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Abstract. The h-adaptive Finite Element Method based on a posteriori error estimation has 

demonstrated to be a valuable tool regarding the control and limitation of approximation 

errors contained in the solution. This study aims at obtaining an efficient mesh refinement 

methodology by proposing a modification to the Isotropic Error Density Recovery (IEDR) h-

adaptive mesh refinement method. Originally, the IEDR technique was introduced using 

triangular finite elements with linear approximation, where the new element’s sizes are 

calculated by evaluating a quadratic error density function in energy at the element’s 

centroid. Conversely, the current article proposes defining a quadratic error density function 

in energy with origin at each node of the mesh. This is carried out by utilizing patches of 

elements formed by all the elements sharing the node to be evaluated. This new methodology, 

named here as Isotropic Error Density Nodal Recovery (IEDNR) offers a way to evaluate the 

new element parameters directly in each node of the mesh and presents itself as an approach 

to generalize the IEDR technique for any polynomial order of approximation. The efficiency 

of the IEDNR methodology is analyzed in elliptic two-dimensional problems utilizing first 

order finite elements. 

Keywords: Finite Element Method, h-adaptivity, Superconvergent Patch Recovery, Isotropic 

Error Density Recovery.  
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1  INTRODUCTION 

The numerical solution obtained through the use of the finite element method is heavily 

dependent on the mesh configuration. The approximative nature of the method requires an 

efficient mesh discretization in order to obtain a suitable solution while maintaining a low 

computational cost. In this context, h-adaptive refinement methodologies have been put 

forward as a solution to this problem. Considering an h-adaptive process, two main steps are 

required: estimation of element error distribution – this is achieved by the use of error 

estimators – and definition of a new mesh design. 

A great effort has been put into the development of error estimators in order to evaluate 

discretization errors (Reddy, 2006). These can be classified into two main categories, a priori 

error estimators and a posteriori error estimators. a priori error estimators are applied before 

the finite element solution is calculated, whereas the a posteriori error estimator is used after 

the finite element solution is found (Ainsworth and Oden, 2000). The latter can be divided 

into two distinct types of error estimators, recovery based error estimators and residual based 

recovery estimators.  

Introduced by Zienkiewicz and Zhu (1987), recovery based error estimators have proven 

to be economical and effective in evaluating errors (Zienkiewicz and Zhu, 1992b). The 

essence of this procedure is to compare the finite element solution with a more convergent 

recovered solution as a measure of local error (Zienkiewicz and Taylor, 2000). In order to 

obtain precise error estimation, many efficient solution recovery techniques have been 

developed in the literature. Some noticeable examples are: the Superconvergent Patch 

Recovery (SPR) (Zienkiewicz and Zhu, 1992a, 1992b), the Superconvergent Patch Recovery 

with Equilibrium (SPRE) (Wiberg and Abdulwahab, 1992), the Superconvergent Patch 

Recovery incorporating Equilibrium and Boundary conditions (SPREB) (Wiberg et al., 1994), 

the Recovery by Equilibrium of Patches (REP) (Boroomand and Zienkiewicz, 1997), the 

Recovery by Compatibility in Patches (RCP) (Ubertini, 2004; Benedetti et al., 2006; 

Castellazzi et al., 2010), the Polynomial Preserving Recovery (PPR) (Zhang and Naga, 2005) 

and The Superconvergent Cluster Recovery Method (SCR) (Huang and Yi, 2010).  

Adaptive processes have been applied to the finite element method as ways to ensure an 

optimal mesh discretization. According to Cook et al. (2002), three main adaptive refinement 

processes are known: h-adaptativity, concerning the size of the elements in the mesh, p-

adaptivity, concerning the polynomial order p of each element approximation, and r-

adaptivity, which is related to the location of the nodes in the mesh. Currently, the most 

common methodology in the literature for h-adaptive refinement using a recovery based error 

estimator is the Ch
p
 technique (Zienkiewicz and Zhu, 1987). After acquiring the local error 

distribution, the Ch
p
 technique revolves around the concept that the error is proportional to the 

size of the element raised to the power p, where p is the order of the element approximation. 

