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Abstract. Sediment transport induced by fluid flows is a field of great interest in modern hy-
draulic science due to its great importance in engineering applications. Flood control, canals
for irrigation, navigation and other projects are strongly affected by moving sediments. De-
pending on the intensity of the flow, erosion can appear at the bottom, for example. It occurs
when the sediment bed changes by losing its mass as a consequence of sediment entrainment
into suspension. Once out of the bottom, the finer sediments can be maintained in suspension
by turbulence or deposited due to the gravitational acceleration. These phenomena are imple-
mented as numerical models in libMesh, an open finite element library that provides a frame-
work for numerical simulations in multiphysics. Here, the mathematical model results from the
incompressible Navier-Stokes equation combined with an advection-diffusion transport equa-
tion for suspended sediments. The Navier-Stokes equation is treated with the residual-based
variational multiscale finite element formulation while the advection-diffusion transport equa-
tion uses a stabilized method and a discontinuity capturing formulation. An empirical model
is used to represent the entrainment rate. Special boundary conditions at the bottom are intro-
duced to take into account sediments entrainment, as well as deposition. Two well-documented
test cases where experimental data are available are used to validate the model employed in the
present study. Results are analyzed and discussed.
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1 INTRODUCTION

The calculation of sediment transport induced by fluid flows is one of the most important
tasks in hydraulic science and related areas. However, the prediction of this phenomenon is still
very difficult due to its complexity. Some calculations depend on empirical formulations as the
entrainment rate, which is the rate that sediments come into suspension due the flow stress at the
bottom. Garcia and Parker (1991) reviewed entrainment rate models such as Einstein (1950),
Engelund and Fredsøe (1976) and Van Rijn (1984). They concluded that Van Rijn’s model
performs very well against the existing data and it will be the model adopted in this work.

Not only the entrainment rate is important but also the deposition rate of sediments. It is
known that the formation of topographical features can occur as a result of the depositional and
erosional nature of gravity currents interacting with the bottom. In numerical simulations, these
phenomena are modelled applying proper boundary conditions. Several numerical approaches
have been used to model suspended sediment transport. Lin and Falconer (1996) developed
a model applying a hybrid finite difference method combined with the finite volume method
for predicting suspended sediment concentrations. Wu et al. (2000) developed a 3D numerical
model with a finite-volume method on an adaptive, non-staggered grid, where the flow was cal-
culated by solving the full Reynolds-averaged Navier-Stokes equations with the k−ε turbulence
model. Liang et al. (2005) developed a 2D model using finite difference method in a general
curvilinear coordinate system. They have examined the performance of two turbulence models,
the standard k − ε and Smagorinsky subgrid scale model, on modelling time dependent scour
processes. Qureshi and Baloch (2013) developed a 2D finite element model using an innovative
non-dimensional parameter called diffusion Reynolds number, which is a controlling parameter
for a stable and accurate solution of suspended sediment transport.

All mentioned authors have validated their algorithms against two well-documented test
cases where experimental data are available. Their computed sediment concentration profiles
were in close agreement with laboratory observations from Van Rijn (1986) and Wang and
Ribberink (1986).

The aim of this work is to implement a model that can reproduce sediment transport as
well. Therefore, these phenomena are implemented as numerical models in libMesh, an
open-source library that provides a platform for parallel, adaptive, multiphysics finite element
simulations (Kirk et al., 2006). The Navier-Stokes equations are treated with the residual-based
variational multiscale finite element formulation (RB-VMS) while an advection-diffusion equa-
tion representing particle concentration is solved using a stabilized method with discontinuity
capturing formulation. Sedimentation effects are modelled by considering the settling velocity
of the grains. The predictions also showed good agreement with the measurements from Van
Rijn (1986) and Wang and Ribberink (1986).

