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Abstract. The meshless local Petrov-Galerkin (MLPG) method has been widely used as an
alternative method to the Finite Element Method (FEM) and to the Element Free Galerkin
(EFG) method. In MLPG, a set of scattered nodes is used to perform the simulation. Each of
those nodes has a trial and a test function, which can belong to different function spaces. We use
the method called MLPG5, in which the test function is a Heaviside step function, whose support
is used for the integration of the Local Weak Form; and the trial function is approximated using
the Moving Least Square (MLS) method. The essential boundary conditions are imposed using
the MLS collocation method. We discuss that the choice of radius sizes greatly influences the
simulation results.

Keywords: meshless method, meshless local Petrov-Galerkin (MLPG) method, numerical sim-
ulation

CILAMCE 2017
Proceedings of the XXXVIII Iberian Latin-American Congress on Computational Methods in Engineering

P.O. Faria, R.H. Lopez, L.F.F. Miguel, W.J.S. Gomes, M. Noronha (Editors), ABMEC, Florianópolis, SC, Brazil,
November 5-8, 2017



Discussion of the test and trial functions’ radius size on the meshless local Petrov-Galerkin method applied to
elasticity problems

1 INTRODUCTION
Simulation methods have been studied for a long time. A physically-based simulation

helps determine whether a building or any physical object can withstand the predicted loads
before a prototype is actually built, since a compatible model can be analyzed. This can help
to prevent disasters and reduce the costs of constructing prototypes. Simulations can also be
used to produce animations in movies and commercials, when physical realism is taken into
consideration.

The governing equations of complex structures usually do not have analytical solutions, so
plenty of methods were proposed in order to obtain approximate solutions. The Finite Element
Method (FEM) is probably the most popular and widely used method. However, it still has
some disadvantages in certain types of simulations (Sladek et al., 2013; Liu, 2009). The FEM
requires that the entire domain be discretized with a high-quality mesh composed of elements
(e.g.: triangle, quadrilateral, tetrahedron), whose shapes must be as regular as possible in order
to guarantee accurate results.

Because of the difficulty of generating good-quality meshes in all situations, a number of
Meshless Methods have been developed. In those methods, the domain is represented through
a set of scattered points (nodes), with no connection between any pair of nodes, as illustrated in
Fig. 2. The nodes can be easily removed or added in the model. Some proposed meshless meth-
ods are: smooth particle hydrodynamics (SPH) (Gingold & Monaghan, 1977); element free
Galerkin (EFG) (Belytschko et al., 1994); reproducing kernel particle method (RKPM) (Liu
et al., 1995); partition of unity finite element method (PUFEM) (Babuska & Melenk, 1997);
natural element method (NEM) (Sukumar et al., 1998). The greatest difference between all
those Galerkin methods resides in how they construct their shape functions (Nguyen et al.,
2008). They do not require a mesh to interpolate the test and trial functions, they need a back-
ground mesh in order to integrate the global weak form, which makes them not a true meshless
method.

A truly meshless method, named Meshless Local Petrov-Galerkin (MLPG), was proposed
by Atluri & Zhu (1998). That method does not use any mesh either to interpolate the trial
and test functions, or to integrate the local weak formulation. The integrals are computed over
simple subdomains (e.g.: circles, quadrilaterals, spheres), associated with each node. Since
it is based on the Petrov-Galerkin approach, the trial and test functions can belong to distinct
functional spaces, making this method very flexible (Atluri & Shen, 2002). This attracted lots
of researchers in the past few years (Han & Atluri, 2004; Zhang et al., 2006; Liu et al., 2011;
Kamranian et al., 2017).

Atluri & Shen (2002) did a convergence study on how the radius sizes influence the error,
however they used the linear Poisson’s equation instead of a 2D elasto-static problem. Atluri
& Zhu (2000) solved elasto-static problems, but they did not use the MLPG5 approach, neither
analyzed the radius’ influence. Xiao (2004) do some tests in the MLPG method using compactly
supported radial basis functions (CSRBF). Hu et al. (2006) do some similar analysis as we do
here, though the step used in the tests is spaced, losing some important patterns. The influence
of the radii in the results is also observed in the result of elasto-dynamic problems (Long et al.,
2006).