This methodology defines that the global error should be equally distributed in each element. 

Other mentionable mesh design methodologies are the Li-Bettess technique and the Díez-

Huerta unified approach (Li and Bettess, 1995; Díez and Huerta, 1999).  

Recently, Pereira et al. (2016) and Silva and Pereira (2017) have proposed a new h-

adaptivity process called Isotropic Error Density Recovery (IEDR). It simultaneously makes 

use of the concept of recovery of the error density function in the energy norm and the 

analytical solution of an optimization problem via the Lagrange Multiplier Method to find the 
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optimal size of the new element. Although only for linear element approximations, the IEDR 

has shown results that minimize error while maintaining a low number of degrees of freedom.  

This article proposes a modification to this technique, called Isotropic Error Density 

Nodal Recovery (IEDNR), where the recovery of the error density function in the energy 

norm is used to average a nodal error density function. Hence, the new element parameters are 

evaluated directly in each node of the mesh. The IEDNR methodology is tested and compared 

– in the context of linear scalar elliptic problems – with the Ch
p
 and IEDR methodology. 

Mesh generation is performed using BAMG (Bidimensional Anisotropic Mesh Generator), 

which is part of the Freefem++ software (Hecht, 2012). 

2  PROBLEM MODEL AND DISCRETIZATION ERROR 

ESTIMATION  

To illustrate the idea behind the methodology, a generic elliptic scalar problem of the 

Poisson type, defined in a domain  , can be expressed as: 

 

   

1

1
0

T

( x, y ) H

v u d vf

 

d

Find

, ,

u

v H
 



  



     k
          (1) 

where u  is the analytical solution, k  is a constant isotropic tensor, f  is the scalar function 

of domain excitation,   is the gradient differential operator, v  is a function of a generic 

kinematically admissible variation and 1
0H  denotes first-order Hilbert space with compact 

support in  . The solution of the problem, Eq. (1), can be obtained using FEM. Considering 

an h-adaptive process, the error distribution originated from the element approximations are 

required to be evaluated. According to Zienkiewicz and Zhu (1987), the element error can be 

estimated in the energy norm ( e ) as: 

   
1

2
T

FEM FEMe u u u u d


 
      
 
 k ,          (2) 

where FEMu  is the gradient of the FEM solution. Bearing in mind that the analytical solution 

( u ) is unknown, an estimate for the element’s error in the energy norm  RECe  is given by 

   
1

2
T

REC REC FEM REC FEMe u u u u d


 
      
 
 k .   (3) 

In this case, RECu  denotes the gradient vector recovered from the FEM solution which 

is obtained using gradient recovery methods. In this paper, the SPR technique is utilized by 

virtue of its accurate estimations and simplicity (Zienkiewicz and Zhu, 1992a, 1992b). The 

error estimator quality can be measured using the effectiveness index, θ , defined as the ratio 

between the estimated and the real error. Thus, if the recovered solution converges with a 

higher rate than that of the FEM solution, one would have an asymptotically exact estimate 

(Zienkiewicz and Zhu, 1992b). 
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3  h-ADAPTIVITY MESH REFINEMENT STRATEGIES 

The distribution of error in the energy norm can be used to determine which elements 

need to be refined and which one need to be increased in size. A common mesh refinement 

strategy is to seek to equidistribute the error equally between the elements along the mesh. It 

can be defined that an acceptable solution is one which the global error in energy norm  e  

is not greater than a specified percentage of the total energy. This can be expressed as 

e u ,               (4) 

where   is the relative global error defined by the user and u  is the total potential energy of 

the system, given by  

   

1
2

T
u u u d



 
    
 
 k .            (5)

 

This expression is modified due to the unknowingness of the solution. Rearranging in terms 

of FEM’s solution total potential energy and utilizing the error’s orthogonality property (Oden 

and Reddy, 2011), the total energy of the system can be expressed as 

 
1

2 2 2FEM RECu u e  ,             (6) 

where 

   
1

2
T

FEM FEM FEMu u u d


 
    
 
 k .           (7) 

