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Abstract. The h-adaptive Finite Element Method based on a posteriori error estimation has
demonstrated to be a valuable tool regarding the control and limitation of approximation
errors contained in the solution. This study aims at obtaining an efficient mesh refinement
methodology by proposing a modification to the Isotropic Error Density Recovery (IEDR) h-
adaptive mesh refinement method. Originally, the IEDR technique was introduced using
triangular finite elements with linear approximation, where the new element’s sizes are
calculated by evaluating a quadratic error density function in energy at the element’s
centroid. Conversely, the current article proposes defining a quadratic error density function
in energy with origin at each node of the mesh. This is carried out by utilizing patches of
elements formed by all the elements sharing the node to be evaluated. This new methodology,
named here as Isotropic Error Density Nodal Recovery (IEDNR) offers a way to evaluate the
new element parameters directly in each node of the mesh and presents itself as an approach
to generalize the IEDR technique for any polynomial order of approximation. The efficiency
of the IEDNR methodology is analyzed in elliptic two-dimensional problems utilizing first
order finite elements.

Keywords: Finite Element Method, h-adaptivity, Superconvergent Patch Recovery, Isotropic
Error Density Recovery.
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1 INTRODUCTION

The numerical solution obtained through the use of the finite element method is heavily
dependent on the mesh configuration. The approximative nature of the method requires an
efficient mesh discretization in order to obtain a suitable solution while maintaining a low
computational cost. In this context, h-adaptive refinement methodologies have been put
forward as a solution to this problem. Considering an h-adaptive process, two main steps are
required: estimation of element error distribution — this is achieved by the use of error
estimators — and definition of a new mesh design.

A great effort has been put into the development of error estimators in order to evaluate
discretization errors (Reddy, 2006). These can be classified into two main categories, a priori
error estimators and a posteriori error estimators. a priori error estimators are applied before
the finite element solution is calculated, whereas the a posteriori error estimator is used after
the finite element solution is found (Ainsworth and Oden, 2000). The latter can be divided
into two distinct types of error estimators, recovery based error estimators and residual based
recovery estimators.

Introduced by Zienkiewicz and Zhu (1987), recovery based error estimators have proven
to be economical and effective in evaluating errors (Zienkiewicz and Zhu, 1992b). The
essence of this procedure is to compare the finite element solution with a more convergent
recovered solution as a measure of local error (Zienkiewicz and Taylor, 2000). In order to
obtain precise error estimation, many efficient solution recovery techniques have been
developed in the literature. Some noticeable examples are: the Superconvergent Patch
Recovery (SPR) (Zienkiewicz and Zhu, 1992a, 1992b), the Superconvergent Patch Recovery
with Equilibrium (SPRE) (Wiberg and Abdulwahab, 1992), the Superconvergent Patch
Recovery incorporating Equilibrium and Boundary conditions (SPREB) (Wiberg et al., 1994),
the Recovery by Equilibrium of Patches (REP) (Boroomand and Zienkiewicz, 1997), the
Recovery by Compatibility in Patches (RCP) (Ubertini, 2004; Benedetti et al., 2006;
Castellazzi et al., 2010), the Polynomial Preserving Recovery (PPR) (Zhang and Naga, 2005)
and The Superconvergent Cluster Recovery Method (SCR) (Huang and Yi, 2010).

Adaptive processes have been applied to the finite element method as ways to ensure an
optimal mesh discretization. According to Cook et al. (2002), three main adaptive refinement
processes are known: h-adaptativity, concerning the size of the elements in the mesh, p-
adaptivity, concerning the polynomial order p of each element approximation, and r-
adaptivity, which is related to the location of the nodes in the mesh. Currently, the most
common methodology in the literature for h-adaptive refinement using a recovery based error
estimator is the ChP technique (Zienkiewicz and Zhu, 1987). After acquiring the local error
distribution, the Ch® technique revolves around the concept that the error is proportional to the
size of the element raised to the power p, where p is the order of the element approximation.
This methodology defines that the global error should be equally distributed in each element.
Other mentionable mesh design methodologies are the Li-Bettess technique and the Diez-
Huerta unified approach (Li and Bettess, 1995; Diez and Huerta, 1999).