In this work, we explain the MLPG method for elastostatics, using the Moving Least Square
(MLS) to interpolate the global domain as trial function and the Heaviside step function as test
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function. The essential boundary conditions are applied using the MLS collocation method
(Liu, 2009). Some analytical results are used to validate the technique.

The paper is organized as follows: In Section 2, we introduce the MLPG method, starting
from the strong formulation of the problem to the local weak form. We also explain the trial
and test functions, and how to apply the displacement boundary conditions. In Section 3, we
present some tests using a cantilever beam as an example for comparing the numerical results
with the analytical one. Some conclusions are discussed in Section 4.

2 MESHLESS LOCAL PETROV-GALERKIN

In this section, we explain each part of the MLPG formulation, including: how to calculate
the local weak form from the strong formulation, how to create the trial and test functions and
how to enforce the essential boundary conditions. The overview is depicted in Fig. 1.

The model is defined by: the object’s material; the structure and shape of the object; the
essential boundary condition, which defines the prescribed displacements at subregions of the
object’s boundary; and the natural boundary condition, which defines the prescribed tractions
at certain subregions of the object’s boundary. The object’s domain is represented by a set of
scattered nodes, which, through predefined influence functions, contribute to the determination
of the field variables at any point of the domain. For example, in Fig. 1, the model represents a
steel cantilever beam with length L, height H , thickness b, and a load P applied to its right end.
The circular support of the test function is defined by its radius, rs, and the circular support of
the trial function is defined by its radius, rw. The integration is calculated in the support area of
a node’s test function, and, since MLPG5 only needs integration on the border of that support
region, only that border’s integration points are created.

  For each node, define:
- sub-domains with the integration points

- weight function

rs

Border
integration

points

rw

where rw ≥ rs
Steel

E = 200 GPa

ν = 0.30

Initial scattered points,
boundary conditions and material

L

H

bP Kû = f

Solve 
the linear 
system u(x) = ∑N

I=1 ϕI(x)ûI

ε(x) = Ld ∑
N
I=1 ϕI(x)ûI

σ(x) = Dε(x)

Find the displacement, 
strain and stress

Calculate Stiffness Matrix (K)
  For each node:

- find the adjacent nodes

KIJ = -∫Γq0I NDBJdΓ - ∫ΓquI NDBJ dΓ

- calculate local stiffness matrix 
  by solving the integrals with 
  Gaussian quadrature

Displacement
boundary 
condition?

yes

no

- assemble into 
  the global 
  stiffness matrix

- enforce the essential
  boundary condition

KIJ = ∑N
J=1 ϕJ(x)ûJ

Calculate Force Vector (f)
  For each node:

- calculate local force vector

fI=∫ΓqtI
 t dΓ +∫ΩI b dΩ
-

Displacement
boundary 
condition?

yes

no

- assemble into 
  the global 
  force vector

fI = uI

- enforce the essential 
  boundary condition

-

Figure 1: Overview of the technique.
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2.1 Local Weak Form

Consider a linear elastic body with domain Ω ⊂ Rd (where d = 2 or d = 3) and boundary Γ.
We assume that the body undergoes infinitesimal deformation, then the equation of equilibrium
is given by:

σij,j + bi = 0 in Ω, (1)

where σij are the components of the Cauchy stress tensor; bi are the components of the body
force; (),j denotes ∂()

∂xj
; and 1 ≤ i, j ≤ d. The corresponding boundary conditions are:

ui = ūi on Γu (2a)
σijnj = t̄i on Γt, (2b)

where ūi and t̄i are the prescribed components of displacement and tractions respectively, on
the displacement boundary Γu and on the traction boundary Γt, and nj is the component of the
unit outward normal vector on the boundary Γ.

The components σij of the stress tensor relates to the components of the strain tensor εkl by
the generalized Hooke’s law (Liu, 2009):

σij = cijklεkl, (3)

where cijkl denotes the material’s elasticity coefficients, which, due to the inherent symmetries
of σ and ε, process the following properties:

cijkl = cjikl = cijlk = cklij.