According to Zienkiewicz and Zhu (1987), the admissible error in energy in each element 

 adm  can then be defined as the division of the total admissible error by the number of 

elements ( NEl ), giving 

adm u NEl  .               (8) 

3.1 The Ch
p
 mesh design technique  

Introduced by Zienkiewicz and Zhu (1987), the Ch
p
 technique has been widely used in 

many h-adaptivity problems (Wiberg et al., 1997; Díez and Huerta, 1999; Onãte and Bugeda, 

1993; Castellazzi et al., 2010). This technique proposes the equidistribution of the error in 

energy norm by subdividing elements proportionally to the rate of convergence of the error, 

O(h
p
). The element refinement parameter, ie , in terms of the element error, 

ie
e , is given by 

ie
ie

adm

e



 .

               

(9) 
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Equation (9) relates the element error to the maximum allowable element error. If 1ie   the 

element should be decreased in size, otherwise the element should be enlarged. As mentioned, 

the Ch
p 

technique utilizes the convergence rate of the error estimator at element level as basis 

of the h-adaptive, given by 

min( p, )e Ch ,
          

  (10) 

where C is a constant, h represents the size of the finite element, p is the polynomial order of 

approximation of the element and   is a parameter defining the intensity of possible 

singularities in the element (Zienkiewicz and Taylor, 2000). Disregarding singularities, the 

new element size  newh  is found by comparing the element error (Eq. (9) and Eq. (10)) 

between the current mesh and the next mesh, given by  

1

old
new

p

ie

h
h


 ,   (11) 

where oldh  is the element size in the current mesh. 

3.2 Isotropic Error Density Recovery (IEDR) technique  

As proposed by Pereira et al. (2016) and Silva and Pereira (2017), the IEDR technique 

recovers a quadratic equation for the error density function in the energy norm with origin at 

the centroid of the element. Thus, the total error in any area ie  for the ie-th element can be 

evaluated as 

2

ie ie

REC Te U d d ,
 

      u k u      (12) 

where U  is the error density function of the error in energy, while u  denominates the 

gradient error vector, expressed as the difference between gradients obtained through FEM 

and the recovered gradient: 

REC FEM  u u u .       (13) 

Thus, the density function of the error in energy can be written as  

  T T T T
u uU U x,y u u       k P B kB P P ZP ,   (14) 

where P  is a vector which contains the relative coordinates of a generic point, 
uB  is a 

matrix with the coefficients of the recovered gradient polynomial equation and Z  represents 

a symmetric matrix defined by the product  

T
u u Z B kB .  (15) 

The expansion of this density function of error  U x, y  results in 
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In this case, 0U  is the constant term of the equation, G  is a vector containing the coefficients 

of the linear terms, H  is the Hessian matrix associated with the quadratic terms of the error 

density function and x  is a vector of relative coordinates with origin at the centroid of the 

element. 

By evaluating an element’s error density function in energy, the size of the new element 

is found through the integral of the function over a concentric triangular domain. Thus, the 

error in energy norm, 2
ieE , expressed for a generic triangular domain, ie , is given by 

   2 2 2
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12 22
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    (21) 

The integral of the function over a triangular domain nullifies the second, third and fifth terms 

of Eq. (21) due to symmetry and the coincident coordinate system. Thus, Eq. (21) can be 

expressed as 

2
0 11 22 ,ie ie y xE U A H I H I              (22) 

where ieA  denotes the area of the triangle while xI  and yI  are the geometry’s second 

moments of area, described by Eq. (23), 

2

2 2 4

3 4

3 96
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Thus, the error contained in the triangular region, with edge size h , can be defined as 

 2 2 2
ie 0E h U tr h    H ,          (24) 

where   11 22tr H H H . 

