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Abstract. In the present work, the local ghost cell method (LGCM) from Berthelsen and Faltin-
sen [J. of Comp. Phys., 227, 4354 (2007)] is extended and applied to a semi-implicit temporal
integration strategy (SILGCM). The SILGCM is an immersed boundary method for which the
boundary conditions are performed directly, it means, by a change in the stencil of the dis-
cretized transport equations. The numerical method proposed is applied to the computation
of uniform flow over blunt and sharp bodies. This method is investigated by applying the for-
mulation for incompressible laminar flows. In the present paper, the salient features of the
methodology is described with special emphasis on the capacity of computation of flow past
sharp bodies. The transport equations are discretized by using the finite differences method,
the immersed boundary is represented with a finite number of Lagrangian points, distributed
over the solid-fluid interface. A Cartesian grid is used to solve the fluid flow equations. To
test the accuracy of this approach, four different benchmark cases are applied. It was shown
that the semi-implicit local ghost cell method presents good agreement with analytic, numerical
benchmark and experimental data of all simulated cases.

Keywords: Immersed boundary method, ghost cell method, Cartesian grid method, thin geom-
etry body, sharp geometry body
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A semi-implicit immersed boundary method for flow over sharp bodies

1 INTRODUCTION

1.1 General aspects

The computational fluid dynamics (CFD) of flows past solid irregular bodies is a major
topic of research due to its importance for industrial applications. A major difficulty for such
numerical computation is the simulation of the complex geometries of different situation, such
as, for instance, moving bodies and fluid structure interaction problems, e.g., flutter-instable os-
cillations, limit cycle oscillations (LCO), and vortex induced vibration (VIV): this has been one
of the main issues in computational fluid dynamics. There are basically two main approaches
to simulate complex flows with immersed boundaries: using unstructured body-conforming
meshes, and the immersed boundary method (IBM), the latter of which is the main subject of
the present paper. In the IBM, a body in the flow field is considered as an external entity to
the fluid itself, therefore allowing the use of simpler orthogonal grids where only the balance
equations will be solved. A complete disconnected Lagrangian set of points representing the
immersed object can be positioned anywhere in the computational domain, regardless of the
centers, vertex, or face positions of a Cartesian grid. The main advantages of the immersed
boundary method are savings in memory and CPU use, and easy grid generation compared to
the unstructured grid method.

The immersed boundary method (IBM) was first proposed by Peskin (1997) to simulate
blood flow in heart valves by using the finite difference method, a highly complex problem
that involves moving boundaries and complex geometries. The central idea related to Peskin’s
method is the use of two independent meshes: the Eulerian one, which is used to solve the
fluid flow equations, and an independent Lagrangian mesh, which represents the immersed
body. This procedure allows modeling complex geometries immersed in a fluid flow, avoiding
the use of complex meshes to fit the grid to the immersed body. Since there is no geometric
dependence between these two meshes, the IBM can easily handle moving boundary problems
without regenerating the grids during the time-marching.

According to Ji at al. (2012), the correct calculation of the body force, which represents the
fluid—solid boundary conditions, is a key issue for all type of IB approaches. The main issue in
the methods based on the concept of an immersed boundary is how to compute the force term.
Based on this, distinct classification systems can be used to categorize the different kinds of
IBM. Mittal at al. (2005) classified the IBM using two classes of methods, depending on how
the source terms describing the presence of the boundary are imposed: the continuous forcing
approach, for which a modification is performed directly in the equations that model the flows,
and the discrete forcing approach, where the resulting system of linear equations is changed to
take into account the presence of the body. Mittal at al. (2005) also categorized the discrete
forcing approaches into those that are formulated so as to impose the boundary condition on
the immersed boundary through indirect means, and those that directly impose the boundary
conditions on the IB. More details can be found in Mittal at al. (2005).

Many researchers have used the IBM successfully in various applications. These applica-
tions cover a broad spectrum of fluid dynamics problems, from flow through heart devices (Pe-
skin,1972,1977), to the interaction of body movements and fluid flow (Cai et al., 2017; Mittal
et al., 2005), and supersonic flows (Chi et al., 2017). Some examples may be given: modeling
anguilliform swimming (Tyson et al., 2008) and 3-D parachute simulation (Kim et al., 2009).
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Uhlmann (2005) presented a direct-forcing immersed boundary (IB) approach using the high-
order regularized delta function suggested by Peskin (1972) in the velocity interpolation and
in the force distribution. Cai et al. (2017) proposed an implicit immersed boundary method
for the simulation of incompressible viscous flow over stationary or moving solid boundaries.
It combines the implicit immersed boundary projection method and the explicit direct forcing
IBM. Chi et al. (2017) used a ghost-cell immersed boundary approach to represent a solid body
in compressible flow simulations in supersonic flows. Also following the line of the ghost-cell
method, Tseng et al. (2003) showed good results by computing turbulent flows and Gao et al.
(2007) proposed an improved hybrid Cartesian/immersed boundary approach based on a ghost
point treatment. Another advantage of the immersed boundary method is the possibility of its
application within other discretization methods besides finite difference and finite volume, e.g.,
Ilinca et al. (2011) and Boffi et al. (2003) used a finite element implementation of the IB
method. Cheng et al. (2010) and Feng et al. (2004) applied a combination the most desirable
features of the lattice Boltzmann and the IBM. Kinoshita et al. (2016) proposed a novel IBM
for flows with thermal effects by using the Fourier pseudospectral method.