The strain displacement relation is written as:

εij =
ui,j + uj,i

2
, (4)

where ui and uj are the displacement’s components of a point x in the domain Ω. Thus, we
want to find the displacement of any point in the domain that satisfies (1)-(2).

The MLPG approach receives as input a set of scattered nodes, where each node I has a
subdomain ΩI

q and a boundary ΓIq , as shown in Fig. 2. A subdomain can have an arbitrary shape,
it must be inside the domain Ω and the union of all subdomains should cover the global domain
(Atluri & Zhu, 1998). The generalized local weak form of the differential equation (Eq. (1))
over a local subdomain Ωq, can be written as:∫

Ωq

(σij,j + bi)vidΩ = 0, (5)

where vi is the component of the test function, which was chosen from a space that is different
the one in which the trial function lies. Applying the divergence theorem to Eq. (5) yields:∫

Γq

σijnjvidΓ−
∫

Ωq

σijvi,jdΩ +

∫
Ωq

bividΩ = 0. (6)

CILAMCE 2017
Proceedings of the XXXVIII Iberian Latin-American Congress on Computational Methods in Engineering
R.H. Lopez, L.F.F. Miguel, P.O. Farias (Editor), ABMEC, Florianópolis, SC, Brazil, November 5-8, 2017



S. Oliveira, C. Vidal, J. Cavalcante-Neto, L. Sousa, T. Araújo

ΩJ
q

Γ

x

y

Γt

Γu

J
K

I

Ω
ΓJ
q

ΓJ
q0

ΩK
q

ΓK
q

ΓK
q0

ΩI
qΩI
qΩI
qΩI
qΩI
q

ΓI
q

ΓI
q0 ΓI

qt

ΓI
qu

Figure 2: Two-dimensional body with domain Ω and boundary Γ = Γu ∪ Γt. Each node has a subdomain ΩI
q and

a boundary ΓI
q = Γqu ∪ Γqt ∪ Γq0, where Γqu and Γqt have the prescribed values; and Γq0 is inside the domain.

Separating the boundary Γq, that is the union of Γq0, Γqu and Γqt, and using the boundary
condition of Eq. (2b), Eq. (6) can be rewritten as:∫

Ωq

σijvi,jdΩ−
∫

Γq0

σijnjvidΓ−
∫

Γqu

σijnjvidΓ =

∫
Γqt

t̄ividΓ +

∫
Ωq

bividΩ. (7)

This is the local weak form of the problem. Notice that, when Ωq is entirely inside Ω, the
integrals of Γqu and Γqt vanish, since Γq = Γq0, and Eq. (7) can be simplified to:∫

Ωq

σijvi,jdΩ−
∫

Γq0

σijnjvidΓ =

∫
Ωq

bividΩ. (8)

The local weak form (7) can also be rewritten in matrix form, taking into consideration that
the repeated indices imply summation:∫

Ωq

wTσdΩ−
∫

Γq0

vTNσdΓ−
∫

Γqu

vTNσdΓ =

∫
Γqt

vT t̄dΓ +

∫
Ωq

vTbdΩ, (9)

where, σ is the stress tensor as vector, u is the displacement vector, v is the test function vector,
Ld is the differential operators matrix, N is the unit outward normal vector on the boundary Γ,
t̄ is the prescribed traction vector on Γqt, ū is the prescribed displacement vector on Γqu and b
is the body force vector. For example, in a two-dimensional case:

σ =


σ11

σ22

σ12

 , u =

 u1

u2

 v =

 v1

v2

 , Ld =


∂
∂x1

0

0 ∂
∂x2

∂
∂x2

∂
∂x1

 ,

w = Ldv =


v1,1

v2,2

v1,2 + v2,1

 , N =

 n1 0 n2

0 n2 n1

 ,
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t̄ =

 t̄1

t̄2

 , ū =

 ū1

ū2

 and b =

 b1

b2

 .