The isotropic element design occurs by utilizing an optimization technique to maximize the 

size of a triangle – with edge size newh  and concentric with the original element with edge size 

oldh  – restricted to 
2 2
o admE  . The optimization problem can be stated as 

  0

minimize h
P :

Constra int : g h ,





  (25) 

 g h  can be defined as an inequality constraint, expressed as 

   2 2 2 2 2
0 Ho adm admg h E h U tr h          . (26) 

The solution of the optimization problem is evaluated utilizing Lagrange multipliers by 

submitting it to necessary conditions of optimality. The solution of the problem is expressed 

as  

  4 2 2
0 admtr h U h 0    H     (27) 

The positive root of Eq. (27) is given by 
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 

1/ 2
2 2

0 adm 0
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U 4 tr U
h .
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   



  
  
 
 

H

H
 (28) 

Accordingly, Eq. (28) is applied to every element of the mesh in order to define the new 

mesh parameters. 

3.2.1 Admissible error update considering optimal mesh 

The definition of the element admissible error in h-adaptive analysis is based on the 

definition of an optimal mesh criterion. Silva and Pereira (2017) introduced an iterative 

process that uses optimal mesh properties based on comparing the current mesh to the next 

mesh. 

As aforementioned, Zienkiewicz and Zhu (1987), defined that an optimal mesh 

distributes the global error equally in each element. As an example, Li and Bettess (1995) 

proved that the error in energy norm should be used to equally divide the error between each 

existing element. In this context, the admissible error definition is directly dependent on the 

definition of number of elements. According to the convergence rates of the recovered 

gradient of the solution, the convergence rate of the errors is given by Eq. (10). The error in 

energy norm for a linear approximation can be defined in the current mesh and next mesh 

expressed with subscript old  and new , respectively, as 

2 2 2 ,

ie

old old olde U d C h


                (29) 
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and 

2 2 2 .

ie

new new newe U d C h


              (30) 

Relating Eq. (29) and Eq. (30), and considering that the domain and constant C remains the 

same, the average value of the error density function in energy can be expressed as: 

 
2

,old o oldU Ch 

            

(31)

 

 
2

,new o newU Ch 

            

(32) 
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,new oldU U

 

with

  

 
2

/ .new oldh h 

         

(33)

Applying this concept to the quadratic equation of the error density function in energy, Eq. 

(16) can be expressed as 

 0
T

newU U  Gx x Hx

         

(34) 

Thus, an iterative process can be described redefining the error density function in energy 

taking in consideration the predicted element size and number of elements in the new mesh 

as: 

Step 1: Estimate the element parameters, i.e., 0U ,  tr H , according to Eq. (16) , 2
adm  

according to Eq. (9) and the new element sizes according to Eq. (28). 

Step 2: For each element, the parameter   is evaluated considering the estimated size of the 

element in the next mesh and current mesh. The element parameters are then updated as well 

as the element sizes.  

Step 3: Estimate the number of elements in the next mesh  newNEL  and update the admissible 

error,
2
adm . These parameters are evaluated using the following equations 

 
2

1

NEl

new new old

ie

NEL h / h


 and adm u NEl  .
 

Step 4: Check convergence. 

4  ISOTROPIC ERROR DENSITY NODAL RECOVERY (IEDNR) 

MESH DESIGN 

As mentioned, the main contribution of this paper is to introduce and analyze a 

modification to the IEDR mesh design technique for h-adaptive FEM processes. The 

proposed methodology, here named IEDNR, takes in consideration the limitations imbued to 

the IEDR technique and aims at improving them. Initially, it is observed the necessity for 

mesh design methodologies to be functional for different orders of element approximation. 
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Thus, the IEDNR methodology is put forward as a basis for the generalization of the 

technique for higher order finite elements. Further, the original methodology requires post 

processing of the element sizes in the evaluation of the nodal parameters required by common 

mesh generators. Specifically, the BAMG mesh generator, based on nodal parameters, is used 

in the analysis of both IEDR and IEDNR techniques. The post-process of element size is 

avoided by evaluating a new nodal error density function in energy for each node of the mesh. 