1.2 The issue concerning thin/sharp bodies

Especially for the geometries of thin plates and sharp edges, the interpolation function
linking the Lagrangian and Eulerian meshes in the IBM can generate some inconsistencies in
the discretized transport equations. As a result, some IBM cannot correctly predict the flow over
these kinds of geometries. For instance, the so-called diffuse methods have a direct disadvantage
of smearing out discontinuities across the boundary. This smearing has an unfavorable effect
on the accuracy of the numerical scheme (Berthelsen et al., 2003) and its consequences can
be noticed when treating flow over sharp-geometries, e.g flat plate, thin airfoil or streamlined
bodies. This undesirable force-spreading behavior is better illustrated in Fig. 1, where the force
distribution on a sharp corner is shown. One can notice that the region on which the surface
force of a Lagrangian point acts has a larger dimension than the geometry represented and,
consequently, it deforms the effective shape of the immersed boundary.
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Figure 1: Sharp edge on a staggered grid showing a diffuse IB spreading strategy, where k is the Lagrangian
point.

Seeking to deal with the problem of discontinuity due to very thin immersed bodies, the so-
called sharp methods have been developed (Udaykumar et al., 2001). In this category of IBM,
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the communication between the immersed boundary and the flow solver is usually accomplished
directly by modifying the computational stencil near the immersed boundary. Different kinds of
sharp IBM have been developed, e.g., the cut-cell method (CCM) and the immersed interface
method (IIM). In the CCM (De Zeeuw et al., 1993; Meinke et al., 2013; Quirket al., 1994;
Tucker et al., 1999; Yang et al., 1999; Yee et al., 1999), the immersed body is cut out of the
Cartesian mesh and the grid cell is then locally refined to better model the body’s curvature.
This kind of method is generally used with the finite-volume method. In the IIM (Berthelsen
et al., 2004; Le Veque et al., 1997; Li et al., 2001, Wiegmann et al., 2000), a correction term
is introduced to the standard differential equation so that the numerical discretization is well-
defined across a discontinuous interface. Despite good results, the sharp IB method is limited
due to the difficulty of its implementation in three-dimensional geometries.

1.3 Objective

In the present paper, we apply a direct immersed boundary method in order to analyze its
ability to properly compute the flow past thin plates and sharp edges, especially those leading
to discontinuous regions. An extended version of the local ghost cell method (Berthelsen et
al., 2003) with a semi-implicit temporal integration is presented. The method is validated and
applied to several benchmark cases: a two-dimensional flow past a stationary circular cylinder;
the flow past a circular cylinder between parallel walls; an impulsively started flow past a flat
plate; and, lastly, the flow through two parallel channels aligned in the x-direction with different
heights separated by a very thin rigid interface.

2 BASIC MATHEMATICAL MODEL AND NUMERICAL METHOD

In this section, the differential mathematical model is presented as well as the numerical
procedure to solve the resulting transport equations. In order to solve for the flow around an
arbitrary body with a complex geometry, incompressible two-dimensional laminar flows are
modeled by using the Navier—Stokes and continuity equations. The numerical methods used are
based on a finite-difference approach on a staggered grid. A semi-implicit scheme is adopted.
The central difference scheme (CDS) is applied to express both the diffusive and advective
contributions of the transport equations. The fractional-step (Kim et al., 1985) algorithm is
used for pressure—velocity coupling.

2.1 Mathematical model

A rectangular domain is used and discretized with an Eulerian grid in a Cartesian reference
frame. The momentum and continuity equations for a viscous incompressible fluid flow with
constant specific mass and viscosity can be written as Eqgs. 1 and 2, respectively,

[ ot O0z; } O T O3 i )
8ui .
0z, 0, 2

where p is the specific mass, the u; are the components of the fluid velocity, p is the pressure, u
is the dynamic viscosity, and the f; are the Eulerian body force components.
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It is necessary to provide boundary conditions to the equations above. In the context of
IBM, these boundary conditions can be divided into two major groups: the boundary conditions
related to the limits of the domain, and the boundary conditions at the interface between the
fluid and solid domains. The first ones are specific to each case and will be treated in Section 4.
The boundary conditions for the fluid—solid interface of the IB are generally given by Eq. 3,

U; = Ui in O, (3)

where u; r are the velocity components of the immersed body.