Recently, Pereira et al. (2016) and Silva and Pereira (2017) have proposed a new h-
adaptivity process called Isotropic Error Density Recovery (IEDR). It simultaneously makes
use of the concept of recovery of the error density function in the energy norm and the
analytical solution of an optimization problem via the Lagrange Multiplier Method to find the
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optimal size of the new element. Although only for linear element approximations, the IEDR
has shown results that minimize error while maintaining a low number of degrees of freedom.

This article proposes a modification to this technique, called Isotropic Error Density
Nodal Recovery (IEDNR), where the recovery of the error density function in the energy
norm is used to average a nodal error density function. Hence, the new element parameters are
evaluated directly in each node of the mesh. The IEDNR methodology is tested and compared
— in the context of linear scalar elliptic problems — with the Ch® and IEDR methodology.
Mesh generation is performed using BAMG (Bidimensional Anisotropic Mesh Generator),
which is part of the Freefem++ software (Hecht, 2012).

2 PROBLEM MODEL AND DISCRETIZATION ERROR
ESTIMATION

To illustrate the idea behind the methodology, a generic elliptic scalar problem of the
Poisson type, defined in a domain €2, can be expressed as:

Find u(x,y)e H'(2)
[(W) kvud@=[vf d2, Vv veHi(£2), @)

0

where U is the analytical solution, k is a constant isotropic tensor, f is the scalar function
of domain excitation, Vv is the gradient differential operator, V is a function of a generic
kinematically admissible variation and H; denotes first-order Hilbert space with compact

support in 2. The solution of the problem, Eq. (1), can be obtained using FEM. Considering
an h-adaptive process, the error distribution originated from the element approximations are
required to be evaluated. According to Zienkiewicz and Zhu (1987), the element error can be

estimated in the energy norm (|| ) as:
. %
||e||:D(Vu—VuFEM) k(Vu—VuFEM )dQ} , (2)
Q

where Vu™ is the gradient of the FEM solution. Bearing in mind that the analytical solution
(Vu) is unknown, an estimate for the element’s error in the energy norm (||eREC ||) is given by

Q

b
HeREC H _ |:I(VUREC _yyFem )T k(vuREC _VuyFM )dQ} 2. (3)

In this case, Vu®®° denotes the gradient vector recovered from the FEM solution which
IS obtained using gradient recovery methods. In this paper, the SPR technique is utilized by
virtue of its accurate estimations and simplicity (Zienkiewicz and Zhu, 1992a, 1992b). The
error estimator quality can be measured using the effectiveness index, ¢, defined as the ratio
between the estimated and the real error. Thus, if the recovered solution converges with a
higher rate than that of the FEM solution, one would have an asymptotically exact estimate
(Zienkiewicz and Zhu, 1992b).
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3 h-ADAPTIVITY MESH REFINEMENT STRATEGIES

The distribution of error in the energy norm can be used to determine which elements
need to be refined and which one need to be increased in size. A common mesh refinement
strategy is to seek to equidistribute the error equally between the elements along the mesh. It

can be defined that an acceptable solution is one which the global error in energy norm (|le])
is not greater than a specified percentage of the total energy. This can be expressed as

el <77 {ul. ()

where 7 is the relative global error defined by the user and |ju| is the total potential energy of
the system, given by

T 4
”“”:U (vu) k(Vu)dn} - ©

This expression is modified due to the unknowingness of the solution. Rearranging in terms
of FEM’s solution total potential energy and utilizing the error’s orthogonality property (Oden
and Reddy, 2011), the total energy of the system can be expressed as

ol = o= =) * ®
where

] %
HUFEM H :|:£[(VU FEM ) k(quEM )dQ} . (7)

According to Zienkiewicz and Zhu (1987), the admissible error in energy in each element
(gadm) can then be defined as the division of the total admissible error by the number of
elements ( NEI ), giving

Eaim =77 | //NEI . ®)

3.1  The Ch” mesh design technique

Introduced by Zienkiewicz and Zhu (1987), the Ch® technique has been widely used in
many h-adaptivity problems (Wiberg et al., 1997; Diez and Huerta, 1999; Onéte and Bugeda,
1993; Castellazzi et al., 2010). This technique proposes the equidistribution of the error in
energy norm by subdividing elements proportionally to the rate of convergence of the error,

O(h®). The element refinement parameter, £, in terms of the element error, ||, is given by

_ el
Hle

é/ie (9)

adm

CILAMCE 2017

Proceedings of the XXXVIII Iberian Latin-American Congress on Computational Methods in Engineering
P.O. Faria, R.H. Lopez, L.F.F. Miguel, W.J.S. Gomes, M. Noronha (Editores), ABMEC, Floriandpolis, SC,
Brazil, November 5-8, 2017.