A nodal iterative admissible error evaluation process is also introduced based on the 

minimum required number of elements in the next mesh.  

4.1 Nodal recovered error density function in energy and element design 

In this section, the IEDNR technique is described for a generic problem, considering 

linear triangular finite elements. A quadratic error density function in energy norm for each 

element is evaluated similarly to the original technique, Eq. (14), obtained through a 

polynomial approximation  

( )
1 2 3 4 5 6

2 2 T
approx U U U U U U q UU x,y a a x a y a x a xy a x       P a ,

      
(35) 

where approxU  is the approximated quadratic error density function in energy norm obtainable 

for higher order elements through the use of polynomial approximation, 
1Ua to 

6Ua , are the 

coefficients of the polynomial function which forms Ua , qP is a vector containing the relative 

coordinates of the quadratic polynomial in relation to the barycenter of the element. In the 

literature, several polynomial approximation techniques are available (Borwein and Erdélyi, 

1995). The function can be re-arranged and expressed similarly to the IEDR technique, thus 

   2 2
0 1 2 11 12 22( ) 2

ie ie ie ie ie ieapproxU x,y U G x G y H x H xy H y           (36) 

A patch of elements composed by all the elements connected to the j-th node is formed. The 

quadratic error density function of each element is evaluated. The origin of an element’s error 

density function in energy is located in that element’s barycenter. 

4.1.1 Shifting the error distribution to the vicinity of the node 

In order to express a single error density function in energy describing the central node of 

the patch, it is required to scale the patch and its functions to the vicinity of the central node. 

This is performed by creating a virtual element and decreasing the size of the patch according 

to this element’s area. Figure 1 illustrates this procedure. 
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Figure 1: Illustration of patch of elements and their approximated quadratic error density functions in 

energy norm.  

 

A virtual element is created centered at the node to be evaluated. The concept behind this 

methodology is to scale the distribution of errors of the patch connected to a node using a 

virtual element size. After that, the optimal element size is calculated by adjusting the 

coordinates of each element’s barycenter (origin of the error density function). Figure 2 

illustrates the miniaturized patch and the relative coordinates of an element’s barycenter.  

 

Figure 2: New patch domain scaled according to the average of the original elements areas 

 

Thus, the area of the virtual element, 0node
A , is given by the average of the patch element’s 

areas, 0ie
A , expressed as  
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ie
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  ,

            

(37) 

where NEP  denotes the number of elements in the patch. The virtual element’s error density 

function in energy, jU , is calculated by adding each element’s error density functions, 

positioned at their respective adjusted origins, and dividing them by the number of elements. 

The equation can be expressed as 

    ( )
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 


    

(38) 

where iex  and iey  compose the coordinate system of each element’s function. In order to shift 

this origin, a relation between each scaled element’s barycenter coordinates is defined as 

ie

ie
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ie
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x x

y y

 
  

  
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where 
ie0x  and 

ie0y  denotes the relative coordinates between the adjusted origin of each 

element’s error density function in energy and the nodal coordinates, nodex  and nodey . Initially, 

these relative coordinates can be described considering equilateral triangles and Eq. (37), thus   
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(41) 

where 
ieBarx and 

ieBary  denotes the coordinates of the barycenter of element ie located on the 

patch. 

4.1.2 Adjustment of function transformation according to element error 

Having determined an initial shift in each element’s error density functions, an additional 

adjustment is required to make sure that the shifted distribution accurately describes the 

original error density function of each element, such that an overestimate or underestimate of 

error does not occur. The integral of the shifted element’s error density function over the 

virtual triangular domain, ShiftE , is required to be equal to the integral of the unshifted 

function over the original element, ieE . Figure 3 describes this process. This adjustment is 

based on the convergence of the solution as described by Eq. (10), thus 
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Figure 3: In red, the error density function of an element is transformed (its origin is moved 

proportionally to the element size) to equate the error contained for that original element (in blue). 