The whole domain is denoted by €). The subdomain defined by the immersed solid body
is Qr and the fluid surrounding it is {2y. The immersed boundary is represented by I'. These
equations are solved in the Eulerian domain and the coupling between both grids (Eulerian and
Lagrangian) is accomplished by the force source term, which is defined in the whole domain
(2, but presents values different from zeros only at the points that coincide with the immersed
geometry, enabling the Eulerian field to detect the presence of a solid interface. Such behavior
is expressed by Eq. 4,

f(@t) = / F(Xp, )0(Xy, — 2)d X, (4)
T

where F/(X),t) is calculated over the domain I'. This integral transfers the Lagrangian field
F(Xp, t) to the Eulerian field f(Z,t), where X, describes the interface I, and # describes
the domain (2. It is worth noting that a direct method which directly imposes the boundary
conditions on the IB can also be expressed by a force term, even if it plays a role only in the
discretization of the transport equations.

2.2 Numerical method

In this section, the numerical procedures chosen to solve the transport equations presented
above are described. The continuity and Navier—Stokes equations are discretized employing
the finite-difference method with staggered arrangements of cells for the velocities and a cell-
centered arrangement for the pressure. The equations are integrated in time using the fractional
step method based on the semi-implicit first order Euler method, treating the advective term
explicitly and the diffusive term implicitly, which eliminates the viscous stability constraint.

Time-stepping procedure

The equations are integrated in time by using the fractional step method (Kim et al., 1985;
Van Kan et al., 1986), which consists of three substeps. Firstly, a modified momentum equation
is solved and an intermediate velocity, u;, is obtained. A fully implicit scheme is employed
for the diffusive terms, while the advective terms are discretized using an explicit scheme. In
this substep, the following modified momentum equation is integrated with a semi-implicit first
order Euler scheme:

u; —uy
At
where N (u) is the advective term, L (u]) is the diffusive term and F* is the Lagrangian body

force components at the present time step (n). For implicit as well as for semi-implicit methods,
a linear system of algebraic equations needs to be solved for the velocity.

= —N (W) + L (u}) + FP, )
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The second substep requires the solution of the pressure correction equation:

wpt™t —ur  14p ©)
At poxy
which is solved with the constraint of having a divergence-free field for the velocity at the next
time step, u}""'. This gives the following Poisson’s equation for the pressure correction:

o (dp\  p Ou;
oz, (aT:) = Now, @

Once the pressure correction is obtained, the velocity is updated by

ntl % At@

uz [

—_—. 8
- ®)
This procedure completes the time step loop. Normally, one loop is sufficient to obtain a
divergence-free velocity field.

Spatial discretization of the transport equations

As already mentioned at the beginning of the present section, the central difference scheme
(CDS) is applied to express both the diffusive and advective terms of the transport equations.
To illustrate the discretization of a derivative using the CDS approach, consider the grid cell
of lengths Az; x Ay; shown in Fig. 2. The indices (i, j) denote the node at which the partial
differential equation is approximated. Note that the pressure, p; ;, is located at the center of the
cell, whereas u; ; and v; ; represent the velocity components at its faces.

Uity p i+1j
- o AYje
TV 1, T
__lim op i1 l;l,,,' pu l=l,,,+1 opwﬂ ij
;Vi,j-l +5Vi,] *V\,H]
| | |
Uit p i-1j
> AYjq
TVi-l,j
AXiq AX; AXigq
f————f———

Figure 2: Sketch describing the naming convention and location of velocity components employed in the
spatial discretization of the transport equations.

The structure adopted for the computational grid can be uniform or non-uniform. There-
fore, it is necessary to perform interpolations to discretize any spatial derivatives. In the case
of non-uniform grids, it is important that such interpolations are obtained by using distance-
weighted rules (Ferziger et al., 1996). Boundary conditions must be given in order to solve
the set of transport equations. In the numerical code developed for the present research, it is
possible to choose between periodic, Dirichlet, Neumann, or advective boundary conditions
(Orlanski, 1976) for each boundary of the computational domain.
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Employing the temporal integration method described above and the discretization strategy
chosen, the result of the numerical form of Eq. 5 far from the immersed body is a system of
linear algebraic equations of the form

Aijuig + Aipa iz + Aicrjuiony + Aijiatijer + Aijoaui g1 = Qi )

where (); ; is the source term depending on the velocity at the preceding time step and A; ;
the coefficients. The approximations for the y-momentum equation can be formed in a similar
manner.