The remainder of this work is organized as follows. In the next section, we present the
mathematical setting for the numerical simulation of the flow and the corresponding RB-VMS
finite element formulation. After that, we show the sediment transport governing equations,
sediment boundary conditions and the corresponding finite element formulation. We then show
two numerical examples. One reproduces the net entrainment of sediment from a loose channel
bed and the other deals with the net deposition of sediments. The paper ends with a summary
of our main findings.
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2 FLUID FLOW MODEL

This section establishes the mathematical setting for the numerical simulation of fluid
flows.

2.1 Governing equations

The Navier-Stokes equations lead to the following nonlinear mathematical problem to be
solved: Let us consider the spatial domain in which the flow takes place along the interval [0, tf ]
given by Ω ⊂ Rnsd, where nsd is the number of space dimensions. Let Γ denote the boundary
of Ω. Find the pressure p (divided by the constant density) and the velocity u satisfying the
following equations:

∇·u = 0 on Ω× [0, tf ] (1)

∂u

∂t
+ u· ∇u−∇·σ = f on Ω× [0, tf ] (2)

with f being the body force vector per unity density and σ the stress tensor given as

σ(p,u) = −pI + T (3)

where I is the identity tensor and T is the deviatoric stress tensor,

T = 2νε(u) (4)

In Eq. (4) ν is the kinematic viscosity and ε(u) is the strain rate tensor defined as

ε(u) =
1

2
(∇u + (∇u)T ) (5)

Essential and natural boundary conditions for Eq. (1) are u = g on Γg and n·σ = h on Γh,
where Γg and Γh are subsets of the domain boundary Γ. Functions g and h are given and n is the
unit outward normal vector of Γ. A divergence-free velocity field u0(x) is the initial condition.

2.2 Residual-based variational multiscale formulation

The Navier-Stokes equations along with proper boundary and initial conditions contain
all information necessary to model fluid flows, including turbulent effects. It is possible to
approximate them numerically using a computational grid fine enough to represent all relevant
scales of the studied problem. But, the computational effort tends to limit the application of
this method only to low Reynolds numbers. Thus direct numerical simulation (DNS) is still a
challenge, particularly at high Reynolds numbers.

An alternative approach to DNS consists on Large Eddy simulations (LES). In this method,
only large flow structures are solved, while the smaller ones, called subgrid components, are
modeled (Sagaut et al., 2006). Inspired by LES models, the variational multiscale methods
(VMS) were introduced by Hughes (1995) and Hughes et al. (1998) as a general technique to
model the subgrid scales in the numerical solution of partial differential equations. Hughes et
al. (1998) also showed that stabilized methods could be derived from VMS, particularly for
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solving the incompressible Navier-Stokes equations. Stabilization is needed to prevent spuri-
ous oscillations in convection-dominated flows when under-resolved meshes are employed, and
also to prevent undesired pressure oscillations when equal-order interpolations for velocity and
pressure are used.

The VMS methods define large scales by projection into appropriate function spaces and
they are based on the variational formulation of the model problem. Compared to classical LES
based on filtering, the VMS approach does not face difficulties associated to inhomogeneous
non-commutative filters in wallbounded flows, and as consequence, it is mathematically con-
sistent also in the presence of boundaries. Therefore the boundary conditions are incorporated
into the mathematical analysis in a natural way (Ahmed et al., 2017).

These methods applied to the simulation of turbulent flows are well-established models and
they have experienced a fast development. The residual-based variational multiscale finite ele-
ment formulation (RB-VMS) has emerged as an important numerical and theoretical framework
for general multiscale problems in computational mechanics. This approach was introduced by
Calo (2004) and it has been applied successfully to a number of problems, with several dis-
cretization methods. The RB-VMS method does not include an eddy viscosity, which appears
as the numerical diffusion inherent to the model. Thus, it does not need any modeling of the
subgrid scales by statistical theories of turbulence. The subgrid components are modeled in
terms of the residual of the large scales, and they are introduced in the resolved scale equations.
See Hughes et al. (2004) and Rasthofer and Gravemeier (2017) for detailed reviews.

