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Abstract. Vascular and respiratory trees are complex flow systems consisting of series of large 

and small ducts. Although the literature reports several cases that are in accordance with Hess-

Murray law, there are also some branching patterns of natural systems that deviate from this 

law. In this study, a numerical analysis was carried out to investigate laminar fluid flow of non-

Newtonian fluids, in Y-shaped flow structures with different ratios between the sizes of parent 

and daughter ducts. The non-Newtonian behavior was modeled using the power-law equation. 

The main parameters in the present study were the angle between the daughter ducts and the 

relationships between the diameters and between the lengths of the parent and daughter ducts. 

The performance of the branching systems was evaluated in terms of total hydraulic resistance 

and distribution of shear stresses. The effect of rheological parameters was also analyzed. 
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These results were compared with analytical results obtained based on the Constructal Law. 

We show that the physical optimization in the tree-network design is not always given by a 

reduction of vessel size by a constant factor of 2-1/3.  This type of study can be beneficial in the 

medical field, helping in the diagnosis and treatment of cardiac and circulatory diseases, such 

as in poor arterial formations and revascularization surgeries, as well as in the chemical 

industry, since most of the working fluids present non-Newtonian behavior. 

Keywords: Constructal design, Hess-Murray law, Y-shaped assembly, Non-Newtonian fluid.  
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INTRODUCTION 

Tree-shaped flow networks have been the subject of numerous investigations because 
of their importance in understanding the behavior of natural systems (blood vessels and 
bronchial tree) and the design of artificial systems. For a fluid transport system, the best flow 
configuration, which connects a point-to-volume or volume-to-point, is tree-shaped, and a 
compromise must be found between large and small ducts, as in (Bejan, 2000), (Bejan and 
Lorente, 2008) and (Bejan, 2017). 

Assuming a Hagen-Poiseuille flow to the vascular system, (Hess, 1917) and (Murray, 
1926) state that the volumetric flow rate should be proportional to the diameter cube of an 
optimized duct, so that the work of conducting the fluid is minimal. Therefore, optimal 
branching is achieved when the raised to the cube diameter of a parent vessel is equal to the 
sum of the cubes of the diameters of the daughter vessels. For symmetrical vessels, the 
relationship between diameters of daughter vessels and parent vessels is 2-1/3 (Hess-Murray 
law). This optimum way of connecting large and small vessels with rigid and impermeable 
walls is valid only as long as the flux is laminar, Newtonian, stable, incompressible and fully 
developed, as in the works of (Pepe et al., 2017a). However, some blood vessels and airways, 
among others, do not seem to follow this 2-1/3 rule. In addition, turbulent flows also do not 
follow this law. (Uylings, 1977) and (Bejan et al., 2000) showed that turbulent flows require an 
optimization rule of 2-3/7. However, the flow of fluids in living organisms is essentially laminar 
and the evidence suggests that exposure to turbulent flows may pose some health risk according 
to (Miguel, 2015). 

Blood flow can be modeled as stable or pulsatile, either Newtonian or non-Newtonian. 
In small vessels distant from the heart, the flow can be approached as stable. In larger arterial 
vessels, the flow is pulsatile because of the pumping characteristics induced by the heart. 
Experimental studies suggest that if vessels experience high shear rates (greater than 100 s-1), 
it is reasonable to consider blood flow as a Newtonian fluid. However, non-Newtonian effects 
appear at lower shear rates in vessels, such as capillaries, small arteries, and small veins. At 
shear rates of less than 100 s-1, the blood exhibits behavior of pseudoplastic fluid, since its 
viscosity decreases with increasing shear rate. (Revellin et al., 2009) and (Miguel, 2016a, 
2016b, 2016c) incorporates in their studies non-Newtonian rheology to reach the best way to 
connect large and small vessels together. 

The optimization rules obtained from the minimum work principle and the Constructal 
Law come from 1D and 2D analytical approaches. These studies involve many assumptions 
and simplifications, which are based on justifications and approximations, listed in (Pepe et al., 
2017b).  

This article intends to obtain new knowledge about the dynamics of the flows of 
Newtonian and non-Newtonian fluids in bifurcated ducts, using three-dimensional numerical 
simulations of fluid flow in Y-shaped channels. Several geometries are treated in which it was 
tried to vary the dimensionless relations responsible for the construction of the same, in order 
to evaluate the total resistance to fluid flow (R). 

The dimensionless relations used during the study were the relationships between the 
lengths (��� ���⁄ ), the relationships between the diameters (��� ���⁄ ), and the angle of separation 
between the secondary ducts (θ). 
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 Newtonian and non-Newtonian fluids were used, the latter obeying power-law and have 
coefficient n of 0.78 and 1.1, being therefore of the pseudoplastic and dilating types, 
respectively. The Reynolds number was kept constant during the simulations and equal to 1000. 
Only the flow of laminar fluid, without heat transfer, was analyzed and with the walls of the 
pipe considered impermeable. 