F. Jahnert, J. Pereira, J. da Silva

Equation (9) relates the element error to the maximum allowable element error. If £, >1 the

element should be decreased in size, otherwise the element should be enlarged. As mentioned,
the ChP technique utilizes the convergence rate of the error estimator at element level as basis
of the h-adaptive, given by

ef < ch™ ", (10)

where C is a constant, h represents the size of the finite element, p is the polynomial order of
approximation of the element and A is a parameter defining the intensity of possible
singularities in the element (Zienkiewicz and Taylor, 2000). Disregarding singularities, the

new element size (hnew) is found by comparing the element error (Eg. (9) and Eq. (10))
between the current mesh and the next mesh, given by
_ hold

Npew = ;
new éx}/p

(11)

where h,,, is the element size in the current mesh.

3.2 Isotropic Error Density Recovery (IEDR) technique

As proposed by Pereira et al. (2016) and Silva and Pereira (2017), the IEDR technique
recovers a quadratic equation for the error density function in the energy norm with origin at

the centroid of the element. Thus, the total error in any area (2, for the ie-th element can be
evaluated as

eee| = [u de2= [ auk Aude, (12)
2, (N

where U is the error density function of the error in energy, while Au denominates the
gradient error vector, expressed as the difference between gradients obtained through FEM
and the recovered gradient:

Au=VUuFEC —vy™M (13)
Thus, the density function of the error in energy can be written as
U=U(xy)=Au"k Au=P"Bj kB,,P=P"ZP, (14)

where P is a vector which contains the relative coordinates of a generic point, B, is a

matrix with the coefficients of the recovered gradient polynomial equation and Z represents
a symmetric matrix defined by the product

Z =B} kBy,. (15)

The expansion of this density function of error U (x,y) results in
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U(x,y)=P"ZP =
=(le)+(212+221)x+(213+231)y+[222x2+(Zz3+Z32)xy+ZS3y2} (16
:Uo+(Glx+Gzy)+(H11x2+2H12xy+ H22y2)
=U, +Gx+ x" Hx,
where U,, G, H and X are given by
Up =2y, 17)
G :{Gl}:{zlz +221}’ (18)
G, Zis+2Zy
H :{Hn le}{zzz 223] (19)
H,, H, Zy, Zi

0
X = . (20)
y

In this case, U, is the constant term of the equation, G is a vector containing the coefficients

of the linear terms, H is the Hessian matrix associated with the quadratic terms of the error
density function and X is a vector of relative coordinates with origin at the centroid of the
element.

By evaluating an element’s error density function in energy, the size of the new element
is found through the integral of the function over a concentric triangular domain. Thus, the
error in energy norm, EZ, expressed for a generic triangular domain, <2, , is given by

EZ= [Ud2= [[Up+(Gx+Gpy)+(Hux? + 2Hpxy + Hppy? ) |d2

e e
=Ug [ d2+Gy [ xdQ2+G, [ ydQ+Hy [ x*da... (21)
2 Qe £ £

o+ 2Hy, I xy d.Q2 + szj y2dQ.
-Qie -Qie

The integral of the function over a triangular domain nullifies the second, third and fifth terms
of Eq. (21) due to symmetry and the coincident coordinate system. Thus, Eqg. (21) can be
expressed as

Ei% =UpAe + Hualy + Hply, (22)

where A, denotes the area of the triangle while 1, and 1
moments of area, described by Eq. (23),

A = J.d_(2=ah2, com « =~/3/4,

, are the geometry’s second

2 (23)
= [ yde=1,= [ x*d2=ph*, com pB=13/9.
Qe O
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Thus, the error contained in the triangular region, with edge size h, can be defined as
E2 =h?[ aUq + Btr(H)h? |, (24)
where tr(H)=Hy; + Hy, .