Equations (3)-(4) can also be rewritten in a matrix form:

σ = Dε (10a)
ε = Ldu, (10b)

where D is a matrix of elastic stiffnesses of the material and ε is the infinitesimal strain tensor
as a vector:

ε =


ε11

ε22

γ12

 .

If we consider an isotropic material:

D =
Ē

1− ν̄2


1 ν̄ 0

ν̄ 1 0

0 0 1−ν̄
2

 .
with

Ē =

 E for plane stress
E

1−ν2 for plane strain
, ν̄ =

 ν for plane stress
ν

1−ν for plane strain
.

Substituting Eq. (10b) and Eq. (10a) into Eq. (9), the local symmetric weak form can be written
using the displacement values:∫

Ωq

wTDLdudΩ−
∫

Γq0

vTNDLdudΓ−
∫

Γqu

vTNDLdudΓ =

∫
Γqt

vT t̄dΓ+

∫
Ωq

vTbdΩ. (11)

2.2 Trial Function

To solve Eq. (11) an approximated distribution of the function u in the domain must be
obtained. Although several methods can be used for that, in this work, we adopted Moving
Least Squares (MLS) method, which is generally used because it can interpolate data with
a reasonable accuracy (Atluri & Shen, 2002). The drawback of this method is the lack of
Kronecker Delta property because the approximating functions are not interpolation functions,
i.e., they do not vanish at the neighboring nodes.

Let u(x) be a function defined in the domain Ω that represents a degree of freedom. The
approximation using MLS is:

uh(x) = pT (x)a(x), (12)
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xxI

ûIuh(xI)

Figure 3: A one-dimensional example of the lack of Kronecker Delta property. The approximated function uh(xI)
and the nodal calculated value ûI using MLS for a node I .

where p(x) = [p1(x) p2(x) · · · pm(x)]T is a complete monomial basis and a(x) =
[a1(x) a2(x) · · · am(x)]T is the coefficient vector. If t is the highest-order of the basis
and d is the problem’s dimension, then m can be determined as (Atluri & Shen, 2002):

m =
(t+ 1)(t+ 2) · · · (t+ d)

d!
. (13)

For instance, if t = 1 and d = 2, from Eq. (13), m = 3 and pT (x) = [1 x y]; or if t = 2,
then m = 6 and pT (x) = [1 x y x2 xy y2].

The coefficient vector a(x) is determined by minimizing the a weighted discrete L2 norm:

J(x) =
N∑
I=1

wI(x)[pT (xI)a(x)− ûI ]2. (14)

where wI(x) is the weight function associated with node I , with wI(x) > 0 for all x in the
support of wI(x) and xI is the position of node I (Fig. 4).

x

y

x
I

J

K

Figure 4: The support domains of nodes I , J and K are shown and they are the only nodes which influence the
interpolation at point x.

Minimizing J to find the values of a and then replacing into Eq. (12), we obtain the ap-
proximation at each node:

uh(x) =
N∑
I=1

φI(x)ûI , (15)

where the shape function can be written as:

φI(x) =
m∑
j=1

pj(x)[A−1(x)B(x)]jI . (16)
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with

A(x) =
N∑
I=1

wI(x)p(xI)p
T (xI) (17a)

B(x) = [w1(x)p(x1) w2(x)p(x2) · · · wN(x)p(xN)], (17b)

The partial derivative of Eq. (16) can be calculated as:

φI,k(x) =
m∑
j=1

(pj,k(x)[A−1(x)B]jI(x) + pj(x)[A−1(x)B,k(x) + A−1
,k (x)B]jI(x)), (18)

where φI,k(x), pj,k(x), A−1
,k (x) and B,k(x) are the partial derivatives of φI(x), pj(x), A−1(x)

and B(x) with respect to the coordinate k of point x, respectively. The matrix A−1
,k can be

obtained as:

A−1
,k = −A−1A,kA

−1, (19)

where A,k is the derivative of A with respect to de coordinate k of x.

Notice from Eq. (16) that the shape functions can be calculated only if matrix A is non-
singular. A necessary condition for this to happen is: the number N of non-zero weight func-
tions on x must be greater than the number m of monomial basis (i.e. N ≥ m), and they cannot
be arranged in a special pattern such as on a straight line (collinear) (Atluri & Zhu, 2000).

