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Abstract. We present a family of multiscale finite element methods for the linear elastody-
namic model with highly heterogeneous coefficients, named Multiscale Hybrid-Mixed (MHM)
methods. The MHM method consists of a strategy that naturally incorporates multiple scales
in the numerical solutions while providing solutions with high-order precision for the primal
and dual variables. It is a consequence of a hybridization procedure, which characterizes the
unknowns as a direct sum of a coarse solution and the solutions to local problems with bound-
ary conditions driven by the Lagrange multipliers. The completely independent local problems
are embedded in the upscaling procedure, and computational approximations may be naturally
obtained in a parallel computational environment. Numerical results verify the optimal conver-
gence of the method, and its capacity to accurately incorporate heterogeneity and high-contrast
coefficients in the numerical solution. Keywords: elastodynamic equations, finite element, mul-
tiscale, wave propagation
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1 INTRODUCTION

Wave propagation in heterogeneous media represents a big challenge for numerical meth-
ods in view of computational simulations. In a broad sense, very fine meshes must be adopted to
approximate the high-frequency field distributions as they are greatly impacted by the multiscale
structures or/and the high contrast of the medium. The idea of using high-order polynomial in-
terpolations on coarse meshes, as proposed in Hesthaven (2003) for instance, is not a feasible
option since interfaces between different material media and faces of the partition must coincide
to avoid spurious numerical modes. Consequently, effective numerical methods for long-time
simulations require a fine mesh to fit the complex geometry with high-order approximation to
minimize dispersion.

Multiscale finite element methods have attracted great attention with their capacity to be
accurate on coarse meshes (see Arbogast (2004)-Abdulle et al. (2012)-Efendiev and Wu (2002)
just to cite a few). Beginning with the seminal work Babuska and Osborn (1983), the multiscale
methods were further extended to higher dimensions in Hou and Wu (1997). The approach
carries the concept of multiscale basis functions, which upscale to the coarse mesh. They are
driven by independent local problems which turn out to be a strategy to circumvent faults and
to allow spatial and time data locality while taking full advantage (in terms of performance) of
the granularity of the new generation of computer architectures.

Recently, the classical hybridization procedure Raviart and Thomas (1977) has been used to
devise a new family of high-order multiscale finite element method called MHM method. Par-
ticularly adapted to handle multiscale and/or high contrast coefficients on coarse meshes, the
MHM method permits face-crossing interfaces endowed in local boundary conditions. Orig-
inally proposed for the Laplace problem in Harder et al. (2013), the MHM method has been
analyzed in Araya et al. (2013) and extend to the elasticity and Stokes models in Harder et al.
(2016) and Araya et al. (2017). It gives rise to a staggered algorithm, which first computes the
multiscale basis functions from completely independent element-wise problems, and next ob-
tains the degrees of freedom on faces from the global face-based formulation define on a coarse
mesh.

This work extends the MHM method originally proposed in Harder et al. (2016) to the
second order elastodynamic model with the upshot that highly heterogeneous or high-contrasted
physical coefficients are allowed as found in seismic problems. It results in a new domain
decomposition algorithm which is shown to (i) be precise on coarse meshes through upscaling,
(ii) produce optimal and high-order superconvergent displacement, velocity and stress, (iii)
conserve the total energy, (iv) handle high contrast interfaces on not-aligned meshes, (v) be
adapted to extreme-scale parallel.

The paper is organized as follows: The next section states the problem and addresses some
preliminary theoretical results. The characterization of the exact fields in terms of global-local
problems is the subject of Section 3. Section 4 is devoted to the one-level and two-level MHM
methods, and Section 5 is dedicated to the numerical validation of the MHM method. Conclu-
sions follow in Section 6.
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2 MODEL PROBLEM

Let Ω ⊂ Rd, d ∈ {2, 3} be an open bounded domain with Lipschitz boundary ∂Ω =
ΓD ∪ ΓN , where ΓD ∩ ΓN = {0}, subjected to a distributed load f and T the final time. Under
the infinitesimal strain theory, the equation of motion is given by

ρ∂ttu−∇·σ = f in Ω× (0, T ), (1)

where ρ is the mass density, t is the time variable, x is a typical point in Ω, u is the displacement
vector field and σ is the stress tensor. In addition to the unknowns u and σ, we define the
velocity field v := ∂tu. For simplicity, we assume that the homogeneous Dirichlet boundary
condition and the free surface condition are prescribed on ΓD and on ΓN , respectively. Other
boundary conditions, as absorbing boundary conditions, can be imposed and easily incorporated
in what follows.

We assume that the stress is linearly proportional to strain (ε), i.e.,

σ := C ε, (2)

where the fourth-order stiffness tensor C acts on the space Rd×d
sym of d × d symmetric matrices

with values in Rd×d
sym. The stiffness tensor is quite general, possibly embedding multiple geo-

metrical scales on Ω. We assume C is symmetric (Cijkl = Cjikl = Cklij), uniformly positive and
uniformly bounded, i.e., there exist positive constants cmin and cmax such that

cmin|ε|2 6 C ε : ε 6 cmax|ε|2 for all ε ∈ Rd×d
sym. (3)

We denote by u · v and σ : τ the usual inner products in spaces Rd and Rd×d, respectively, and
|u| stands for the norms induced by such inner products. Under the infinitesimal strain theory,
strain is defined as the symmetric part of the gradient of u, i.e.,

ε(u) :=
∇u+ (∇u)T

2
. (4)

Collecting the previous definitions, the second-order elastodynamic problem reads: Find u :
Ω× (0, T )→ R such that