For the present problem, we assume that the primitive variables are decomposed in two
fields:

u = uh + u′ (6)

p = ph + p′ (7)

where (uh, ph) are the large scale component of the solution (resolved one), whereas (u′, p′)
are the subgrid complement (unresolved one). We would like to insert the previous splitting of
scales in a standard variational Galerkin formulation built upon Eq. (1) and (2). For that, we
assume the following weight space Su and Sp for velocity and pressure respectively, along with
their trial spaces counterparts Vu and Vp, and the weak formulation is described by: find u ∈ Su

and p ∈ Sp such that ∀w ∈ Vu and ∀q ∈ Vp,(
∂u

∂t
,w

)
Ω

+ (u· ∇u,w)Ω + (σ(p,u), ε(w))Ω+

(∇·u, q)Ω = (f ,w)Ω + (h,w)Γh

(8)

where (., .)Ω =
∫

Ω
(., .)dΩ is the standard scalar product in L2(Ω).

To come up with a feasible numerical scheme, some simplifications are introduced. We will
admit the static hypothesis, such that the fine scales are algebraically related to the residuals
of the governing equations. The time derivatives of the fine scales are supposed to vanish
(rendering the denomination static fine scales), and the spatial derivatives in the fine scales
equations are approximated through algebraic operators (much inspired on stabilized FEM)
leading to the following set of fine scales equations:

u′ = τmRm (9)
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p′ = τcRc (10)

where τc and τm are stabilization parameters given by the standard expressions of stabilized
methods:

τm =

(
4

∆t2
+ uh ·Guh + ν2G:G

)− 1
2

(11)

τc = (g · τmg)−1 (12)

with G a second rank metric tensor,

G =
∂ξ

∂x

T ∂ξ

∂x
(13)

and g a vector obtained from the column sums of ∂ξ
∂x

,

g = {gi} (14)

gi =
d∑
j=1

(
∂ξ

∂x

)
ji

(15)

The residuals for the continuity and momentum equations are respectively:

Rm =
∂uh

∂t
+ (uh − u′)· ∇uh +∇ph − ν∆uh − f (16)

Rc = ∇·uh (17)

We now plug Eq. (6) and (9) to (17) into Eq. (8) and, after substituting and rearranging
terms, the resulting equation representing the finite element problem to be solved is given by(

∂uh

∂t
,wh

)
Ω

+
(
(uh − u′)· ∇uh,wh

)
Ω

+
(
σ(ph,uh), ε(wh)

)
Ω

+
(
∇·uh, qh

)
Ω

+
(
u′,uh· ∇wh +∇qh

)
Ω

+
(
τc∇·uh,∇·wh

)
Ω

−
(
u′,u′·wh

)
Ω

=
(
f ,wh

)
Ω

+
(
h,wh

)
Γh

(18)

3 SEDIMENT TRANSPORT MODEL

This section establishes the mathematical setting for the numerical simulation of sediment
transport in fluid flows.

3.1 Governing equations

The sediment transport can be divided into two phenomena: suspended load and bed-load
transport. The suspended load consists of the finer sediment maintained in suspension by tur-
bulence, whereas, bed-load transport consists of coarse particles transported along the bed. In
this work, the bed-load transport is not approached, but it is important to remind that it exists.
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When the shear rate at the bottom is strong enough, sediments can entrain into suspension.
The grains are moved out the bed-load zone and once out of the bottom, the finer sediments
start to be governed by the suspended load equations. Furthermore, the suspended grains also
can be deposited due to the gravitational acceleration and its settling velocity.