3 IMMERSED BOUNDARY METHOD

How the boundary conditions are imposed on the immersed boundary determines, for the
most part, how an IB algorithm is performed, and distinguishes one 1B method from another.
In general, the modification takes the form of a forcing function in the transport equations
that reproduces the effect of the boundary. According to Mittal at al. (2005), introducing a
forcing function leads to a division of IB methods into two groups, namely direct and indirect
boundary condition imposition. Another common classification is in terms of continuous or
discrete forcing. In this section, the mathematical and computational procedure of the immersed
boundary method proposed in the present paper will be presented.

3.1 The semi-implicit local ghost cell method

The semi-implicit local ghost cell method (SILGC) was conceived to solve for flows around
thin and blunt bodies in an IBM approach. The basic idea in this method is to calculate the flow
variables adjacent to the immersed boundary with no dependence on the cells inside the body,
such that the boundary conditions in the vicinity of the immersed boundary are satisfied. This
method was introduced by Berthelsen et al. (2007) in an explicit approach and it showed good
agreement with the results in the literature.

In order to apply the SILGC, a special method was developed to identify the nearest sur-
rounding fluid cells with respect to the Lagrangian points on the suface of the body. The Eu-
lerian cells near to the external surface of the body need to be identified and the computational
stencil must be modified, so that it satisfies the boundary conditions. In order to identify the
influence of the immersed boundary, it is necessary to establish the grid—interface relation with
a given description of the immersed boundary, such as a parametrized curve/surface or a trian-
gulation. In this step, based on Berthelsen et al. (2007), all Cartesian grid center nodes are split
into four kinds of grid cells, namely:

e solid cells — as the name suggests, these are cells whose nodes lie inside the solid body;

e neighboring-cells — these are the cells in the fluid domain making up a stencil of one or
more neighboring cells in the solid phase;

e fluid-cells — these are the cells whose nodes lie outside the body, in the fluid domain and
far from the immersed boundary;

e forcing faces (for velocity faces) — since a staggered grid is being employed, if a velocity
face lies in the fluid domain with one pressure cell inside the solid domain as a neighbor,
the pressure equation (Eq. 7) cannot be applied and a special treatment is needed. Then,
this velocity face has its value determined by an interpolation strategy.
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Solid cells and forcing faces are considered “inactive cells” while the others are called
“active cells.” Only the active cells inside the fluid domain (§2¢) are included in the linear
system for the momentum equation described in the previous section (Eq. 9).

Velocity determination in the forcing faces

As depicted above, the forcing faces are velocity faces that have an absence of pressure
nodes in the composition of its stencil, so that Poisson’s equation cannot be applied and, conse-
quently, the balance of momentum equation becomes impractical for this face. To circumvent
this limitation, the velocity u; ; at the forcing face must be determined by considering the in-
fluence of the IB and the velocity field. For example, considering Fig. 3, the calculation of the
pressure gradient on face u; ; requires the pressure nodes p; ; and p; ;_;. However, since p; ;
lies inside the solid domain and is separated from u; ; by an interface, this pressure gradient
cannot be computed. Consequently, Poisson’s equation cannot be applied in this situation and

the velocity u; ; must be imposed depending on the velocity in the IB and the velocity field in
Q.

Ui q
i " Solid
Uij2 Uij1 Ui Ur
- ° - ° ] o
p -1 p ij
ui-lyi-Z ui-l,j»l ui-l,]
- - [} -
Fluld Uiz _Tl,li_zyl

Figure 3: Sketch describing the stencil of the velocity face u; ; where pressure node p; ; lies inside the
immersed boundary.

To impose the velocity on a forcing face, an interpolation function must be applied in order
to calculate its value. Here, the general form of the interpolation function is a simple 2-D
polynomial approach and the calculation of the interpolated velocity is accomplished with the
nearest Lagrangian point and the four nearest fluid nodes. The flow variables are assumed to
vary in a quadratic manner in both the x and y directions. By expressing the local flow variables
as ¢, the complete form of the interpolation is given by

5
Gij = Z amCi(,T) = Qo+ a1%;j + 6121’,27]‘ +asyi; + a4y7,’2,j' (10)

m=1

where a, a1, - - -, a4 are the coefficients of the polynomial and Cl.(y) represent the indeterminates
of the polynomial (z; ;, xf,j, v;,; and yg ;) at the face (i, j). The imposed forcing face velocity
value is a weighted combination of the values at the neighboring nodes. The five constant
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coefficients of the assumed polynomial are evaluated from the four neighboring fluid cells and
the IB point, and are given by

a= B¢, (11)

where, for the chosen 2-D interpolation, 5 is a 5 X 5 matrix whose elements can be computed
from the coordinates of the four neighboring cells and the IB point. B is given by