ρ∂ttu−∇·σ(u) = f in Ω× (0, T ],

σ(u) = C ε(u) in Ω× (0, T ],

u = 0 on ΓD × (0, T ],

σ(u)n = 0 on ΓN × (0, T ],

u = u0 at Ω× {0},
∂tu = v0 at Ω× {0},

(5)

where u0 and v0 are the initial conditions. The next result ensures the well-posedness of the
corresponding weak formulation of (5). The proof follows closely the one presented in (Raviart
et al., 1983, Chapter 8). Next, the vector space H1

0,ΓD
(Ω) stands for the functions in H1(Ω)

that vanish on ΓD. All other spaces have their usual meanings and (·, ·)D is the L2 inner-product
on an open set D ⊂ Rd.
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Theorem 1. Let Ω be a bounded and connected open set with Lipschitz boundary. Suppose
ρ ∈ L∞(Ω) and there exists ρ0 > 0 such that ρ(x) > ρ0 for a.e. (almost every) x in Ω. Given
u0 ∈ H1

0,ΓD
(Ω), v0 ∈ L2(Ω) and f ∈ L2(0, T ;L2(Ω)), there exists a unique function u in

C(0, T ;H1
0,ΓD

(Ω)) ∩ C1(0, T ;L2(Ω)) that satisfy the variational equation, for all t ∈ (0, T ],

dtt(ρu,w)Ω + (σ(u), ε(w))Ω = (f , w)Ω, ∀w ∈H1
0,ΓD

(Ω) , (6)

with u(0) = u0 and dtu(0) = v0.

3 AN EQUIVALENT GLOBAL-LOCAL FORMULATION

Now, instead of working directly with problem (6), we adopt the following perspective: we
seek u as the solution of the elastodynamic model (6) in a weaker, broken space which relaxes
continuity and localizes computations. Ultimately, we find that the approach allows for the
construction of u using local problems.

From this perspective, we first partition the space-time domain Ω × [0, T ]. We discretize
the time interval [0, T ] in nT + 1 points 0 = t0 < t1... < tN−1 < tnT

= T , with nT ∈ N∗,
(not necessarily) equally distributed, define In := [tn−1, tn] and collect them in the set Tn,
where ∆t := maxn=1,...,nT

|In|. The partition of the space domain Ω can be general. However,
we focus here on partitions based on a family of regular meshes {TH}H>0, where H is the
characteristic length of TH . The mesh can be very general, composed of heterogeneous element
geometries. Hereafter, we adopt the terminology employed for three-dimensional domains.
Each elementK has a boundary ∂K consisting of faces F , and we collect in ∂TH the boundaries
∂K, and in EH the faces associated with TH . To each F ∈ EH , we associate a normal n, taking
care to ensure this is facing outward on ∂Ω for each F ∈ EH . For each K ∈ TH , we further
denote by nK the outward normal on ∂K, and let nKF := nK |F for each F ⊂ ∂K. We denote
by nE and nF the total number of elements and faces in TH , respectively, and by nKF the total
number of faces of K ∈ TH . See Figure 1 for an illustration.
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Figure 1: Space-time discretization.

On top of such a discretization, we define the following broken space for the displacement
variable

V :=
{
w ∈ L2(Ω) : w |K ∈H1(K) ∀K ∈ TH

}
, (7)
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which is a Hilbert space with the following scalar product

(w,v)TH :=
∑
K∈TH

(w,v)K + (∇w,∇v)K ∀w, v ∈ V, (8)

and we denote the induced norm by ‖ · ‖V. Also, we define the space of tractions Λ given by

Λ :=
{
τnK |∂K , ∀K ∈ TH : τ ∈ H0,ΓN

(div; Ω;S)
}
, (9)

whereH0,ΓN
(div; Ω;S) is the space of symmetric matrix functions inH(div; Ω;S) with vanish-

ing normal component on ΓN . It is a Banach space when equipped with the following quotient
norm

‖µ‖Λ := inf
τ∈H(div;Ω;S)

τnK |∂K=µ ,∀K∈TH

‖τ‖div.

We denote by (·, ·)TH and (·, ·)∂TH the summation of the respective inner (or dual) products
over the sets K and ∂K, respectively, given by

(w,v)TH :=
∑
K∈TH

∫
K

w · v dx and (µ,v)∂TH :=
∑
K∈TH

〈µ,v〉∂K ,

where w, v ∈ V and µ ∈ Λ. Here, 〈·, ·〉∂K is uniquely defined via the dual product involving
H−1/2(∂K) andH1/2(∂K) through

〈µ,v〉∂K :=

∫
K

(∇ · τ ) · v dx+

∫
K

τ : ∇v dx,

where τnK = µ on ∂K, and we denote it by (·, ·)∂K if µ ∈ L2(∂K).

Owing to these notations and setting

Dn := C(In; V) ∩ C1(In;L2(Ω))× C(In; Λ) , (10)

we propose the following hybrid version of elastodynamic problem (6): For all In ∈ Tn, find
(un, λn) ∈ Dn such that

dtt(ρu
n,w)TH + (σ(un), ε(w))TH + (λn,w)∂TH = (f , w)TH , ∀w ∈ V,

(µ,un)∂TH = 0, ∀µ ∈ Λ,

un(tn−1) = un−1(tn−1) and dtu
n(tn−1) = dtu

n−1(tn−1) on Ω,

u0(0) = u0 and dtu
0(0) = v0 on Ω.