Suspended load. The governing equation for the suspended load is an advection-diffusion
equation. By assuming a dilute suspension of small particles, we can neglect particle inertia
and any particle-particle interaction. Consequently, the particles are driven by the fluid motion,
with a settling velocity, us, which can be estimated by experiments or analytically and acts in
the direction of gravity. Equation (19) presents the Stokes settling velocity:

us =
d2

50(ρs − ρ)g

18µ
(19)

where d50 is the mean diameter of the sediment grain, ρ is the fluid density, ρs is the particle
density, g is the gravitational acceleration and µ is the fluid viscosity.

Thus, the particles transport is governed by the following equation:

∂c

∂t
+ (u + use

g)· ∇c = ∇· (εs∇c) in Ω× [0, tf ] (20)

in which εs is the sediment diffusivity. The sediment diffusivity is related to the eddy viscosity
νt by the turbulent Schmidt number Sc being εs = νt/Sc.

Assuming that the velocity follows the logarithmic law in the vertical direction, it is possi-
ble to derive a parabolic eddy viscosity distribution:

νt = κu∗y
(

1− y

H

)
(21)

where κ is the von Karman constant (0.42), H is the water depth, u∗ is the bed-shear velocity
and y is the vertical coordinate.

Entrainment and deposition rate. The entrainment rate needs an empirical model and, in
this work, the model of Van Rijn (1984) is used. The entrainment rate is given by

E = Caeus (22)

where

Cae = 0.015
d50

a

T 1.5

d0.3
∗

(23)

T =
(u′∗ − u∗c)

u∗c
(24)

d∗ = d50

(
gR

ν2

) 1
3

(25)

u∗c =

√
τbc
ρ

(26)

τbc = θcρgRd50 (27)
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θc =
0.3

1 + 1.2d∗,n
+ 0.055(1− e−0.02d∗) (28)

u′∗ =
g0.5

C ′
ū (29)

C ′ = 18 log

(
12Rb

3d90

)
(30)

In equations (22) to (30), Cae is the near-bed sediment concentration in volume under ca-
pacity (equilibrium) status, a is the reference level above the bed, T is the transport parameter,
d∗ is the dimensionless grain size, u′∗ is the effective bed shear velocity related to grain friction,
u∗c is the critical bed-shear velocity for initial motion of sediment, R is the submerged specific
gravity of sediment

(
R = ρs−ρ

ρ

)
, θc is the critical Shields number given by Soulsby and White-

house (1997), ū is the mean flow velocity, Rb is the hydraulic radius according to the method of
Vanoni-Brooks (1957) and d90 is the grain size corresponding to 90% finer.

On the other hand, the deposition rate at the bed is straightforward:

D = uscb (31)

where cb is the sediment concentration very near the bed.

3.2 Sediment boundary conditions

For the following test cases, the suspended sediment concentration c is set to be the quantity
of sediment entering in the flow domain at the inlet (c = cin on Γcin). At the outlet, zero gradient
is applied for c. At the atmosphere boundary and for the rigid walls, the flux of sediment through
these surfaces is zero. And at the sediment bed, the flux of sediment is equal to E −D.

The flux of suspended sediment qs including convective and diffusive fluxes is defined as

qs = (u + use
g)c− εs∇c (32)

Then the condition for zero flux of suspended sediment through the wall is expressed as

qs·n = 0 on Γch (33)

At the solid walls the velocity u will be always 0 because of the no-slip condition and,
assuming a horizontal plane, the normal in this boundary is (0,1). Therefore, the boundary
condition at this surface can be simplified as

usc+ εs
∂c

∂y
= 0 on Γch (34)

The same expression is found in the atmosphere, where the surface is also considered hor-
izontal and the normal is (0,-1).

At the sediment bed, the sediment flux is specified as the net upward normal flux

qs·n = E −D on Γcsed (35)
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where D is the deposition rate and E is the entrainment rate.