The consistency of the MLS approximation depends on the complete order of the monomial
basis used. If the basis has monomials of order k, then the MLS will have the Ck consistency
Liu (2009).

Weight function

In this paper, we use the forth order spline with compact support as the weight function
used in Eq. (14), that is written as (Atluri & Shen, 2002; Quak et al., 2011; Liu et al., 2011):

wI(x) =

 1− 6

(
dI
rwI

)2

+ 8

(
dI
rwI

)3

− 3

(
dI
rwI

)4

, 0 ≤ dI ≤ rwI

0, dI > rwI

(20)

where dI = ‖x−xI‖ is the distance from position xI of node I to point x and rwI is the size of
the support for the weight function of node I . The size of the radius, rwI , must be large enough
to assure that the matrix A is not-singular (N ≥ m). However, it should be small enough so the
MLS still be a local method (Atluri & Zhu, 2000).

After substituting Eq. (15) into Eq. (11), the local weak form can be rewritten as:∫
Ωq

wTD
M∑
J=1

BJ ûJdΩ−
∫

Γq0

vTND
M∑
J=1

BJ ûJdΓ

−
∫

Γqu

vTND
M∑
J=1

BJ ûJdΓ =

∫
Γqt

vT t̄dΓ +

∫
Ωq

vTbdΩ

(21)
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where BJ is the matrix of shape function derivatives of node J and ûJ is the vector of unknown
fictitious displacements. In a two-dimensional case, we have:

ΦJ =

 φJ 0

0 φJ

 , ûJ =

 û1J

û2J

 and BJ = LdΦJ =


φJ,1 0

0 φJ,2

φJ,2 φJ,1

 .

2.3 Test function
The MLPG method uses a Petrov-Galerkin formulation, which allows the test and trial

functions to be chosen from two different function spaces. Atluri & Shen (2002) proposed six
types of test functions. However, in this paper, we are going to use the MLPG5, that uses the
Heaviside step function.

The Heaviside step function (Fig. 5) is defined as:

v(x) =

 1, x ∈ Ωv

0, otherwise
. (22)

Ωv

v = 1

v = 0

Figure 5: Heaviside step function in a two-dimensional case.

The reason for the low costs of the MLPG5 method is that there are no domain integrals in
the construction of the stiffness matrix, instead there are only boundary integrals, as shown in
the updated local weak form:

−
∫

Γq0

ND
M∑
J=1

BJ ûJdΓ−
∫

Γqu

ND
M∑
J=1

BJ ûJdΓ

=

∫
Γqt

t̄dΓ +

∫
Ωq

bdΩ.

(23)

Equation (23) can be simplified into the following linear algebraic equations:
M∑
J=1

KIJ ûJ = fI , (24)

where KIJ is the (d× d) nodal stiffness matrix and fI is the (d× 1) nodal force vector:

KIJ = −
∫

ΓI
q0

NDBJdΓ−
∫

ΓI
qu

SNDBJdΓ, (25a)

fI =

∫
ΓI
qt

t̄dΓ +

∫
ΩI

q

bdΩ. (25b)
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where in a two-dimensional case:

S =

 s1 0

0 s2

 , (26)

with

si =

 1, if ui is prescribed on Γu

0, otherwise
. (27)

This S matrix is used in cases where a node is fixed in one direction and free in the other. So,
it eliminates the traction part of the integration in the stiffness, which should not be included in
the calculation since is the free part.

After applying Eq. (24) for all nodes in the domain (without displacement boundary con-
dition), the global system needs to be solved, resulting in the factious unknown values, û. The
approximated solution at each dimension in any point x in the domain can be calculated using
the Eq. (15). The integrals in Eq. (25) are usually solved using gauss quadrature in the subdo-
main’s border. The stiffness matrix (Eq. (25a)) is non-symmetric, because of the formulation of
Petrov-Galerkin.