The isotropic element design occurs by utilizing an optimization technique to maximize the
size of a triangle — with edge size h,.,,, and concentric with the original element with edge size

h,q — restricted to EZ <&, . The optimization problem can be stated as

(25)

minimize —h
Constraint: g(h)<0,

g (h) can be defined as an inequality constraint, expressed as
g(h)=E2 — &y =h*[aly + Btr (H)N* |- &2, (26)

The solution of the optimization problem is evaluated utilizing Lagrange multipliers by
submitting it to necessary conditions of optimality. The solution of the problem is expressed
as

Btr(H)h* + aUgh? — 24, =0 (27)
The positive root of Eq. (27) is given by
> > 1/2
J(@Uq ) +4ptr (H ) clim — als
Phew = . (28)
2ptr(H)

Accordingly, Eq. (28) is applied to every element of the mesh in order to define the new
mesh parameters.

3.2.1 Admissible error update considering optimal mesh

The definition of the element admissible error in h-adaptive analysis is based on the
definition of an optimal mesh criterion. Silva and Pereira (2017) introduced an iterative
process that uses optimal mesh properties based on comparing the current mesh to the next
mesh.

As aforementioned, Zienkiewicz and Zhu (1987), defined that an optimal mesh
distributes the global error equally in each element. As an example, Li and Bettess (1995)
proved that the error in energy norm should be used to equally divide the error between each
existing element. In this context, the admissible error definition is directly dependent on the
definition of number of elements. According to the convergence rates of the recovered
gradient of the solution, the convergence rate of the errors is given by Eq. (10). The error in
energy norm for a linear approximation can be defined in the current mesh and next mesh
expressed with subscript old and new, respectively, as

[ ”2 = J U,, dQ2<C?hy, (29)

Qie
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and

&l = [ Uy d2<C?H (30)
Qe

new*

Relating Eqg. (29) and Eq. (30), and considering that the domain and constant C remains the
same, the average value of the error density function in energy can be expressed as:

0,2,/ <(chg, ), (31)
0,2 <(chz, )’ (32)
and

0., =0, with z=(hg,/hy,)". (33)

Applying this concept to the quadratic equation of the error density function in energy, Eq.
(16) can be expressed as

Unew = #4(Ug +Gx+ X" Hx) (34)

new
Thus, an iterative process can be described redefining the error density function in energy
taking in consideration the predicted element size and number of elements in the new mesh
as:

2
adm

Step 1: Estimate the element parameters, i.e., U, tr(H), according to Eq. (16) , ¢
according to Eq. (9) and the new element sizes according to Eq. (28).

Step 2: For each element, the parameter 4 is evaluated considering the estimated size of the

element in the next mesh and current mesh. The element parameters are then updated as well
as the element sizes.

Step 3: Estimate the number of elements in the next mesh (NEL,,, ) and update the admissible

2

error, &5,

. These parameters are evaluated using the following equations

NEI

NEL = > (M / Ny ) @nd &4 =77 |/ /NEI .

ie=1

Step 4: Check convergence.

4 ISOTROPIC ERROR DENSITY NODAL RECOVERY (IEDNR)
MESH DESIGN

As mentioned, the main contribution of this paper is to introduce and analyze a
modification to the IEDR mesh design technique for h-adaptive FEM processes. The
proposed methodology, here named IEDNR, takes in consideration the limitations imbued to
the IEDR technique and aims at improving them. Initially, it is observed the necessity for
mesh design methodologies to be functional for different orders of element approximation.
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Thus, the IEDNR methodology is put forward as a basis for the generalization of the
technique for higher order finite elements. Further, the original methodology requires post
processing of the element sizes in the evaluation of the nodal parameters required by common
mesh generators. Specifically, the BAMG mesh generator, based on nodal parameters, is used
in the analysis of both IEDR and IEDNR techniques. The post-process of element size is
avoided by evaluating a new nodal error density function in energy for each node of the mesh.
A nodal iterative admissible error evaluation process is also introduced based on the
minimum required number of elements in the next mesh.