2 2 _ -
Lz Tic1y Yi-15 Yi—1, (1) (2) (5)
9 9 Ci—l,j Ci—l,j o Q’—Lj
L @iy @i Yielg Yie C(1) C(2) <(5)
o 9 9 . i+1,4  Si+ly T i+1,5
B=11 wja o0 Vg Yiga| = | . A (12)
2 2 '
U % 500 Yig+r Yija @) (5)
2 2 C7J+1 sz.j"_l U C’h]-‘,—l_
1  ar Th yr Yp

Majumdar et al. (2001) and Tseng et al. (2003) tested this kind of interpolation function
for ghost-cell immersed boundaries by using second-order bilinear and quadratic interpolation
schemes and obtained good results.

Now let ¢ assume the value of the velocity u. The 2-D polynomial interpolation is evaluated
based on the velocity faces neighboring u; ; and ¢ is computed by

¢ = {Uz‘q,j,Ui+1,j,Ui,j—laui,jﬂ,ur}- (13)

Then the imposed velocity evaluated in the face position (i, j) is given by

Ujj =+ Bné}(;-) + BQlC(Q) - By + CZ-(;)') Uj—1,5 + [312@%) + Bm(,-@) + -+ Bsa + CZ(E;)] Uiy,
+ B13Ci(3~) + B23C(2) -+ Bys + Cz-(j) Ujj—1 + [314@-(, + B24C(2) o+ Bsg + Cz(i)] Wi jy1
+ B15Ci(§-) + B, C(Q) -+ Bys + Ci(z) ur.

(14)

Since in the present paper a semi-implicit temporal integration method is proposed, it is
convenient to compute the terms of the interpolation function relative to the velocity faces in an
implicit manner. Then Eq. 14 must be included in the linear system given by Eq. 9. Thus, for
the imposed velocity in the forcing face, the coefficients from Eq. 9 are replaced by

Ai,j =1,
Aicrg == [Bucl) + Bac® + - Buc)]
&HFD‘BC”+%&?+wBﬁﬁﬂ
Aijoa=— B 3¢ 4+ By 1 Biyc®)] (15)
Ajjy1=— 31 C( ) 4 B, QZ.@) N 354@(2)_ ’
Qg = [315<1,j + By + - BssGl3 | ur.
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Since forcing faces always have at least one neighboring cell separated by an interface,
the general interpolation form given by Eq. 14 cannot be applied, because not all neighboring
velocity faces are in the fluid domain. Considering this restriction, the interpolation function
must use only the velocity faces inside the fluid domain, (27, and the coefficients of the linear
system must be updated. For instance, considering the face (4, 7) in Fig. 3, the imposed velocity
u; ; can only be evaluated using the velocity faces w;_; ; and u; j_;. So its interpolated value is
given by

U5 =+ _anz%-) + B3167;(7?]") + B51§i(3)_ Ui—1,j

+ B13C¢(§) + 33341-(3) + B53C¢(3) Ui j—1 (16)

+ B15CZ-(;) + B35C,~(3) + B55C¢(3) ur,

and the coefficients from Eq. 9 are replaced by

A =1,

Aij=— [Bn Z(? + 33141(,:;) + 351(;-(3)] )

Aiy1; =0,

Ajj1=— [313@(7? + Bs3<§? + 353@(3)] ; 4
Aijy1 =0,

Qij = [315@(;) + B35C§,§) + B55C¢(3-)} ur-.

From the coefficients of the linear system (Eq. 17) it can be seen that there is no link between
regions separated by an interface, since there is no dependence between these cells.

Discretization of the momentum equation over neighboring cells

In the presence of a discontinuity due to a sharp obstacle, methods like finite differences
or finite volume present regions of discontinuity. According to Linnick et al. (2005) and
Berthelsen et al. (2007), a Taylor series expansion can only be applied to a continuous and
smooth function, making its use impossible for flows over thin bodies. However, if the func-
tion to be considered is piecewise smooth, a remedy to solve this problem can be stated and its
higher derivatives are computed. For simplicity, consider the example given by Berthelsen et
al. (2007): a generic, one-dimensional function f(x) with € [Zin, Tmax], Which is continuous
everywhere except at the point z = z,, ( Tmin < T < Tmax)s

Fa) = f(x) ifog, <z <z, . (18)

[T(x) ifzg <2 < T

The grid equations are discretized using a uniform grid spacing Az. For any region in which
the relevant variables are smooth, the numerical approximation to the nth derivative of f(z;)
can be written as

fz(n) = »C(n)(fla fl+17 "'7fi7 sy fT'*17 fT’) + O(Al'p), (19)
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in which £ stands for the discrete finite difference operator and the order of accuracy of the
numerical discretization method is given by p. The indices [, + 1,7, — 1, r denote the nodes
composing the stencil while ¢ indicates the node at which the differential equation is approxi-
mated.