(11)

We emphasize that the first two equations in (11) should be read as being valid for all t ∈
In (fixed although arbitrary), and the global solution (u,λ) is defined such that (u,λ) |In =
(un,λn), for all In ∈ Tn, and hereafter we will say that (u,λ) is a solution of (11).

Observe that the variables in (11) belong a priori to a larger space than the solution of the
original problem (6). However, the space of Lagrange multipliers imposes H1-conformity on
the solution and respects the boundary conditions. Also, problem (11) has a unique solution (in
the sense of Theorem 1) where u coincides with the solution of problem (6). These results are
summarized next and the proof follows closely the strategy proposed in Raviart and Thomas
(1977) and Lanteri et al. (2017).
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Lemma 1. The function (u,λ) is the solution of (11) if and only if u solves (6) in the sense of
Theorem 1. Furthermore, it holds

λ = −σ(u)nK on (0, T )× ∂K . (12)

Now, rather than selecting a pair of finite subspaces of V×Λ at this point, we rewrite (11)
in an equivalent form which is suitable to reduce the statement to a system of locally- and
globally-defined problems. Such an approach guides the definition of stable finite subspaces
composed of functions which incorporate multiple scales into the basis functions.

First, observe that problem (11) is equivalent, for all In ∈ Tn, to find (un,λn) ∈ Dn such
that

(µ,un)∂TH = 0, ∀µ ∈ Λ,

and
dtt(ρu

n,w)K + (σ(un), ε(w))K = −〈λn,w〉∂K + (f , w)K , ∀w ∈ V(K),

un(tn−1) = un−1(tn−1) and dtu
n(tn−1) = dtu

n−1(tn−1) on K,
u0(0) = u0 and dtu

0(0) = v0 on K,

(13)

(14)

where V(K) stands for the space of functions in V restricted to K.

Notice that (14) implies that u can be computed in each element K ∈ Th from f and λ
once the latter is known. Owing to this property, we can use the linearity of the elastodynamic
operator to decompose the displacement variable into the direct sum

un = un,λ + un,f , (15)

where un,λ and un,f satisfy the following local initial boundary value problems{
dtt(ρu

n,λ,w)K + (σ(un,λ), ε(w))K = −〈λn,w〉∂K ∀w ∈ V(K),

un,λ(tn−1) = dtu
n,λ(tn−1) = 0 on K,

(16)

and {
dtt(ρu

n,f ,w)K + (σ(un,f ), ε(w))K = (f , w)K ∀w ∈ V(K),

un,f (tn−1) = un−1(tn−1), dtu
n,f (tn−1) = dtu

n−1(tn−1) on K.
(17)

Owing to characterization (15) and replacing it in (13), we can rewrite the global problem (13)
in an equivalent form in which the Lagrange multipliers are the leading variable, i.e., for each
In ∈ Tn and t ∈ In, we look for λn(t) ∈ Λ such that

(µ,un,λ)∂TH = −(µ,un,f )∂TH ∀µ ∈ Λ . (18)

Remark 1 The initial boundary value problems (16) and (17) are well-posed following closely
Theorem 1. Since un,λ,un,f ∈ C(In; V) ∩ C1(In;L2(Ω)), n = 1 · · ·nT , then u belongs to
C(0, T ; V) ∩ C1(0, T ;L2(Ω)) from (15) .
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4 THE MHM METHOD

The one-level MHM arises from the choice of a finite dimensional space of C0(0, T ; Λ) and
looking for the approximate solution λH(t) of λ(t) in such a space satisfying (18) at discrete
times. By going discrete, problems (16)-(17) and (18) may be decoupled as follows:

• the local problem (16) is responsible for computing the multiscale basis, with its boundary
condition λn replaced by the space-time approximation λnH ;

• the global problem (18) is responsible for the calculation of the degrees of freedom of
λnH , which depend on In ∈ Tn.

As a result, the one-level approximation uH of u stems from the combination of the multiscale
basis functions, the degrees of freedom of λH and the solution of (17). A detailed description
of uH is the subject of next section.

4.1 First-level discretization

Since λ uniquely determines uλ, it is enough to select a finite dimensional space Q∆t
H of

C0(0, T ; Λ) in order to discretize problem (18) in space and time. This leads to the one-level
MHM method. To this end, we define P0(In) the space of piecewise constant functions in the
time intervals In ∈ Tn, and set the following polynomial spaces

ΛH = Λm
l := {µH ∈ Λ : µH |∂K ∈ ΛH(K) for all K ∈ TH} ,

ΛH(K) :=
{
µH : µH |F ∈ Pml (F )d for all F ∈ ∂K

}
.

(19)

(20)

Here, the space Pml (F ) is the space of discontinuous polynomial functions on F of degree
less than or equal to l ≥ 0 and defined on an equally spaced partition of F , composed of m
elements (m ≥ 1). In what follows, the space Λl stands for Λ1

l and mΛ := dim ΛH and
mK

Λ := dim ΛH(K). Observe that, given a face F ⊂ ∂K1∩∂K2, with K1, K2 ∈ TH , functions
µH ∈ ΛH are such that µH |F∩∂K1 = −µH |F∩∂K2 from the definition of Λ in (9).

Owing to these choices, we set

Q∆t
H :=

⊕
In∈Tn

P0(In)⊗ΛH , (21)

where ΛH is given in (19), and observe that such a space is nonconforming in C0(0, T ; Λ) with
respect to the time variable.