 

where the error of the element ie, ieE , is calculated utilizing Eq. (24) and its original size, 

ie0h . , thus 

 
ie ie ie

2 2 2
ie 0 0 ie 0E h U tr h ,    H          (44) 

Then, a new size of element, ieh , is calculated using the shifted error density function in 

relation to the central node of the patch, such that it contains the error of the original element (

ieE ). This is evaluated via Eq. (28) by substituting the admissible error for the element error: 
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where 
ieShiftU denotes the constant term of the shifted function, given by 

2 2
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     (46) 

Considering the initial scaling of the patch and the additional adjustment described above (Eq. 

(43)), the relative coordinates between the adjusted origin of the error density functions and 

the central node coordinates, 
ie0x  and 

ie0y , is given as 
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4.1.3 New element size design via optimization 

The optimal element sizes are calculated using an error density function for each node. 

These functions are expressed as the average of the shifted error density functions for each 

element contained in the nodal patch. Thus, rearranging Eq. (21), the error contained in the 

triangular region, node , can be described as 
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(49) 

0node
A , 

nodeyI  and 
nodexI  are calculated via Eq. (23) and the new terms are redefined as 
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The size of the new element is then calculated similarly to the IEDR methodology by using 

the optimization problem stated in Eq. (25). The new element size estimated for the node j is 

estimated as 
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        (53) 

4.1.4 Admissible error update considering optimal mesh (nodal) 

Similarly to the IEDR technique, an iterative process is utilized to update the admissible 

error and error density function’s parameters considering the expected number of elements in 

the new mesh. Here a modification is also introduced due to the nodal evaluation of the error 

function. The steps are shown below: 

Step 1: Estimate the nodal parameters, i.e., 0 j
U ,  jtr H , according to Eq. (47), Eq. (48) and 

Eq. (49) , the
2
adm  according to Eq. (8), and the new element sizes according to Eq. (50). 
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Step 2: For each node, a parameter   is evaluated considering the estimated size of the 

element in the next mesh and current mesh. The node parameters are then updated as well as 

the element sizes.  

Step 3: Estimate the number of elements in the next mesh ( newNEL ) and update the 

admissible error 2
adm . Relating the number of nodes in the mesh, Notot , and using an average 

of the elements sizes to find oldh  for the first iteration, these parameters are evaluated 

continuously:  

 
2

1

Notot

new new old

N

NEl
NEL h / h

Notot 

  and adm u NEl  . 

Step 4: Check convergence  

5  RESULTS 

In order to illustrate the quality of the IEDNR adaptive design, two scalar linear problems are 

tackled utilizing the SPR error estimation and CST elements are considered. The results are 

compared to the Ch
p
, IEDR and IEDNR mesh designs. The implementation was done in 

Matlab and the mesh was generated through BAMG (Hecht, 2012). 

5.1 Problem 1 

Considering a problem defined by Eq. (1), the domain excitation is applied such that the 

analytic solution is given by (modified from Mitchel, 2013) 

2( )( , ) 2 (1 ) (1 ) ,a b a a b bT x y x x y y                   (54) 

where 20a  and 1.b   The h-adaptive processes are compared based on the Ch
p
, IEDR and 

IEDNR mesh designs. For all three processes, the gradient recovery is generated via the SPR 

technique and linear triangular finite elements are used. The initial mesh is composed of 244 

uniform elements and the admissible global error is 5%  . Figure 4 demonstrates the error 

distribution and initial mesh for the design techniques.  

 

 

Figure 4: Problem 1: (a) initial mesh and (b) error distribution. 

(a) (b) 
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Figure 5: Problem 1: (a) Final mesh refinement iteration (it=3) comparing Ch
p
, IEDR and IEDNR 

techniques and (b) their analytical error distributions. 

