meshes (slightly distorted).

Number of cells 100 400 1600 6400 25600
& 0.0100 0.0025 6.3375x10* 1.5507x10* 3.7649x10°
R, - 2.0000 1.9799 2.0309 2.0422
MPFA-HD
&, 0.0933 0.0262 0.0070 0.0019 5.2725x10*
L 1.8323 1.9041 1.8813 1.8494
&, 0.0086 0.0021 5.2173x10™* 1.2098x10* 2.3044x10°
R, - 2.0339 2.0090 2.1085 2.3923
MPFA-O
g, 0.0603 0.0153 0.0038 9.4431x10* 2.3475x10™
N 1.97862 2.0094 2.0086 2.0835
& 0.0099 0.0025 6.2945x10* 1.5295x10* 3.6087x107°
R, - 1.9855 1.9896 2.0410 2.0835
MPFA-FPS
&, 0.1037 0.0269 0.0069 0.0018 4.9496x10™
Ry eoeeee 1.9467 1.9629 1.9386 1.8626

In table 2 our results are considered for Kershaw triangular mesh (see figure 5b), in this
test we note that the accuracy of our scheme (MPFA-HD) is close to first order when the meshes
are coarse. Similarly, the convergent rate for the pressure field is close to 2 and the convergent
rate of the error for flux is close to 1.5 as the number of cells is increased. On other hand, we
observe that for this type of problems the convergence of the MPFA-O and FPS schemes on
mesh (5b) is lost completely.

4.3  Monotonicity test: oblique flow using boundary conditions with steep
gradients

This problem was adapted from Gao and Wu, (2013). In this test, the main directions of the
anisotropic permeability tensor are tilted with respect to the boundary conditions and the mesh.
The computational domain is the unit square [0,1]2, and the anisotropic permeability tensor is
given by:

5(2):739[1 ° }73;1 and 6=40° (35)

0 107
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Table 2. Convergence test: Comparison of errors and convergence rates on Kershaw triangular

mesh.
Number of cells 1152 4608 73728 294912
g, 0.0358 0.0158 0.0015 3.9340x10™
R,  ——- 1.1800 1.7935 1.9309
MPFA-HD
g, 05155 0.2284 0.0257 0.0083
L 1.1744 1.6463 1.6306
g, 0.0195 0.0062 0.0010 6.8544x10™
R,  ——--- 1.6606 1.2204 0.5
MPFA-O
e, 0.2756 0.1100 0.0693 0.100
R 1.3250 -0.5818 -0.5291
g, 0.0159 0.0037 3.6734x10* 1.4115x10™
R,  ——-- 2.1089 1.5522 1.3798
MPFA-FPS
g, 0.8862 0.3741 0.0605 0.0239
Ry eeee- 1.2440 1.3214 1.3279

The source term Q(X)=0 for all XeQ and the Dirichlet boundary conditions are
considered, u=g, on 0Q, with g, a continuous and piecewise linear function defined by:

1 on (0,0.2)x{0}w{0}x(0,0.2)
0 on (0.81)x{}u{}x(0.8,1)

dp =

0.50n (0.3,1) x{0}U{0}x(0.3,1)

0.50n (0,0.7)x{BU{Bx(0,0.7)
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Figure 6. (a) Random triangle and (b) random quadrilateral meshes both with = =0.65.
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To solve this problem, we consider a randomly disturbed mesh, see figure 6. These meshes
are constructed from the unitary square mesh by random distortion of its nodes denoted by x
and y:

x=x+z&h, y=y+zEh (37)

where &, and &, are random variables with values that belong to [-0.5, 0.5], h is the original
spacing of the mesh and 7z €[0,1] is the degree of distortion.

The maximum principle states that the exact solution u should be bounded between 0 and
1 (Hopf’s second lemma). The numerical pressure for the scheme MPFA-HD is depicted in
figure 7a and 7d for random triangular and quadrilateral meshes, respectively. In both cases,
the MPFA-HD scheme provides satisfactory results that satisfying the discrete extremum
principle. In table 3, we can show that the MPFA-O scheme suffer spurious swings on random
triangular mesh with 1152 control volumes (see figure 7b), violated the discrete maximum
principle. These numerical oscillations do not disappear with refinement of the mesh (see table
3: random triangular and quadrilateral meshes with 18432 and 9216 control volumes,
respectively). Similar behavior presents the MPFA-FPS scheme on random quadrilateral mesh
(see table 3 and figure 7c and 7f). The satisfaction of the extremum principle or, at least,
monotonicity is very important. For instance, a scheme that do not preserve monotonicity can
lead to the violation of the entropy constraints of the second law of thermodynamics, which
may lead to negative absolute pressures or non-physical oscillations in the pressure field (Sheng
and Yuan 2016).

Table 3: Monotonicity test: Oblique flow using boundary conditions with steep gradients:
maximum and minimum values of the pressure field.

Random triangular mesh Random quadrilateral mesh

Schemes 1152 18432 576 9216
Upmax Umnin Umax Urnin Upax Umnin Upax Umin
MPFA-HD 0.9919 0.0115 | 0.9983 0.0012 | 0.9894 0.0126 | 0.9972 0.0029
MPFA-O  1.1750 -0.1906 | 1.0480 -0.0656 | 0.9880 0.0119 | 1.0190 -0.0267
MPFA-FPS 1.1350 -0.0793 | 0.9984 0.0011 |0.9829 0.0178 | 1.0900 -0.0799
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Figure 7. Pressure profiles obtained by: (a, d) MPFA-HD, (b, e) MPFA-O and (c, f) MPFA-FPS, where the
pink color denotes values greater than 1 and the white color denotes negative values.

5 CONCLUSIONS

In this article, we have described a linear cell-centered and no orthodox MPFA-HD finite
volume method to solve in one-phase problem in heterogeneous and anisotropic porous media
using distorted meshes. The presented method is able to deal with any polygonal meshes by
producing convergent solutions without the need for the solution of local systems which are
common to other classical MPFA methods. This finite volume formulation is capable of
handling highly heterogeneous, possibly discontinuous coefficients in an elegant and accurate
manner. Some representative model examples were used in order to show the ability of the
proposed method to deal with discontinuous permeability tensor that vary orders of magnitude
throughout the domain. Several tests show the robustness of the proposed scheme (quadratic
convergence rate for the approximate solution and higher than first-order accuracy for the flux),
and the new proposed scheme seems to be more robust and accurate than both, the classical
MPFA-O and the MPFA-FPS methods for 2-D diffusion problems.
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