Remark 2 The choice (21) corresponds to the simplest space-time element. It is worth men-
tioning that the simplicity of (21) associated with its second-order accuracy in time (see Section
5) makes the space (21) the best compromise between precision and computational cost. On
the other hand, more involved time interpolation choices may be used with the upside that the
conformity is recovered. For instance, we can select

λH(t) =
tn − t

tn − tn−1

λn−1
H (tn−1) +

t− tn−1

tn − tn−1

λnH(tn) ∀t ∈ In. (22)

Such an option will be explore in future works.
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Next, the one-level approximated displacement is decomposed as follows

unH = un,λH

H + un,fH , (23)

and the one-level MHM method results from the standard Galerkin method applied to (18), i.e.,
for all In ∈ Tn, find λnH ∈ ΛH such that

(µH ,u
n,λH

H )∂TH = −(µH ,u
n,f
H )∂TH ∀µH ∈ ΛH , (24)

where λH |In = λnH . Observe that Problem (24) will be satisfied at nT times steps (one per time
interval In). The functions un,λH

H ,un,fH satisfy, respectively,

{
dtt(ρu

n,λH

H ,w)K + (σ(un,λH

H ), ε(w))K = −(λnH ,w)∂K , ∀w ∈ V(K) ,

un,λH

H (tn−1) = dtu
n,λH

H (tn−1) = 0 ,
(25)

and 

dtt(ρu
n,f
H ,w)K + (σ(un,fH ), ε(w))K = (f , w)K , ∀w ∈ V(K) ,

un,fH (tn−1) =

{
u0, if n = 0 ,

un−1
H (tn−1) if n > 0 ,

dtu
n,f
H (tn−1) =

{
v0, if n = 0 ,

vn−1
H (tn−1) if n > 0 .

(26)

Again, problems (25)-(26) should be read as being valid for all t ∈ In. It is instructive to
consider un,λH

H in more detail.

Let {ψi}
mΛ

i=1 be a basis for ΛH . Set {ψi 1In}, with (i, n) ∈ {1, ..., dim ΛH} × nT , a
basis for Q∆t

H , where 1In stands for the characteristic function of In ∈ Tn. If λni ∈ R are the
corresponding degrees of freedom associated to the basis of Q∆t

H , then we write

λnH =

dim ΛH∑
i=1

λni ψi n = 1, ..., nT . (27)

We recall that ψi changes its sign according to the sign of nKF · n, for each F ⊂ ∂K. Let ψK
j

be the restriction of ψi to K, where j has to be understood as a local numbering with respect
to K with an one-to-one correspondence to i. We define the set ηni ⊂ Dn such that its local
counterpart ηn,Kj ⊂ Dn, with j ∈ {1, ...,mK

Λ}, satisfies the following elastodynamic problem,
for all K × In ∈ Th × Tn,

dtt(ρη
n,K
j ,w)K + (σ(ηn,Kj ), ε(w))K = −(ψK

j ,w)∂K , for all w ∈ V(K), (28)

where (ηn,Kj (tn−1), dtη
n,K
j (tn−1)) = (0,0). As a result of (23) and (27), we write unH on each

In ∈ Tn as follows

unH =

mΛ∑
i=1

λni η
n
i + un,fH . (29)
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The one-level approach assumes that closed formulas are available for ηn,Ki and un,fH . As
such, to compute (29) effectively, it remains to obtain the degrees of freedom λni . To this end,
we use the face-based global formulation (24) evaluated on nT discrete time-steps (one per time
slab In). Indeed, replacing (29) in (24) it follows that λni , for i ∈ {1, ...,mΛ} and n = 1, ..., nT ,
satisfy the following discrete system

mΛ∑
i=1

λni (ψj ,η
n
i )∂TH = −(ψj ,u

n,f
H )∂TH for all j ∈ {1, ...,mΛ} ,

where ηni and un,fH are evaluated at one time per interval In ∈ Tn (for instance at tn).

Remark 3 Observe that the one level MHM method is non-conforming in H1(Ω) as uH may
be discontinuous across faces, for all t ∈ (0, T ). On the other hand, it is a H(div; Ω;S)-
conforming method as σ(uH) is a symmetric tensor with continuous normal component across
faces by construction. Also, the numerical approximations uH an dtuH are strongly continuous
in time.

The one level MHM method is generally not feasible, meaning a second level of discretiza-
tion is necessary to make the method practical. This is the subject of the next section.

4.2 Second-level discretization

We discretize local problems (25)-(26) with respect to the space variable first, by selecting
a local finite dimensional space Vh(K) whose functions are defined over a regular partition
of K, denoted by

{
T Kh
}
h>0

. Such a partition may differ in each K ∈ Th and h denotes the
characteristic length of T Kh . The global finite dimensional space is then given by

Vh :=
⊕
K∈Th

Vh(K), (30)

and on top of (30) a second level numerical method is proposed. First observe that the MHM
algorithm is quite general, and different numerical methods may be used. In this work, we adopt
the Galerkin method on the standard piecewise continuous polynomial space in each element
K ∈ Th, i.e., Vh(K) ⊂ V(K) is given by

Vh(K) :=
{
vh ∈ C(Ω) : vh |τ ∈ [Mk(τ)]d for all τ ∈ T Kh

}
, (31)

where Mk(τ) = Pk(τ) is the space of polynomial functions on τ of degree less than or equal to
k ≥ 1, or Mk(τ) = Qk(τ) is the tensor polynomial space of order at most k ≥ 1.