 

In Fig. 5, a comparison between the final meshes (iteration = 3) for each refinement 

technique analyzed is shown, where η  denotes the estimated error. It is perceptible that the 

IEDR and IEDNR techniques reached a similar final mesh. The number of elements of both 

IEDR and IEDNR are approximately 23% lower than those of the Ch
p
 refinement strategy 

showing efficient refinement. Also, the IEDNR technique tends to refine the mesh slight more 

in regions with higher error and slight less in the other regions when compared to the IEDR 

methodology. This effect counteracts one another producing a similar total analytical error 

while producing a slightly different mesh when compared to the IEDR technique. Figure 6 

demonstrates the convergence of the techniques and the deviation of the element local error 

(a) (b) 
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parameter. The parameter ( D


) gives an indicative whether the error is well distributed in the 

mesh, expressed by the following equation (Pereira et al., 2016) 

 
2

1

1
NEl

ie

ieD .
NEl












            

(55)
 

 

 

Figure 6: Problem 1: (a) Convergence of the tecniques demonstrated by Log (Number of degrees of 

freedom) x Log (relative % error). (b) Deviation of the element local error parameter for each iteration. 

 

The distribution parameter indicates that both IEDR and IEDNR distribute the error 

similarly, showing better results when compared to the Ch
p
 technique. From the results, the 

IEDNR technique demonstrates stability when compared to other techniques, having a change 

in the number of elements from 5890 to 5950 (1.01%) between iterations 2 and 3 (5.92% for 

IEDR and 8.46% for the Ch
p
 technique).   

5.2 Problem 2 

In this example, the domain excitation gives an analytical solution as (Zienkiewicz and 

Taylor, 2000) 

 0( , ) (1 ) (1 )arctan ( ) ,u x y x x y y      
  (56) 

where ( ) / 2x y   , 0 0.8   and 20  . The same admissible global error is provided 

as the last problem ( 5%  ) and the initial mesh contains 244 elements. Figure 7 

demonstrates the finite element meshes for the h-adaptive IEDNR mesh refinement process. 

This image demonstrates that the IEDNR mesh refinement technique is smooth, with little 

oscillation between meshes, occurrence found when utilizing the Ch
p
 technique. Similarly to 

problem 1, Fig. 8 and Fig. 9 illustrate that the IEDNR and IEDRN techniques exhibit, in 

general, better mesh parameters than the Ch
p 

projection.  

 

(a) (b) 
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Figure 7: Problem 2: Finite element meshes for IEDNR mesh design: (a) Iteration 1, NEl = 4507, 

η = 5.74% . (b) Iteration 2, NEl = 5582, η = 4.81% . (c) Iteration 3, NEl = 5641, η = 4.71% . 

 

 

Figure 8: Problem 2: (a) Convergence of the tecniques demonstrated by Log (Number of degrees of 

freedom) x Log (relative % error). (b) Deviation of the element local error parameter for each iteration 

 

(c) 

(b) (a) 

(a) (b) 
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Figure 9: Problem 2: (a) Final mesh refinement iteration (it=3) comparing Ch
p
, IEDR and IEDNR 

techniques and (b) their analytical error distributions. 

 

Observing Fig. 7, Fig. 8 and Fig. 9, it can be seen that better mesh parameters for the 

IEDR and IEDNR techniques are obtained when compared to the results found using the Ch
p
 

methodology. In this problem, an abrupt change in the solution is present in the diagonal 

direction. The IEDNR technique is able to characterize this abrupt change employing a sharp 

contrast of element sizes in the region as seen in Fig. 9. Further, the mesh parameters of Fig 8 

show a linear approach to the desired solution. 

(a) (b) 
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6  CONCLUSION 

The current paper proposes a modification to the IEDR technique taking in consideration a 

nodal recovery of the error density function in energy. Named IEDNR, the technique was 

implemented and analyzed for linear scalar problems. The results show that the modification 

is equally precise as the IEDR technique, while presenting better mesh parameters when 

compared to the mesh design proposed by Zienkiewicz and Zhu, here referred to as Ch
p
 

design. Furthermore, the proposed modification is introduced as a basis for the generalization 

of the IEDR technique for higher order elements. 
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