 We sought to determine the angle values for which the total resistance to fluid flow (R) 
was minimized. 

 Similar studies were carried out by (Pepe et al., 2017b) under similar conditions, using 
T-shaped geometries (θ=180°) with permeable and impermeable walls. The results obtained 
were consistent with those found in this study. 

 

1  METHODOLOGY 

1.1 Problem description 

The problem to be solved consists of the analysis of the total resistance to the flow of a 
set of Y-shaped conduits, in which dimensionless relations involving the lengths and diameters 
that characterize the geometries are varied, as well as the central angle of the Y-shaped 
structure.  

The domain considered is three-dimensional, and only the fluid flow is analyzed, 
neglecting the heat transfer. The flow regime is laminar and simulations were performed under 
steady state with impermeable walls and the Reynolds number constant and equal to 1000. 
Figure. 1 shows the geometry of the problem, as well as its boundary conditions. The �� and �� dimensions are kept equal in this study, as well as the dimensions ��and ��. 

 

Figure 1: Representation of the computational domain and boundary conditions of the problem. 
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The boundary conditions of the problem are the mass flow at the duct inlet  (	
 �) and 
constant pressure at the outlet.  

The method of Constructal Design was used to determine the degrees of freedom of the 
system, that is, the dimensions vary according to a predefined criterion. This criterion is defined 
on the basis of the volume of the parallelepiped circumscribed to the pipeline system, and based 
on the volume of the pipelines. The volume of the ducts, considering that they are much larger 
than the union, can be given according to Eq. (1). 
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The total volume occupied by the parallelepiped circumscribed to the ducts is given by 
Eq. (2). 

 

0DAV TT ⋅=                           (2) 

 

Where the total area (AT) is defined in eqs (3) to (5). L is the length of the circumscribed 
rectangle, and W is the width. 
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The variables in their dimensionless forms are expressed as presented in Eqs. (6) and 
(7). 
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The relationship between the volume of the ducts and the volume of the parallelepiped 
(ϕ) was adopted as constant and equal to 0.1, and is expressed according to Eq. (8). 
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V
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As a dimensionless parameter used to construct the geometries, the relationships 
between the lengths (LR) and the diameters (DR) were used, both in the dimensionless form, as 
presented in Eqs. (9) and (10). 
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The values used in equations (10) and (11) were first set at 2-1/3, which theoretically 
reduces the resistance to flow in Newtonian fluids. For non-Newtonian fluids, there are small 
variations of this value that minimize the resistance to flow depending on the type of fluid to 
be studied. The variation of the angle (θ) was performed for predetermined values, namely: 
155°, 135°, 115°, 95°, 75°, 45°, 25° and 10°. 

The various geometries were studied in order to establish the conditions that provide 
less resistance to fluid flow. Three different fluids, two non-Newtonian and one Newtonian, 
were used as shown in Tab. (1). 

 

Table 1: Properties of fluids. 

Fluid Type � �
� 	³� � � [�� ∙ ��] � � [�� ∙ �] 
Fluid 1 Dilatant Fluid 1060 0.000147 0.78 ----- 

Fluid 2 Pseudoplastic 
Fluid 

1260 0.0066 1.1 ----- 

Fluid 3 Newtonian 
Fluid 

998.2 ----- 1 0.001003 
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1.2 Mathematical and numerical formulation 

The governing equations of the problem are the continuity and momentum equations in 
the x, y and z axis, as presented in Eqs. (11) to (14), according to (Pritchard, 2010), where ρ is 
the density of the fluid, u, v and w are the velocity components of ��� in the x, y and z directions, 
respectively. The viscosity is given by μ, while pressure is given by p and gravity by g. 
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 The equations were solved in steady state. For non-Newtonian fluids, an apparent 
viscosity was calculated through Eqs. (15) and (16), as seen in (Chhabra and Richardson, 2008). 

 

nK γτ &⋅=              (15) 

 

)1( −⋅= n

apparent K γµ &             (16) 

  

 Where   and !
  are the stress and the shear rate, respectively, while k and n are the fluid 
consistency coefficient and the fluid behavior index, respectively. 

 The Eqs. (11) to (14) are solved in the FLUENT® commercial software using the finite 
volume method through the SIMPLE method as the coupling scheme between velocity and 
pressure. The Second Order Upwind was used, and the convergence criteria were established 
as 10-6 for all variables: pressure and velocity components. 
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2  RESULTS AND DISCUSSION 

2.1 Computational model validation 

The code used during the simulations was the same one used in the study by (Pepe et 
al., 2017b), due to the similarity of the problems. The biggest difference was the type of mesh 
used. While in this study polyhedral meshes were used, tetrahedral meshes were used in the one 
of (Pepe et al., 2017b), but the difference with the use of these two types of meshes was small 
(<0.42%), and due to the shorter simulation time by the use of polyhedral meshes, we opted for 
its use in this study. 