As such, the global problem reads: For all In ∈ Tn, find λnH ∈ ΛH such that

(µH ,u
n,λH

h )∂TH = −(µH ,u
n,f
h )∂TH ∀µH ∈ ΛH , (32)

where un,λH

h and un,fh belong to Vh. They correspond to the second level approximation of
un,λH

H and un,fH . As a result, the semi-discrete approximation of the exact solution is given by

u ≈ uH,h := uλH
h + ufh , (33)
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where, as usual, the global functions in time uλH
h and ufh are defined through their local (in

time) counterpart un,λH

h and un,fh . They correspond to the solution of the following Galerkin
methods: For each K ∈ Th, find un,λH

h |K ∈ Vh(K), for all In ∈ Tn, such that
dtt(ρu

n,λH

h ,wh)K + (σ(un,λH

h ), ε(wh))K = −(λnH ,wh)∂K , for all wh ∈ Vh(K),

un,λH

h (tn−1) = 0,

dtu
n,λH

h (tn−1) = 0,

(34)

and find un,fh |K ∈ Vh(K) such that
dtt(ρu

n,f
h ,wh)K + (σ(un,fh ), ε(wh))K = (f , wh)K , for all wh ∈ Vh(K),

un,fh (tn−1) = un−1
h (tn−1),

dtu
n,f
h (tn−1) = dtu

n−1
h (tn−1),

(35)

with u0,f
h (0) = u0h and dtu

0,f
h (0) = v0h. Here u0h and v0h must be understood as well-

chosen projections of the exact initial conditions in the sense that such approximations do not
undermine convergence rates. Like in the one-level discretization, the solution of (34) can be
decomposed as follows

un,λH

h =

mΛ∑
i=1

λni η
n
i,h n = 1, ..., nT ,

where the local counterpart, ηn,Ki,h , of the multiscale basis function ηni,h solves

dtt(ρη
n,K
i,h ,wh)K + (σ(ηn,Ki,h ), ε(wh))K = −(ψK

i ,wh)∂K , for all wh ∈ Vh(K), (36)

with (ηn,Ki,h (tn−1), dtη
n,K
i,h (tn−1)) = (0,0).

The two-level MHM method corresponds to the global problem formulation: Find λnH ∈
ΛH , for n = 1, ..., nT , such that

(µH ,u
n,λH

h )∂TH = −(µH ,u
n,f
h )∂TH ∀µH ∈ ΛH , (37)

which is evaluated at time steps tn, n = 1, ..., nT .

In order to prepare (34) (e.g. (36)) and (35) to be discretize in time, we write such problems
as a ODE system. To this end, let {ϕi}

mK
i=1 be a basis for Vh(K), K ∈ TH , where mK =

dim Vh(K). The two-level approximate solutions ηn,Kj,h and un,fh |K in the time interval In can
be written as

ηn,Kj,h (t) :=

mK∑
i=1

dn,Kj,i (t)ϕi and un,fh (t) =

mK∑
i=1

fn,Ki (t)ϕi, (38)

where dn,Kj,i , f
n,K
i : In → R are defined for n = 1, ..., nT . Thereby, at this stage, the two-level

approximation restricted to K ∈ TH reads

unH,h =

mK∑
i=1

( mK
Λ∑

j=1

λnj d
n,K
j,i + fn,Ki

)
ϕi on In ×K, (39)
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where λnj are the degrees of freedom of λnH restricted to K ∈ TH with local numbering j.

Define Ψj a matrix with columns Ψj , j = 1, · · · ,mK
Λ , which represents the coordinate

vector field dn,Kj,i , i = 1, ...,mK . Also, let vector ξ be the coordinate vector field fn,Ki , i =
1, ...,mK . Observe that such functions are of class C1(In) in each time interval In. Now,
replacing (38) in (34)-(35), we arrive at that, for each K × In, the local semi-discrete problem
reads: Find Ψ : In → RmK×mK

Λ and ξ : In → RmK such that{
MKΨ′′(t) +RKΨ(t) = −QK ∀t ∈ In,
Ψj(tn−1) = Ψ′(tn−1) = 0,

(40)

and {
MKξ′′(t) +RKξ(t) = fK(t) ∀t ∈ In,
ξ(tn−1) = dn−1

K and ξ′(tn−1) = ḋn−1
K ,

(41)

where MK
ij := (ρϕj,ϕi)K , RK

ij := (σ(ϕj), ε(ϕi))K , QK
ij := (ψK

j ,ϕi)K and fKi (t) :=

(f(t),ϕi)K . The vectors dnK , ḋ
n
K ∈ RmK represent the coordinates of unH,h and vnH,h, respec-

tively. Accordingly to (39), the i-component of the vectors dnK and ḋnK reads

(dnK)i =

mK
Λ∑

j=1

λnj d
n,K
j,i + fn,Ki and (ḋnK)i =

mK
Λ∑

j=1

λnj ḋ
n,K
j,i + ḟn,Ki .

Now, we head to the time discretization of (40) and (41). To this end, we use the Newmark
method (Raviart et al., 1983, Sec. 8.5). The Newmark method yields second order accurate
approximation (in time) for the displacement and velocity fields. First, we need some additional
notations associated to the (local) time discretization. We decompose In in a (non necessary)
uniform partition, i.e., tn = τ 0

n < τ 1
n < .... < τnt

n = tn+1, with nt ∈ N∗ and ∆τ kn = τ kn −
τ k−1
n , and k = 1, ..., nt, and set ∆τn := max

k=1,...,nt

∆τ kn . Observe that such a partition can be set

differently in each element K ∈ Th, which naturally induces a local time stepping scheme. For
sake of clarity, we drop such a dependency in the notation. See Figure 2 for an illustration of
the second level space-time discretization.

h

x

y

t

t
t
n-1

ΤH

τ0
τ

τ

τ

h
t n-1

t n

K ΤK

1

2

nt

n

H

Figure 2: Local space-time domain discretization.
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In the context of the MHM method, the Newmark method provides accurate approxima-
tions of ηn,Ki,h and un,fh , and dtηni,h and dtu

n,f
h in time. To lighten notation, we apply the New-

mark method to problems (40) and (41) dropping vectors dependency in terms of K and In.