Assuming a horizontal plane without bed morphology changes and knowing that the depo-
sition rate is evaluated multiplying the settling velocity by the concentration near the bed, the
boundary condition can be simplified as

εs
∂c

∂y
= E on Γcsed (36)

and, when there is only deposition (zero entrainment rate), the boundary condition becomes

εs
∂c

∂y
= 0 on Γcsed (37)

with Γ = Γcin ∪ Γch ∪ Γcsed and Γcin ∩ Γch ∩ Γcsed = ∅.

3.3 Finite element formulation

The finite element formulation of Eq. (20) can be expressed as follows: Find c ∈ Sc such
that ∀w ∈ Vc,(

∂ch

∂t
, w

)
Ω

+
(
(uh − u′ + use

g)· ∇ch, w
)

Ω
+ (εs∇ch,∇w)Ω+

us(e
g·n)(ch, w)Γc

h∪Γc
sed

+
(
τt(u

h − u′ + use
g) · ∇wh, Rt

)
Ωe

+(
∇wh, κdc∇ch

)
Ωe

= (E −D)(ch, w)Γc
sed

(38)

where Rt is the residual of transport Eq. (20),

Rt =
∂c

∂t
+ (uh − u′ + use

g) · ∇ch − εs∆ch (39)

with Sc and Vc being weight and trial finite element functions.

The above formulation makes use of the stabilization parameter τt that is given by

τt =

(
4

∆t2
+ uh ·Guh + ε2sG:G

)− 1
2

(40)

We also added to the formulation a discontinuity-capturing term κdc, based on the Y Zβ
discontinuity-capturing operator (Bazilevs et al., 2007), defined as

κdc =

(
he
2

)β
|c̄−1Rt|

(
2∑
i=1

∣∣∣∣c̄−1∂c
h

∂xi

∣∣∣∣
)β/2−1

(41)

The parameter β in Eq. (41) influences the smoothness of the layer (for smoother layers
it is set to 1), he is the characteristic height and the parameter c̄ is the reference concentration.
Note that if β = 1 and the reference concentration c̄ = 1, the discontinuity-capturing term
renders to the Consistent Approximated Upwind method (Galeão and do Carmo, 1988).
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4 VALIDATION OF THE SUSPENDED SEDIMENT TRANSPORT
MODEL

Two well-documented test cases where experimental data are available are used to validate
the model employed in the present study. One involves the net entrainment of sediment from
a loose channel bed and the other deals with the net deposition of sediment. These two test
cases are important to validate the sediment boundary conditions implemented. The bed-load
transport of sediments is not included in these cases and also the sediments are considered
passive scalars to the flow, meaning that they are carried by the flow but they do not change its
behavior.

These phenomena are implemented as numerical models in an open-source library called
libMesh (Kirk et al., 2006). The libMesh library is a C++ framework for the numerical
simulation of partial differential equations on serial and parallel platforms. It allows the users
focus on their specific physic problem without having to develop the additional complexities
for parallel or adaptive mesh computing, which are already implemented in the source code.

4.1 Net entrainment test case

In the Van Rijn (1986) entrainment test case, a fully-developed flow with clear water is
introduced over the sediment bed and the sediment concentration is measured after the equi-
librium condition is reached (Fig. 1). The original test conditions are employed in the present
validation. The flow is steady and uniform with a water depth of 0.25 m and a mean velocity ū
of 0.67 m/s. The median diameter is 0.23 mm, d90 is 0.32 mm and the corresponding settling
velocity is set to be 0.022 m/s. The reference level above the bed is taken to be 0.005 m and the
predicted friction velocity is 0.047 m/s. The Schmidt number (Sc) is defined as 1 and the eddy
viscosity is taken according to Eq. (21). The numerical simulation is made in 2D with real

Figure 1: Net entrainment test case: Schematic definition of the problem

dimensions, ∆t = 0.0001 s and a mesh with 1640×40 quadrilateral elements. Figure 2 shows
the flow boundary conditions which are: at the inlet, the profiles of the velocity are specified to
be the fully developed values obtained from a separate calculation; for the rigid bed and the sed-
iment bed, the no-slip condition is set; at atmosphere the slip condition is set; and zero velocity
gradient is set at the outlet. The sediment boundary conditions are defined in section 3.2 with
the sediment concentration cin set to zero at the inlet which corresponds to clear water coming
into the domain.
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10 m
Sediment bed

0.25 m
Rigid bed

In
le

t
0.