If there is a discontinuity located at x,, the finite difference must be modified, because it
involves grid cells on both sides of the discontinuity point. A procedure to deal with this issue
is the following. Since f(x) is piecewise continuous, the derivative operator can be applied
considering only the cell values at one side of the discontinuity by considering a smooth extrap-
olation beyond the interface and its values at the positions of the solid cells in the grid. So, by
changing the operator £(™ to compute the approximate nth derivative of f(z;), we have

F = L frs frors oo Fis oo Fis Flns oo £21, F2) + O(AaP), (20)

where f;’ 't1, -+, J are the extrapolated values, referred to as fictitious ghost cell values. The
extrapolated values can be determined by any interpolation function.

Based on the above equations (Egs. 19 and 20), a relation between the grid and the im-
mersed boundary needs to be established for the momentum equation. In this way, for the cells
located close to an immersed boundary, Eq. 9 is no longer valid and may be modified by re-
placing any point separated by an immersed boundary by a temporary fictitious value. This
smoothly extends the solution across the boundary and the effect of the body inside the flow
can be represented well. For instance, in Fig. 4, if on the stencil of a cell velocity point u; ; the
velocity points w; ;11 and 1,41 ; lie inside the immersed boundary, they cannot be used to eval-
uate the velocity at cell (4, j). Using the strategy described above, these velocity points inside
the solid domain will be replaced by the values obtained by extrapolating the solution along the
x- and/or y-direction. Equations 21 and 22 show the extrapolated velocities for cells u; 1, and

Uit1,5, Tespectively:

Fluld Uizj+1 \
g

Figure 4: Sketch describing the stencil of the velocity face u; ; where velocities u; ;1 and u; ; lie inside
the immersed boundary and are replaced by ghost cells.

UfHJ = ap + U, ; + eU;—1j + agur, (21)

and
Uf,jﬂ = Bo + Biusj + Pottij—1 + Bt j41 + Batti—2 i1 + Bsur, (22)
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where o and [ are the coefficients of the extrapolation function depending on the geometric
dimensions. The extrapolation function applied here is given by Eq. 10. For this example
(Fig. 4), the coefficients from Eq. 9 are replaced by

A juig+ A] ) juia g+ A i+ AL v AL g w0 = Q5 (23)
where

Al = Aij+ Aipagon + Aija b,

Aij_l = Ai’j_1 + Ai,j—l—lﬁ%

AQ = Ai—l,j + Ai_l,_l’jOéQ, (24)

i—1,5

g —

Ai—l,j—f—l - Ai,j+1ﬁ37
g —

Ai—?,j—f—l — Ai,j+1ﬁ47

and Q7 ; is similar to @; ; (Eq. 9) with the velocities ;1 ; and u; j,, being replaced by u, ; ;
and ufﬁ j+1» respectively. Note that a part of the calculation of the interface source term, given
by ur, is also incorporated into the implicit term. In the present paper, to obtain the ghost cell
values, a third-order Lagrange extrapolation polynomial scheme is used.

In Poisson’s equation for pressure (Eq. 7) at cells close to the immersed boundary, a similar
procedure to that for the velocity equation is used to compute its derivatives: inactive cells are
replaced by ghost values depending on the fluid domain and on the IB. The approach applied in
the present paper is the same as that used by Berthelsen et al. (2007) and it is not detailed here.

4 RESULTS

In the present paper, the semi-implicit local ghost cell method (SILGC) have been applied
to several benchmark cases at various Reynolds numbers in order to validate the method and the
numerical procedure. The cases are: the flow past a circular cylinder, the flow past a circular
cylinder between parallel walls, an impulsively started flow past a flat plate and a separated
plane channel flow. All the calculation were compared with results reported by the literature.

A rectangular domain was used for all the simulated cases and a stretched Cartesian grid
with refined cells near the immersed boundary was applied. The grid was chosen for each case
based on a grid refinement study, omitted in the present paper for conciseness. The boundary
conditions were imposed in such a way that the flow was from the left face toward the right face
of the domain. The fluid properties p and p were considered constants. The dimensions of the
domain were set so as to minimize the boundary effects on the development of the flow.