As such, the Newmark scheme applied to local problems Eqs. (40) and (41) leads to: For
each s = 1, · · · , nt, find Ψs, Ψ̇s ∈ RmK×mK

Λ and ξs, ξ̇s ∈ RmK such that

(
MK + β∆τ 2RK

)
ξs = MK

(
ξs−1 + ∆τ ξ̇s−1

)
+ ∆τ 2

(
β − 1

2

)
RKξs−1+

+ ∆τ 2

(
βfK(τs) +

(
1

2
− β

)
fK(τs−1)

)
,

MK ξ̇s = MK ξ̇s−1 −∆τRK
(
γξs + (1− γ) ξs−1

)
+

+ ∆τ
(
γfK(τs) + (1− γ) fK(τs−1)

)
,

(42)

where ξs ≈ ξ(τs) and ξ̇s ≈ ξ′(τs), for all s = 1, ..., nt, and
(
MK + β∆τ 2RK

)
Ψs = MK

(
Ψs−1 + ∆τΨ̇s−1

)
+ ∆τ 2

(
β − 1

2

)
RKΨs−1 − ∆τ 2

2
QK ,

MKΨ̇s = MKΨ̇s−1 −∆τRK
(
γΨs + (1− γ) Ψs−1

)
−∆τQK ,

(43)

where Ψs ≈ Ψ(τs) and Ψ̇s ≈ Ψ′(τs), for all s = 1, ..., nt. The initial conditions are Ψ0 = Ψ̇0 =
0, ξ0 = dn−1

K and ξ̇0 = ḋn−1
K , and α and β are positive parameters.

The final local marching process (s = nt) provides the functions ηn,Kj,h and un,fh at time step
tn needed to solve (37). They are given as follows

ηn,Kj,h (tn) :=

mK∑
i=1

Ψnt
ijϕi and un,fh (tn) :=

mK∑
i=1

ξnt
i ϕi, (44)

as well as theirs time derivatives

η̇n,Kj,h (tn) :=

mK∑
i=1

Ψ̇nt
ijϕi and u̇n,fh (tn) :=

mK∑
i=1

ξ̇nt
i ϕi. (45)

We are ready to present the fully discrete problem which corresponds to solve (37) using
(44). In its matricial form, problem (37) corresponds to find λn ∈ RmΛ such that, for each
n = 1, · · · , nT , it holds

Anλn = −F n, (46)

where Anij := (ψi,η
n
j,h(tn))∂TH , and F n

i := (ψi,u
n,f
h (tn))∂TH .

Finally, the two-level approximation of the exact displacement u and velocity v at time
steps tn, n = 1, · · · , nT , and restricted to K ∈ Th, are given as follows

unH,h(tn) =

mK∑
i=1

mK
Λ∑

j=1

λnj d
n,K
j,i + fn,Ki

 ϕi (47)

and

vnH,h(tn) =

mK∑
i=1

mK
Λ∑

j=1

λnj ḋ
n,K
j,i + ḟn,Ki

 ϕi. (48)
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A. T. Gomes, D. Paredes, W. Pereira, R. Souto, F. Valentin

4.3 Algorithmic aspects

Define the following element-wise local contributions

AK = (aKij ) ∈ RmK
Λ×m

K
Λ with aKij := (ψK

i ,η
n,K
j,h )∂K 1 6 i, j 6 mK

Λ ,

F n
K = (F n

K,i) ∈ RmK
Λ with F n

K,i := (ψK
i ,u

f ,n
h )∂K 1 6 i 6 mK

Λ ,
(49)

and let An and F n be obtained by assembling the local terms (49).

Hereafter, we assume that the time partition is equally-spaced. In such a case, the multiscale
basis functions can be computed once and for all since ηn,Kj,h = η1,K

j,h and η̇n,Kj,h = η̇1,K
j,h for all

n, j > 1 and K ∈ TH . We then denote these two different terms, in each element K, by ηKj,h
and η̇Kj,h. It is worth of pointing out that the multiscale basis functions ηKj,h and un,fh |K can be
computed in parallel since they satisfy independent local problems. Also, it turns out that the
global matrix A = An can be factorized just once when a direct linear solver is adopted and the
physical coefficients are independent of the time step.

Next, we present the MHM algorithm which is split into two parts mimicking the MHM’s
structure. The global part is introduced in Algorithm 1 and the local one in Algorithm 2.