2.4 Enforcement of the essential boundary conditions

Since the MLS method has no Kronecker Delta property, the displacement boundary con-
dition can not be applied easily. The penalty method and Lagrange multipliers are widely used,
however we use the MLS collocation method, which is applied to nodes located on Γt (Liu,
2009; Mirzaei, 2015; Li et al., 2003). Replacing Eq. (15) into Eq. (2a), we obtain:

N∑
J=1

φJ(x)ûJ = ūI , (28)

where ūI is the prescribed essential boundary condition on node I .

3 NUMERICAL EXAMPLE

In this section, through the analysis of a cantilever beam, we discuss how the radii rs and
rw of the support regions for the test and trial functions, respectively, influence the simulation’s
results. In this work, those values are proportional to the minimum distance (dmin) between a
node and its adjacent nodes:

rs(dmin, α) = αdmin, (29a)
rw(dmin, β) = βdmin. (29b)

Since rs < rw (Atluri & Shen, 2002), then α < β.

The implementation of MLPG5 was done in C++ and used the Eigen Library (2017) to
handle matrix manipulation and solve the linear system. In all examples, the body force, b,
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is set to zero. The relative displacement and von Mises stress errors are used to measure the
errors, which are defined as:

erroru =
‖uexact − unumerical‖

‖uexact‖
and errorv =

‖σexactv − σnumericalv ‖
‖σexactv ‖

,

where ‖ · ‖ is ta discrete L2-norm on a very dense scattered points in the domain Ω (Mirzaei,
2015).

To solve the integrals of Eq. (25) some Gaussian quadrature points are created on the sub-
domains’ border, as illustrated in Fig. 6. In the following examples, we split the arcs with
θ = 60◦, and create k = 3 integration points.

Figure 6: Each subdomain is divided into arcs of angle θ. On each arc’s border, k integration points are created.
If the node is in the domain’s border (Γ), k integration points are created on the line at each side. The arc that was
left is divided in arcs of angle θ2, so that θ2 ≤ θ.

3.1 Cantilever beam

The cantilever beam (Fig. 7) is a benchmark problem in 2D elasticity, which is a beam
anchored at one end, with a shear load applied at the free end. The exact solution of this
problem is (Liu, 2009; Atluri et al., 2004):

u1(x, y) = − Py

6EI

[
(6L− 3x)x+ (2 + ν)

(
y2 − D2

4

)]
, (30a)

u2(x, y) =
P

6EI

[
3νy2(L− x) + (4 + 5ν)

D2x

4
+ (3L− x)x2

]
, (30b)

where I = D3

12
is the moment of inertia for a cantilever with rectangular cross section and unit

thickness. The stress’s analytical solution can also be calculated as:

σx(x, y) = −Py
I

[L− x] , (31a)

σy(x, y) = 0, (31b)

σxy(x, y) = − P
2I

[
D2

4
− y2

]
. (31c)

The problem is solved using dimensionless parameters as in Atluri et al. (2004):

• Loading: P = 1;
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D

y

x

P

L

Figure 7: An example of the cantilever beam problem with some discretized nodes for the simulation.

• Young’s modulus for the material: E = 1;

• Poisson’s ratio for the material: ν = 0.25;

• Length of the cantilever: L = 24;

• Height of the cantilever: D = 4;

Choosing the radius (rs) of the test function’s support.

Atluri & Shen (2002) recommend that the unions of the local domains (Ωq) of radius rs,
should cover the global domain (Ω), in order to satisfy the equilibrium equation and the bound-
ary conditions in the global domain and on its boundary, respectively (Eqs. (1-2)). Even though
they state that the results are satisfactory without covering the global domain. However, our
first test will establish a better value for α.

In the first test, the domain was discretized into 259 regularly distributed nodes (37 × 7).
Here, dmin can be the distance between adjacent nodes in either the x or the y direction. The
simulations’ error were analyzed for some values of α (curves) varying the values of β by steps
of 0.01 (x-axis) as shown in Fig. 8. The shapes of the first two curves (α = 0.6 and 0.65) are
different from the others, making the result uncertain, and the last one (α = 0.9) starts to show
loss of stability. The most interesting values in this examples are 0.7 < α < 0.9. Notice that
α > 0.7 covers all the domain.