2.2 Grid independence analysis 

For the simulations polyhedral meshes were used, mainly due to the reduction in 
simulation time. The polyhedral meshes were made through previously existing tetrahedral 
meshes. Table. (2) presents the grid independence analysis. The fluid used for the study was 
the Fluid 1, with n = 078. The relative error between two successive meshes for the flow 
resistance R was used as the parameter to evaluate mesh quality. 

 

Table 2: Grid Independence analysis. 

Mesh Elements Nodes "(�� ∙ � ∙ 
�$�) &"(') − "(')�)
"(') & 

1 34210 189626 0.283637 0.037031019 
2 105382 600953 0.273133 0.024495142 
3 137156 784866 0.266443 0.014518694 
4 166496 952965 0.262575 0.003763932 
5 231917 1332005 0.263563 ---- 

  

 As can be seen from Tab. (2), the mesh that presented the smallest deviation among the 
results was that of number 4, because of this, all the meshes used during the simulations were 
made with dimensions similar to this one. 

2.3 Total flow resistance variation 

From the results of the simulations, a graph could be drawn relating the total resistance 
to the flow, with the opening angle of the Y-shaped structure, for the relations (�" = �" =2$�/-). These relationships were chosen because they are the values that minimize the 
resistance of the flow, as seen in (Bejan et al., 2000). The results show that, regardless of the 
fluid used, the angle with the lowest resistance to flow was 135°, as can be seen in Fig. (2). 

In Tab. (3) the flow resistance results for the optimal angles can be seen for each fluid 
studied. 
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Figure 2: Resistance to flow as a function of the opening angle of Y. 

 

Table 3: Resistance to flow at optimum angle. 

Fluid n θ �" �" "(�� ∙ � ∙ 
�$�) 

Fluid 1 0.78 135° 0.8 0.8 0.234 

Fluid 2 1 135° 0.8 0.8 0.243 

Fluid 3 1.1 135° 0.8 0.8 1.345 

  

The results obtained for the values of  �" = �" = 0.8 were compared with the results 
obtained for the optimal ratios obtained from the Contructal Theory, namely for fluids with n < 
1, �" = 0.84 and �" = 0.77, and for fluids with n > 1, �" = 0.78 and �" = 0.80, as seen in 
(Pepe et al., 2017a). 

 In the Figs. (3) and (4) it can be observed that the resistance using the optimal ratios for 
non-Newtonian fluids is lower than that obtained when compared to that of the optimum 
Newtonian fluid parameters (�" = �" = 0.8), however, the optimal angles remain unchanged 
for both fluids, and equal to 135°. 

 It is also interesting to note that for angles below 75°, the total flow resistance increases 
more abruptly, regardless of the fluid under study. 

 In Tab. (4) the values for the optimal angle, with the optimal dimensional relation for 
the non-Newtonian fluids, are summarized. 



Numerical study of non-newtonian fluid flows in y-shaped structures 

CILAMCE 2017 

Proceedings of the XXXVIII Iberian Latin-American Congress on Computational Methods in Engineering 
P.O. Faria, R.H. Lopez, L.F.F. Miguel, W.J.S. Gomes,  M. Noronha (Editores), ABMEC, Florianópolis, SC, Brazil, 
November 5-8, 2017. 

 

 
Figure 3: Resistance to flow as a function of the opening angle of Y. Fluid 1, index n=0.78. 

 
Figure 4: Resistance to flow as a function of the opening angle of Y. Fluid 3, index n = 1.1. 
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Table 4: Resistance to flow for the optimum angle, and optimum dimensional relationships for 
the non-Newtonian fluids studied. 

Fluid n θ �" �" "(�� ∙ � ∙ 
�$�) 
Fluid 1 0.78 135° 0.84 0.77 0.213 
Fluid 3 1.1 135° 0.78 0.8 1.315 

 

3  CONCLUSION 

The study was carried out through a series of numerical simulations with different fluid 
types, from Newtonian to non-Newtonian, in order to determine the angle with the lowest 
resistance to flow in a Y-shaped structure. 

In this study, the angle with the lowest flow resistance for all fluids was the 135° angle, 
but it is also interesting to note that the resistance to flow increases more sharply when the angle 
of the Y-shaped structure is smaller than 75°. 

The results were consistent with what is expected from the Constructal Theory and can be 
used in several areas of knowledge, from medical research to the dimensioning of pipelines 
used in the chemical and food industries. 
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