4.1  Nodal recovered error density function in energy and element design

In this section, the IEDNR technique is described for a generic problem, considering
linear triangular finite elements. A quadratic error density function in energy norm for each
element is evaluated similarly to the original technique, Eqg. (14), obtained through a
polynomial approximation

Uapprox(x’y) =ay, +aU2x+aU3y+aU4x2 T8y, Xy +ay, X* = F)qTaU ' (39)

where U is the approximated quadratic error density function in energy norm obtainable

approx

for higher order elements through the use of polynomial approximation, &, to a_, are the

coefficients of the polynomial function which forms a, , P, is a vector containing the relative

coordinates of the quadratic polynomial in relation to the barycenter of the element. In the
literature, several polynomial approximation techniques are available (Borwein and Erdélyi,
1995). The function can be re-arranged and expressed similarly to the IEDR technique, thus

Uapprox (X Y) =Ug, + (G‘Le X+ Gy, Y) + ( Hyy, X% + 2Hpp Xy + Hyp, y? ) (36)

A patch of elements composed by all the elements connected to the j-th node is formed. The
quadratic error density function of each element is evaluated. The origin of an element’s error
density function in energy is located in that element’s barycenter.

4.1.1 Shifting the error distribution to the vicinity of the node

In order to express a single error density function in energy describing the central node of
the patch, it is required to scale the patch and its functions to the vicinity of the central node.
This is performed by creating a virtual element and decreasing the size of the patch according
to this element’s area. Figure 1 illustrates this procedure.
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Yu

approx,
S

—

o Jj-th node to be evaluated

1
] N, . .
\ . Error density function
\ : .
N 2PPr% % in energy norm of

]

______ / element ie

—+  Centroid of element ie

approxs

Figure 1: Illlustration of patch of elements and their approximated quadratic error density functions in

energy norm.

A virtual element is created centered at the node to be evaluated. The concept behind this
methodology is to scale the distribution of errors of the patch connected to a node using a
virtual element size. After that, the optimal element size is calculated by adjusting the
coordinates of each element’s barycenter (origin of the error density function). Figure 2
illustrates the miniaturized patch and the relative coordinates of an element’s barycenter.

Figure 2: New patch domain scaled according to the average of the original elements areas

Thus, the area of the virtual element, A, ., is given by the average of the patch element’s

areas, A, , expressed as
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NEP

node NEP Z %m ! (37)

ie=1
where NEP denotes the number of elements in the patch. The virtual element’s error density
function in energy, U, is calculated by adding each element’s error density functions,

positioned at their respective adjusted origins, and dividing them by the number of elements.
The equation can be expressed as

1 NeP
U;(xy)= {@ Z (U (G; Xie + G, yle) (HlJ,-e X + 2Hy, XieYie +Hopp Vi ))}v (38)

ie=1

where X, and y,, compose the coordinate system of each element’s function. In order to shift
this origin, a relation between each scaled element’s barycenter coordinates is defined as

X, = {X_ & ] (39)
Y= Yo,

where x, and Y, denotes the relative coordinates between the adjusted origin of each

element’s error density function in energy and the nodal coordinates, X, and Y, . Initially,
these relative coordinates can be described considering equilateral triangles and Eq. (37), thus

_ XBarie ~ Xnode (40)
o T UNer )
Year, ~ Ynode
_ [ Year, e | 41
yole [ \/@ ] ( )

where Xg,. and yg, —denotes the coordinates of the barycenter of element ie located on the
patch.

4.1.2 Adjustment of function transformation according to element error

Having determined an initial shift in each element’s error density functions, an additional
adjustment is required to make sure that the shifted distribution accurately describes the
original error density function of each element, such that an overestimate or underestimate of
error does not occur. The integral of the shifted element’s error density function over the
virtual triangular domain, Eg,, is required to be equal to the integral of the unshifted

function over the original element, E, . Figure 3 describes this process. This adjustment is
based on the convergence of the solution as described by Eq. (10), thus

|Ee] Ch x

HEShiftH ) Che B Xy, )
hp

X=X, hO;j such that |[E,|| :HEShift H (43)

ie
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hy

ie

Figure 3: In red, the error density function of an element is transformed (its origin is moved
proportionally to the element size) to equate the error contained for that original element (in blue).

where the error of the element ie, E;, is calculated utilizing Eq. (24) and its original size,
hy, -, thus

EZ2 =hy,2[ aUq, + Btr(Hie )y, 2 |, (44)

Then, a new size of element, h;, is calculated using the shifted error density function in
relation to the central node of the patch, such that it contains the error of the original element (
Eic). This is evaluated via Eq. (28) by substituting the admissible error for the element error:

5 . 1/2
h = \/1( alU Shift;, ) + 4ﬂtr( Hie ) EOie -aU shift;e (45)
e = 2ftr (Hic ) |

where Ug,r. denotes the constant term of the shifted function, given by

U Shiﬁie = Uoie o Glie XOie - G2ie ine + Hllxoie ’ + H22 yoie ’ + 2H12 Xoie yoie ’ (46)

Considering the initial scaling of the patch and the additional adjustment described above (Eqg.
(43)), the relative coordinates between the adjusted origin of the error density functions and
the central node coordinates, x, and y, , is given as

Xgar, ~ Xnode hO
=l | 47
%o, [ JNEP Jhie 47)
yBar— _ynode hO
— ie ie . 48
% ( ﬁ_] . )
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4.1.3 New element size design via optimization

The optimal element sizes are calculated using an error density function for each node.
These functions are expressed as the average of the shifted error density functions for each
element contained in the nodal patch. Thus, rearranging Eqg. (21), the error contained in the
triangular region, 2 .., can be described as

”e"in = Enzode = _[ Uj(x,y) de

02

‘node

T (Glie Xie + Gy, Vie ) + ( Hy, Xie” +2 Hip, XieYie + Hao, Yie' )dQ

NEP

J. NEP i3

node

1 NEP

= @ I:U Oie - Glie Xoie - Gzie yoie + Hllie Xoie ’ + H 22ie yoie ’ + 2 leie Xoie yoie :| I d Q (49)
ie=1

Q0

node

1 NEP NEP

+@ie:1Hl]w j X d.QJrN—ginzle j y’dQ

node node

= U 'Aonode 11 ynode + H 22j I X

A, 1, and I, arecalculated via Eq. (23) and the new terms are redefined as

’
node

1 NEP

Uy, = NEP 2 [U 0. ~ G %, —Gz, Yo, + anoie2 +Hy, inez +2H, X, yoie} ’ (50)
1 NEP

1; = NEP ] Hllie ' (51)
1 NEP

2, = NEP & szie ' (52)

The size of the new element is then calculated similarly to the IEDR methodology by using
the optimization problem stated in Eq. (25). The new element size estimated for the node j is
estimated as

\j(auo) +A4ptr(H; )e2m — alq, N
2ftr(Hj)

(53)

hnew =

4.1.4  Admissible error update considering optimal mesh (nodal)

Similarly to the IEDR technique, an iterative process is utilized to update the admissible
error and error density function’s parameters considering the expected number of elements in
the new mesh. Here a modification is also introduced due to the nodal evaluation of the error
function. The steps are shown below:

Step 1: Estimate the nodal parameters, i.e., UOj , tr(Hj), according to Eq. (47), Eq. (48) and

Eqg. (49) , the gadm according to Eq. (8), and the new element sizes according to Eq. (50).
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The Isotropic Error Density Recovery Method based on local patches

Step 2: For each node, a parameter S is evaluated considering the estimated size of the
element in the next mesh and current mesh. The node parameters are then updated as well as
the element sizes.

Step 3: Estimate the number of elements in the next mesh ( NEL,, ) and update the
admissible error &2, . Relating the number of nodes in the mesh, Notot, and using an average
of the elements sizes to find h,, for the first iteration, these parameters are evaluated
continuously:

NEL —_NEI Nof(hnew /g ) and £y =77 |ull/~/NET .

~ Notot Nl

Step 4: Check convergence

5 RESULTS

In order to illustrate the quality of the IEDNR adaptive design, two scalar linear problems are
tackled utilizing the SPR error estimation and CST elements are considered. The results are
compared to the ChP, IEDR and IEDNR mesh designs. The implementation was done in
Matlab and the mesh was generated through BAMG (Hecht, 2012).

5.1 Problem1

Considering a problem defined by Eq. (1), the domain excitation is applied such that the
analytic solution is given by (modified from Mitchel, 2013)

T(x,y) =2"x*1-x)*y*(1-y)’, (54)

where a=20and b=1. The h-adaptive processes are compared based on the ChP, IEDR and
IEDNR mesh designs. For all three processes, the gradient recovery is generated via the SPR
technique and linear triangular finite elements are used. The initial mesh is composed of 244
uniform elements and the admissible global error is 77 =5%. Figure 4 demonstrates the error

distribution and initial mesh for the design techniques.
A\

(b)

Figure 4: Problem 1: (a) initial mesh and (b) error distribution.
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c’

NEI = 7616

n= 4.7 % v
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4
AN
>
\/

x>

IEDR

NEI = 5954

n= 4.67 %

IEDNR

NEI = 5950

n= 4.64 %

(@) (b)
Figure 5: Problem 1: (a) Final mesh refinement iteration (it=3) comparing Ch®, IEDR and IEDNR
techniques and (b) their analytical error distributions.