α = 0.60
α = 0.65

α = 0.70
α = 0.75

α = 0.80
α = 0.85

α = 0.90

lo
g 1

0(
 e

rr
or

u
 )

−3

−2

−1

0

1

Weight function's parametric value ( β )
1 1,25 1,5 1,75 2 2,25 2,5

Figure 8: Displacement errors for different values of α which are used to calculate the subdomain’s radius rs as
in Eq. (29a).

CILAMCE 2017
Proceedings of the XXXVIII Iberian Latin-American Congress on Computational Methods in Engineering
R.H. Lopez, L.F.F. Miguel, P.O. Farias (Editor), ABMEC, Florianópolis, SC, Brazil, November 5-8, 2017



S. Oliveira, C. Vidal, J. Cavalcante-Neto, L. Sousa, T. Araújo

We fix α = 0.71 in the following tests to analyze only the influence of β on the accuracy.
This value was chosen as the next closest value that covers the entire domain. However, as
mentioned before, a lower value could also be used.

Choosing weight function’s support radius (rw)

The radius of the shape function’s support, which is the same as the radius of the weight
function’s, defines the zone of influence of a given node. The analysis’ error is greatly influ-
enced by rw, as can be seen in Fig. 8 from the previous example. In this test, we vary the density
of the discrete nodes in the domain (curves) and analyze the error as a function of β (x-axis).

25×5
37×7
49×9

61×11
73×13
85×15

97×17
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g 1

0(
 e
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u
 )

−3
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1 1,5 2 2,5 3

(a) The monomial highest-order is t = 1.

25×5
37×7
49×9

61×11
73×13
85×15

97×17

lo
g 1

0(
 e

rr
or

u
 )
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2 2,2 2,4 2,6 2,8 3

(b) The monomial highest-order is t = 2.

Figure 9: Displacement’s error with varying node density (Eq. (13))

Although the polynomial basis of higher order yielded more accurate results (Fig. 9), the
higher order basis requires more adjacent nodes in a given influence zone in order do obtain an
invertible A matrix (Eq. (17a)). Therefore, for t = 1, A is invertible for β > 1 while, for t = 2,
A is invertible for β > 2.
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From the convergence study shown in Fig. 9, one can see that the results are more consistent
and stable for t = 1, regardless of the node density. On the other hand, for t = 2, the accuracy
increases, with a regular pattern, with the increase of node density. However, from around
β = 2.5 marked oscillations occur as β increases. To keep a compromise between locality and
accuracy, the value of β has to be as small as possible and as accurate as possible. From Fig. 9a
(t = 1), β should be around 1.8; and, from Fig. 9b (t = 2), β should be approximately 2.65. In
Fig. 10, we see the results for two values of β in the case where t = 1 and the node density is
37× 7. For β = 1.79 the result approximates the exact solution from below, and, for β = 1.81
the approximation is from above.

(a) Approximating from the bottom (β = 1.79). (b) Approximating from the top (β = 1.81).

Figure 10: Solution of two different β values for the discretization 37×7. The black dots represents the analytical
position of each node. Deformation scale factor is 0.005. The colors represent von Mises stress.

Figure 11 shows a global measurement of the stresses errors using von Mises stress. The
discretization 37 × 7 is used to generalize all the results, showing that both displacement and
von Mises stress errors are in the same order of precision.

t=1, erroru

t=1, errorv

t=2, erroru

t=2, errorv

lo
g 1

0(
 e

rr
or

 )

−3

−2

−1
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Weight function's parametric value ( β )
1,25 1,5 1,75 2 2,25 2,5 2,75 3

Figure 11: Displacement’s and von Mises stress’s errors values for the discretization 37× 7 with t = 1 and t = 2.