Algorithm 1 MHM Algorithm - Global Problem
1: for n = 1, · · · , nT do
2: for all K ∈ Th do
3: if n = 1 then
4: Compute the local solutions ηKj,h and η̇Kj,h (see Algorithm 2)
5: Compute the local term AK

6: Assemble AK in A and factorize it
7: end if
8: Compute the local solutions un,fh |K and u̇n,fh |K (see Algorithm 2)
9: Compute the local terms F n

K

10: Assemble F n
K in F n

11: end for
12: Solve the global linear system

Aλn = −F n (50)

13: Compute the global solutions

unH,h =

mΛ∑
i=1

λni ηi,h + un,fh and vnH,h =

mΛ∑
i=1

λni η̇i,h + u̇n,fh . (51)

14: end for

CILAMCE 2017
Proceedings of the XXXVIII Iberian Latin-American Congress on Computational Methods in Engineering
R.H. Lopez, L.F.F. Miguel, P.O. Farias (Editor), ABMEC, Florianópolis, SC, Brazil, November 5-8, 2017
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Algorithm 2 MHM Algorithm - Local Problems
1: if n = 1 then
2: Compute MK , RK and QK

3: Factorize matrices MK and MK + β∆τ 2RK

4: Set Ψ0 = Ψ̇0 = 0 ∈ RmK×mK
Λ

5: for s = 1, · · · , nt do
6: Solve system (40)
7: end for
8: Compute the local solutions

ηKj,h =

mK∑
i=1

Ψnt
ijϕi and η̇Kj,h =

mK∑
i=1

Ψ̇nt
ijϕi

9: Compute the local term

AK = (QK)T Ψnt

10: end if
11: Set ξ0 = dn−1

K and ξ̇0 = ḋn−1
K .

12: for s = 1, · · · , nt do
13: Compute fK

14: Solve system (41)
15: end for
16: Compute the local solutions

un,fh |K =

mK∑
i=1

ξnt
i ϕi and u̇n,fh |K =

mK∑
i=1

ξ̇nt
i ϕi

17: Compute the local term

F n
K = (QK)T ξnt

5 NUMERICAL EXPERIMENTS
In this section, we validate theoretical aspects of MHM method using a first three-dimensional

test with analytical solution. Next, a problem with highly heterogeneous coefficients is consid-
ered in a two-dimensional domain to assess the upscalling feature of the MHM method. Nu-
merical experiments assume that the elastic media is isotropic. In other words, the tensor C is
characterized by the Lamé coefficients µ and ν as follows

Cijkl := 2µ δik δjl + νδij δkl or C ε = 2µ ε+ ν tr(ε) I, (52)

where δij denotes the Kronecker’s delta, tr(ε) represents the trace of ε and I is the identity
tensor. The multiscale struture of the media will impact the coefficients ρ, µ and ν.

The triangular and tetrahedron meshes are generated using the softwares Triangle Shewchuk
(1996) and TetGen Si (2015), respectively.
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5.1 An analytical problem

The elastodynamic problem is defined in a unit cube with Lamé coefficients µ = 0.4 and
ν = 0.4, and density ρ = 1. The exact solution u = [u1, u2, u3]T is given by

u1(t, x, y, z) = 1
2
(1− cos(ωt)) sin(2πx) sin(2πy) sin(2πz) ,

u2(t, x, y, z) = −1
2
(1− cos(ωt)) sin(2πx) sin(2πy) sin(2πz) ,

u3(t, x, y, z) = 1
2
(1− cos(ωt)) sin(πx) sin(πy) sin(πz) ,

(53)

where ω =
√

2µρ−1π. The Dirichlet boundary conditions on ∂Ω and f are computed accord-
ingly. Homogeneous initial conditions are applied. We set l = k + 2 in the definition of the
interpolation spaces ΛH = Λl and Vh, and study the convergence aspects of the numerical
solutions with respect to H and ∆t. For simplicity, no local time step is used (i.e., ∆τ = ∆t).

The convergence history are measured in L2(Ω) and H1(TH) norms for displacement and
velocity, and in the H(div; Ω;S)-broken norm, i.e.,

‖σ‖div :=

√∑
K∈TH

∑
τ∈T K

h

‖σ‖2
0,τ + ‖∇· σ‖2

0,τ , (54)

for the stress. Also, we measure the total (discrete) energy En
Hh for long-time simulations

through the following formula

En
Hh :=

1

2

∑
K∈Th

[ ∫
K

ρvnH,h · vnH,h +

∫
K

C ε(unH,h) : ε(unH,h)
]

for n = 1, ..., nT . (55)

We observe in Figure 3 that the proposed MHM method is second order convergent in terms of
∆t and achieves superconvergence with respect to H . Such a superconvergence was theoret-
ically proved for the elastostatic case in (Harder and Valentin, 2016). It worth of mentioning
that the adoption of Newmark method leads to convergent numerical solutions for both displace-
ment and velocity. Specifically, we found errors of O(H`+2) in the L2(Ω) norm and O(H`+1)
using theH1(TH) norm. Also interestingly, we found superconvergent stress approximation of
O(H`) in the H(div; Ω;S)-broken norm.
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Figure 3: Convergence history with respect to H (left) and ∆t (right). Here ΛH = Λ1.
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We depict the isosurfaces of |uH,h| in Figure 4 at the times steps 0.5, 1 and 1.5, and x = 0.25
using ΛH = Λ16

1 . Also observe in Figure 4 that energy (55) stays bounded (with no dissipation).
This shows that the present MHM method conserves the total energy of the system in long-term
simulations.
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Figure 4: Isosurfaces of |uH,h| at three time steps (top and bottom on the left). The total energy history
(bottom on the right).

5.2 Multiscale experiments

The HPC4E Seismic Test Suite presented in de la Puente (2016) is used for validating the
MHM method. The original computational domain from this test suite is a three-dimensional
box split in 16 horizontal layers. The top layer determines the topography and the bottom layer
ends in a plane 4, 480.78 m depth, as shown in Figure 5. The depth is positive downwards
and zero represents the sea level. The coefficients are constant inside each layer, as we see in
Figure 5.