Dirichlet boundary conditions (u/U = 1;v = 0, where U is the inflow velocity) was used at
the inflow boundary. On the body’s surface, non-slip conditions were imposed (v = 0,v = 0).
A Neumann-type boundary condition was adopted at the outflow and lateral boundaries for open
flows. The Reynolds number was defined as

UD
Re =2 (25)
I
where D is the characteristic length. The dimensionless time was defined as
Ut
T=—. 26
D (26)
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Once the velocity and pressure fields are calculated, the drag and lift coefficients and the
Strouhal number can also be determined, using the force field directly. As demonstrated by Lai
et al. (2000), the drag force on an immersed body in a stream arises from two sources: the shear
stress and the pressure distribution along the body. The drag coefficient can be defined as

Fp

v = W2yptD’

27)

where [ is the drag force. Here, it can be calculated using the Eulerian force or the Lagrangian
force:

L
Fp = —/dex = —/ — frds, (28)
r 0

where F), and f, are the x components of the Lagrangian and Eulerian forces, respectively, and
L is the length of the interface.

Similar to the drag coefficient, the lift coefficient can be defined as

Fr,

Ch;::(1/2)pUQLY

(29)

where F7, is the lift force, which can be calculated using the y component of the Eulerian force
or the Lagrangian force:

L
h:—/@@:—/—ﬁ@, (30)
T 0

where [, and f, are the y components of the Eulerian and Lagrangian forces, respectively.

The Strouhal number, St, is defined as the dimensionless frequency at which the vortices
are shed behind the body:

_ /D
=T
where f is the vortex shedding frequency. This frequency can be obtained using the Fast Fourier
Transform of the lift coefficient time distribution.

St €1y

4.1 Laminar flow past 2D stationary circular cylinder

A laminar flow past a two-dimensional stationary circular cylinder is calculated to verify
the methods developed in this paper. The domain has a length of 120D and a width of 60D,
where D is the diameter of the cylinder. Simulations were performed for Reynolds numbers
ranging from 10 to 300. A computational mesh of ~ 500 000 volumes was used. The center of
the cylinder was placed at /D = 50 and y/D = 30.

Figure 5 shows the streamlines neighboring the cylinder and the recirculation bubble behind
the cylinder at Re = 40 in the steady flow regime obtained through the semi-implicit local ghost
cell method. The bubble increases with the Reynolds number. At Reynolds numbers equal to
10, 20 and 40, the wake formed behind the cylinder attains a steady symmetric state and at
higher Reynolds numbers it becomes unstable, which is in agreement with the well-established
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Figure 5: Circular cylinder streamlines at Re = 40. Nomenclature used in Tab. 1.

Table 1: Steady uniform flow past a circular cylinder for Re = 40: length L of recirculation zone, location
(a, b) of vortex center and separation angle 85 (nomenclature given in Fig. 5).

Reference L/D a/D b/D 0Os

Coutanceau et al. (1977) 2.13 0.76 0.59 53.5
Calhoun (2002) 2.18 - - 54.2
Le et al. (2006) 2.22 - - 536
Linnick et al. (2005) 228 0.72 0.60 53.6
Xu et al. (2006) 2.21 - - 535
SILGC 223 0.73 0.60 53.0

result of the linear stability theory. The cylinder wake instabilities rise for Re > 47. The length
of the recirculation zone, the location of the centers of the vortex, and the angle of separation
are given in Tab. 1, where they are compared with experimental and other numerical results.
This indicates that the boundary condition is satisfied.

Figure 6-(a) shows the pressure coefficient on the cylinder surface, defined as Cp = 2(p —
po)/(pU?); Fig. 6-(b) shows the vorticity coefficient wD /U on the cylinder surface at Re = 40.
Both variables are functions of the angle 6 and are taken at the Lagrangian points Xj.

The comparison of the drag coefficient obtained in the present paper with other numerical
and experimental results Park et al. (1998), Yee et al. (1999) and Triton (1959) is presented in
Tab. 2. Very good agreement has been obtained.

4.2 Suddenly accelerated normal plate

A laminar flow past a suddenly accelerated normal plate has been studied. This geometry
illustrates a flow around a thin body in a position that is normal to the flow. The domain has a
length of 120D and a width of 60D, where D is the height of the plate. The center of the plate
was placed at /D = 50 and y/D = 30. The simulation was performed at Reynolds number
Re = 126 (based on the height of the plate and the uniform free stream velocity), in order to
compare it with results of Koumoutsakos et al. (1996) and Taneda et al. (1971). A computa-
tional mesh of ~ 700 000 volumes was used. The plate is considered as an infinitesimally thin
finite flat plate accelerating normal to its surface.
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Figure 6: Pressure (C),) and vorticity (wD /U) coefficients distribution on the cylinder surface at Re = 40.

Table 2: Comparison of mean drag coefficient (Cp) with those in the literature.