In Fig. 5, a comparison between the final meshes (iteration = 3) for each refinement
technique analyzed is shown, where # denotes the estimated error. It is perceptible that the
IEDR and IEDNR techniques reached a similar final mesh. The number of elements of both
IEDR and IEDNR are approximately 23% lower than those of the ChP refinement strategy
showing efficient refinement. Also, the IEDNR technique tends to refine the mesh slight more
in regions with higher error and slight less in the other regions when compared to the IEDR
methodology. This effect counteracts one another producing a similar total analytical error
while producing a slightly different mesh when compared to the IEDR technique. Figure 6
demonstrates the convergence of the techniques and the deviation of the element local error
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parameter. The parameter (Dg) gives an indicative whether the error is well distributed in the
mesh, expressed by the following equation (Pereira et al., 2016)

CS\r.
- 3 st -
——cpp S —H—ChP
<@ |EDR 5 @ |EDR
—_ — & - [EDNR ETS — & —|EDNR | ]
= — — — Admissible error =9
L e
., S 67
5] =~ 51
< 8
S 2
2 = ap
3 3
Py
~ = 2
______________ =
£ 17
E . 2 Y . .
102 102 104 z 0 1000 2000 3000 4000 5000
Log (Number degrees of freedom - NDOFs ) ~ Number degrees of freedom - NDOFs
(@) (b)

Figure 6: Problem 1: (a) Convergence of the tecniques demonstrated by Log (Number of degrees of
freedom) x Log (relative % error). (b) Deviation of the element local error parameter for each iteration.

The distribution parameter indicates that both IEDR and IEDNR distribute the error
similarly, showing better results when compared to the ChP technique. From the results, the
IEDNR technique demonstrates stability when compared to other techniques, having a change
in the number of elements from 5890 to 5950 (1.01%) between iterations 2 and 3 (5.92% for
IEDR and 8.46% for the Ch® technique).

5.2 Problem 2

In this example, the domain excitation gives an analytical solution as (Zienkiewicz and
Taylor, 2000)

u(x, y) = xA- )y y)arctan[a(o- p,)], (56)

where p=(x+Yy)/2, p,=0.8 and & =20. The same admissible global error is provided
as the last problem (77=5%) and the initial mesh contains 244 elements. Figure 7
demonstrates the finite element meshes for the h-adaptive IEDNR mesh refinement process.
This image demonstrates that the IEDNR mesh refinement technique is smooth, with little
oscillation between meshes, occurrence found when utilizing the ChP technique. Similarly to
problem 1, Fig. 8 and Fig. 9 illustrate that the IEDNR and IEDRN techniques exhibit, in
general, better mesh parameters than the ChP projection.
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Figure 9: Problem 2: (a) Final mesh refinement iteration (it=3) comparing Ch®, IEDR and IEDNR
techniques and (b) their analytical error distributions.

Observing Fig. 7, Fig. 8 and Fig. 9, it can be seen that better mesh parameters for the
IEDR and IEDNR techniques are obtained when compared to the results found using the ChP
methodology. In this problem, an abrupt change in the solution is present in the diagonal
direction. The IEDNR technique is able to characterize this abrupt change employing a sharp
contrast of element sizes in the region as seen in Fig. 9. Further, the mesh parameters of Fig 8
show a linear approach to the desired solution.
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6 CONCLUSION

The current paper proposes a modification to the IEDR technique taking in consideration a
nodal recovery of the error density function in energy. Named IEDNR, the technique was
implemented and analyzed for linear scalar problems. The results show that the modification
is equally precise as the IEDR technique, while presenting better mesh parameters when
compared to the mesh design proposed by Zienkiewicz and Zhu, here referred to as Ch?
design. Furthermore, the proposed modification is introduced as a basis for the generalization
of the IEDR technique for higher order elements.
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