Figure 5: The physical domain divided in layers (left) and a vertical cut showing the density ρ (right).
Adapted from de la Puente (2016).
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The multiscale feature of the Lamé coefficients is provided by the highly accurate definition
of the interfaces (horizons) between adjacent layers. In de la Puente (2016), the elastic media is
characterized by three parameters: density ρ, compressional velocity vp and shear velocity vs.
This is a common characterization in wave propagation problems. We recover µ and ν using
the following relationships

µ = ρ v2
s and ν = ρ (v2

p − v2
s). (56)

From (de la Puente, 2016, Table 1), we use the upper layers 1∗, 2∗ and 3∗, which are the pos-
itive truncation of the original layers 1, 2 and 3, so that the domain fits perfectly in the box
[500 m, 450 m]. Here, we propose a two-dimensional version of the aforementioned problem
using homogeneous Neumann boundary condition on the boundary. The y-axis represents the
depth and the x-axis represents the in-line component. The source function f = [f1, f2]T is a
concentrated load located at xf = [500 m, 50 m]T and defined by

f(x, t) =

{
fshot(t)

x−pshot
|x−pshot|

, 0 < |x− pshot| < rshot and t < tshot,

{0, 0}, other cases,
, (57)

where tshot, pshot and rshot are, respectively, the time duration, the point of application and the
radius of the shot; and fshot(t) is the intensity of the shot, modeled by an Ormsby wavelet.

A simplified model containing layers 1∗, 7 and 15 from (de la Puente, 2016, Table 1) is set
to validate the MHM method in non-aligned meshes. A coarse non-structured mesh is adopted
with 341 triangular elements. The edges of the mesh are not aligned with the layer interfaces as
shown in Figure 6 (left). We set ΛH = Λ8

2 on edges and use a sub-mesh with 64 P3 elements.
The final time T = 0.3 and ∆t = 10−3. We depict in Figure 6 (right) and Figure 7 the isovalues
of |uH,h| at three different time steps. We observe that the solution is perfectly captured even
though interfaces do not coincide with edges.

Figure 6: Domain with three layers with a non-aligned unstructured mesh (left). Isovalues of |uH,h| at
t = 0.05 (right).
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Figure 7: Isovalues of |uH,h| at t = 0.08, t = 0.1, t = 0.12 and t = 0.15.

Next, we compare the solutions from the MHM method with a reference solution using
the 16-layer problem. Again, the coarse non-structured mesh with 341 triangular elements is
adopted for the MHM case. We set ΛH = Λ4

1 on edges and use a sub-mesh with 4, 096 P3(τ)
elements. The final time T = 1 and ∆t = 5×10−3. The reference solution is obtained from the
standard Galerkin method on a mesh with 90, 232 P3(K) elements and discretized in time with
the second-order Newmark finite difference method. We see in Figure 8 that the MHM solution
is in perfect accordance with the reference solution despite the coarse non-aligned mesh being
used. In addition, Figure 9 shows a zoomed-in view of the von Mises stress for both solutions
in two different time steps, which illustrates how the MHM method captures the interfaces
between the different layers.

Figure 8: Isovalues of displacement magnitude for MHM (top) and the reference (bottom) at t = 0.02 (left)
and t = 0.11 (right).
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A. T. Gomes, D. Paredes, W. Pereira, R. Souto, F. Valentin

Figure 9: Isovalues of the von Mises stress for MHM with its overlying mesh (top) and the reference (bottom)
at t = 0.08 (left) and t = 0.15 (right).

6 CONCLUSIONS

A new multiscale domain decomposition algorithm have been proposed for the 2D and
3D elastodynamic model with highly heterogeneous coefficients as a byproduct of the MHM
methodology. The results presented herein intended to be a proof of concept of these algo-
rithms in terms of mathematical (i.e. accuracy) terms. The numerical tests highlighted the
super-convergence and the local conservative aspects of the approximate solutions (displace-
ment, velocity and stress), and pointed out that the total discrete energy of the system is exactly
preserved. These mathematical and computational performances are ready to be combined with
the intrinsic flexibility of the MHM methods in incorporating local space interpolations and
local time stepping driven within space and time adaptivity processes.

ACKNOWLEDGEMENTS

The authors were funded by CNPq/Brazil and CONYCIT/Chile. These research results
have received funding from the EU H2020 Programme and from MCTI/RNP-Brazil under the
HPC4E Project, grant agreement N 689772. The numerical results employed HPC resources
from the Santos Dumont (SDumont) supercomputer at LNCC, Brazil.

REFERENCES

Abdulle, A., Weinan, E., Engquist, B., & Vanden-Eijnden, E., 2012. The heterogeneous multi-
scale method. Numer. Math., vol. 21, pp. 1–87.

Araya, R., Harder, C., Paredes, D., & Valentin, F., 2013. Multiscale Hybrid-Mixed method.
SIAM J. Numer. Anal., vol. 51, n. 6, pp. 3505–3531.

Araya, R., Harder, C., Poza, A., & Valentin, F., 2017. Multiscale hybrid-mixed method for the
Stokes and Brinkman equations – the method. Comp. Meth. Appl. Mech. Eng., vol. 324, pp.
29–53.

Arbogast, T., 2004. Analysis of a two-scale locally conservative subgrid upscaling for elliptic
problems. SIAM J. Numer. Anal., vol. 42, n. 2, pp. 576–598.

CILAMCE 2017
Proceedings of the XXXVIII Iberian Latin-American Congress on Computational Methods in Engineering
R.H. Lopez, L.F.F. Miguel, P.O. Farias (Editor), ABMEC, Florianópolis, SC, Brazil, November 5-8, 2017
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