From Fig. 9 we can conclude that as much as the density grows the ideal β value tends to
converge to the first local minimum: t = 1, β → 1.78; t = 2, β → 2.65. The normal and shear
stress at the middle of the beam are illustrated in Fig. 12 using the previously defined β values.
All the examples have numerical results close to the analytical. However with t = 2, the results
are far more accurate, as expected. The results of the coarse examples can also be improved,
since we did not use the best β value, for example with 25× 5 and t = 2, β → 1.83 instead of
β = 1.79 as shown in Fig. 9a.
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(a) Normal stress with t = 1, α = 0.71 and β = 1.79.
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(b) Normal stress with t = 2, α = 0.71 and β = 2.66.
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(c) Shear stress with t = 1, α = 0.71 and β = 1.79.
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(d) Shear stress with t = 2, α = 0.71 and β = 2.66.

Figure 12: Normal and shear stress at x = 12 with first and second order monomials.

Choosing the number of integration points

The number Gaussian quadrature points used to integrate the subdomains’ borders can
cause a small change in the local minimum, as illustrated in Fig. 13. The log10(erroru) value
of each local minimum is almost the same, with a small change in β as showed in Table 1. The
experiment used a fine step for β of 0.0001. Each curve tends to have the local minimum moved
as much as θ is decreased until it stabilize around θ = 30◦. However, we can see that the error
is almost the same, meaning that θ = 90◦ is already a good angle, even though we used θ = 60◦

in the previous examples.

Table 1: Displacement’s and Von Misses’s errors in some different integration numbers for the discretization
37× 7.

θ β log10(erroru)

180◦ 1.8154 −2.12539 −1.44705

120◦ 1.7424 −2.17303 −1.48595

90◦ 1.8073 −2.20404 −1.51746

60◦ 1.7971 −2.20869 −1.52232

θ β log10(erroru)

45◦ 1.7882 −2.20956 −1.52047

30◦ 1.7896 −2.20890 −1.52060

15◦ 1.7899 −2.20959 −1.52060

5◦ 1.7898 −2.20945 −1.52060
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Figure 13: Influence of the number of integration points in the position of the local minimum of the errors’ curve.

4 CONCLUSIONS

We investigated the meshless local Petrov-Galerkin method using Heaviside step function
as test function, also known as MLPG5, applied to elastostatic problems. The Moving Least
Square (MLS) was used to interpolate the global domain (trial function). The MLS collocation
method was used to enforce the displacement boundary conditions.

The MLPG5 method has the big advantage of computing the stiffness matrix without ex-
pensive domain integration. Besides, if no body force is considered, no domain integral needs to
be done at all. The MLS collocation is suitable to be used with the MLPG approach because the
equations are established node-by-node, making it possible to use different equations for some
of the nodes (Liu, 2009). The boundary conditions are applied in a direct manner, considering
that no other variables are added to the problem, making it simple and accurate, but destroying
the symmetry of the stiffness matrix. However, since the stiffness matrix of MLPG5 is already
non-symmetric, no loss of important properties is imposed.

The numerical examples showed how the sizes of the test and trial functions’ supports
influence the solution’s accuracy of the cantilever beam problem. First we established a good
size for the test functions’ support. Then, we investigated how the accuracy of the solution
varies as a function of the size of the trial functions’ supports.
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The cantilever beam problem solved with MLPG5, using a linear basis function, created an
oscillation phenomenon in the result. A small variation in the radii has great influence on the
result. All the local minimum represent a convergence value of the numerical method, which
approaches the analytical solution from one side, and then drifts away from the exact solution
from the other side. The quadratic basis function does not present this kind of problem, on the
other hand it seams more constant, with small instability spikes particularly with a high node
density. However, the amplitudes of the spikes are still within good accuracy range. More-
over, in practical simulations, there is no need to use a high node density when a coarse one
suffices. The von Mises stress presented, in general, the same order of accuracy as that of the
displacements. The normal stresses are more accurate than the shear stresses, however the re-
sults improved with increased node density, as expected. The quadratic basis has better results
as well. The position (β) of the local minimum is influenced by the number of integration
points, however using 12 integration points is already enough in the presented example, since
the error is almost the same obtained with 216 integration points.

We suggest that the union of the trial function radius cover all the domain, even though
the result can converge without this property. To assure a more accurate solution, the use of a
second order monomial is recommended.
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