Re SILGC Berthelsen et al. (2007) Yee et al. (1999) Triton (1959)
10 2.68 2.78 - -

20 2.04 2.01 2.03 2.22

40 1.53 1.51 1.52 1.48

80 1.38 1.35 1.37 1.29

100 1.34 1.33 - -

300 1.24 1.37 1.38 -

Figure 7 shows the streamlines neighboring the flat plate and the evolution of the separation
bubble behind the plate at two different time-steps. The bubble increases with time and does
not reach a steady flow.

2 2

1.5

0.5

S
>

-0.5

-1.5

-2 -2

(b)

Figure 7: Instantaneous streamlines showing evolution of the separation bubble at non-dimensional times
tU/D (a) 1.2 and (b) 7.5.

Figure 8 presents a comparison of the pressure coefficient distribution on the plate surface
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found with the method proposed here and the numerical results of Berthelsen et al. (2007) at
tU/D = 1.0. The SILGC has a good agreement with the results of Berthelsen et al. (2007),

2 L
upstream
1l
= of
U &
) Berthelsen and Faltinsen (2007)
1t o SILGC (Present study)
'2 L™ downstream g, X

06 04 02 0 02 04 06
y/D

Figure 8: Distribution of pressure coefficient (C},) along the flat plate.
which applied the same method explicitly using a second order Runge—Kutta method.

4.3 Two parallel laminar channel flow

An other example that illustrates the importance of the pressure and velocity decoupling
constraint in the simulation of flow past thin body is the case shown in Fig. 9. Two parallel
channels (also known as Poiseuille flow) aligned in the x-direction with different heights, sep-
arated by a very thin rigid interface (notionally with zero thickness) with steady laminar flows
in the same direction.

U_» (2/3)H Channel B /-|(lmmersed boundary))|
(1/3)H Channel A
20H |

Figure 9: Schematics of the two parallel plane channels with different height.

The lower channel (channel A) has a height of (1/3) H and a normalized pressure difference
of 2AP/U?p = 2000 between the inlet and outlet faces, and the upper channel (channel B) has
a height of (2/3)H with 2AP/U?p = 1200. A characteristic mean velocity U = 1 is used for
the normalization, H is the total (sum) height of the channels and the length of the domain is
20H. Both the decay rate of the pressure in the streamwise direction and the pressure at the inlet
face are different in the two channels in order to create a greater discontinuity. This case seeks
to create a flow with discontinuities in the velocity and pressure fields, and thus the ability to
treat cases involving thin bodies is tested. The results will be compared with the exact solution
given by Eq. 32:

uly) = -2 9P {1 - (yﬂ 7 (32)

where the h = 2H is the half-height of sum of the heights of the two channels and the pressure
gradient is considered constant.
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Since the pressure and velocity are different in each channel, their profile normal to the
interface shows a discontinuity across the thin wall, as seen in Fig. 10. One can see that the

2

—— SILGC . SILGC
1200¢ Analytic solution

15}
o 1000
=
=~ jam) Channel A Channel B
= ; = 1t
o r ChannelA | = L
S 800} !

Channel B
¢ 0.5
600 F
0 02 04 06 08 1 0 0z 04 06 08 1
y/H y/H
(a) (b)

Figure 10: Profiles at x/H = 10 of the (a) normalized pressure coefficient 2(p — po)/U?p and (b) nor-
malized horizontal velocity v /U compared with the exact solution.

semi-implicit local ghost cell method maintains a discontinuous pressure profile (Fig. 10-a) and
a parabolic z-velocity profile (Fig. 10-b) across the thin wall and has a good agreement with
the exact solution. The pressure decoupling constraint is satisfied, under the condition that the
derivation of the velocity in one domain is determined exclusively from the velocity field in that
fluid region and does not create a pressure and velocity link between both channel domains.

S CONCLUSION

A IBM for imposing the boundary conditions on the solid—fluid interface, namely the semi-
implicit local ghost cell method, were presented and tested to calculate the uniform flow over
immersed bodies with a special focus on sharp and thin IB. In order to verify the presented IBM,
different benchmark cases have been tested: the laminar flow past a circular cylinder, the flow
past a circular cylinder between parallel walls, an impulsively started flow past a flat plate and
a separated plane channel flow. Flow parameters including drag and lift coefficients, Strouhal
number, wall pressure, velocity streamlines, and the length of the bubble recirculation, have
been presented for several values of the Reynolds number.

The SILGC, a semi-implicit IBM approach, proposed in the present paper, showed good
results when dealing with a flow over blunt bodies, thin plane and sharp edges. This behavior
can be explained by the fact that its force distribution does not smear the immersed boundary
over several grid cells as diffuse methods and then, deals properly with sharp geometries.
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