25
m

O
ut

le
t

Atmosphere

Figure 2: Net entrainment test case: boundary conditions

The initial conditions are zero sediment concentration in all domain and a fully-developed
flow. Figure 3 illustrates the comparison of the computational and experimental sediment con-
centration distributions in four sections of the channel. It also shows results from Liang et al.
(2005) and Wu et al. (2000). It can be seen that the simulation predicted the concentrations
very well.
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Figure 3: Net entrainment test case: comparison of the predicted (solid lines) and measured (squares)
suspended sediment concentrations
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4.2 Net deposition test case

Wang and Ribberink (1986) discharged sand into a flume whose bed is changed from rigid
to perforated as shown in Fig. 4. Once the sediment fell to the bed, it was trapped into these
compartments through the perforated plate and could hardly be entrained again. Hence, this
case represents net deposition and the entrainment rate is considered zero at the bed. The flow
is steady and uniform with a mean velocity ū of 0.56 m/s and a water depth of 0.215 m. The
median sediment diameter is 0.095 mm and its fall velocity is 0.007 m/s. The friction velocity
is 0.034 m/s, the Schmidt number (Sc) is taken to be 1 and the eddy viscosity is taken according
to Eq. (21).

Figure 4: Net deposition test case: Schematic definition of the problem

The numerical simulation is made in 2D with real dimensions, ∆t = 0.0001 s and a mesh
with 1600×22 quadrilateral elements. Figure 5 shows the flow boundary conditions which are:
at the inlet, the profiles of the velocity are specified to be the fully developed values obtained
from a separate calculation; at the perforated bed, the no-slip condition is set; at atmosphere,
the slip condition is set; and zero velocity gradient is set at the outlet. The sediment boundary
conditions are defined in section 3.2, but in this case, a measured sediment concentration profile
is designated at the inlet and the entrainment rate at the perforated bed is 0, what means there is
only deposition in this boundary.
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Figure 5: Net deposition test case: boundary conditions

CILAMCE 2017
Proceedings of the XXXVIII Iberian Latin-American Congress on Computational Methods in Engineering

R.H. Lopez, L.F.F. Miguel, P.O. Farias (Editor), ABMEC, Florianpolis, SC, Brazil, November 5-8, 2017



Residual-based variational multiscale simulation of erosion using libMesh

The initial conditions are zero sediment concentration in all domain and a fully-developed
flow whose velocities were calculated in a separated simulation. Figure 6 illustrates the compar-
ison of the computational and experimental sediment concentration distributions in six sections
of the channel. It also shows results from Liand et al. (2005) and Wu et al. (2000). It can be
seen that once again the simulation predicted the concentrations very well.
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Figure 6: Net deposition test case: comparison of the predicted (solid lines) and measured (squares) sus-
pended sediment concentrations

5 Conclusions

A 2D numerical model has been developed to predict the sediment concentration in fluid
flows. The governing equations of sediment transport are approximated by a stabilized finite
element formulation while the Navier-Stokes equation is treated with the RB-VMS method.
The entrainment of sediments into suspension is modelled as a boundary condition using an
empirical model to determine the entrainment rate. The concentration of suspended sediment is
considered as a passive scalar.

The model was verified against two controlled physical experiments, one involving the net
entrainment of sediment from a loose channel bed and the other dealing with the net deposition
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of sediment. The predicted results showed good agreement with experimental data, showing
that the suspended sediment transport model employed in this study works well for these cases.

As future work, the present model will be extended to incorporate bed-load transport and
bed morphology changes in a way to represent all sediment transport phenomena.
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