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Abstract. This work consists in propose a selective mesh enrichment using the Generalized
Finite Element Method (GFEM) applied to free vibration analysis of trusses. For this, the
Friberg Indicator is used, because it has the property of identify which elements present a
greater contribution in the convergence of the approximation when applying the GFEM from
an initial solution obtained by the Finite Element Method (FEM). As the enrichment with
GFEM is performed, the mass and stiffness matrices have their dimensions increased in a
significant way. By identifying the elements that better influence the convergence of the
approximation, it is possible to enrich only these elements, thus solving a system of smaller
size, with an error close to the error obtained with the enrichment of all elements of the mesh.
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INTRODUCTION

When an approximate solution of a boundary value problem is obtained, it is of utmost
importance to know how far the approximation lies from the analytical solution. As
introduced by Petroli (2016), usually in engineering problems, it is not possible to get the
exact solution, so the approximate methods are the only way out.

In this perspective, the GFEM is presented as a tool to obtain an approximate solution for
different boundary value problems and a current research topic addressed in different
problems, some of them described by: Weinhardt (2016), Petroli (2016), Torres, Barcellos
and Barros (2016), Ferreira, Barros and Greco (2016), Mendong¢a, Chamoin and Barcellos
(2016), Shang (2014), Torii (2012), Arndt (2009) and others.

The error indicator proposed by Friberg (1986) and also discussed by Friberg and Moller
(1987) can be used to estimate the relative error related to a target frequency in a free
vibration analysis, when we wish to improve an initial FEM solution by an increase in the
number of degrees of freedom.

In this work the Friberg indicator is applied in GFEM dynamic analysis of trusses in
order to identify which elements in the mesh may be enriched to better improve the precision
of a chosen frequency. The proposed selective GFEM mesh enrichment can reduce the
computational cost of the dynamic analysis.

2 GENERALIZED FINITE ELEMENT METHOD

According Gais and Proenca (2008) the Generalized Finite Element Method (GFEM) is
characterized as an unconventional extension of the Finite Element Method, because the
GFEM incorporates characteristics and techniques of the Meshless Methods, such as nodal
enrichment. This method is used to solve boundary value problems, which consists of a
differential equation that governs a given problem, along with the boundary conditions, which
may be Neumann or Dirichlet conditions.

According to Torii (2012), the GFEM allows the inclusion of non-polynomial functions
(commonly trigonometric) in the approximation space. The studied phenomena generally
have known characteristics those allow to select non-polynomial functions in order of better
represent the phenomenon. This approach can generate a significant improvement in the
convergence of the approximation, since the approximation space of the functions tends to
better describe the exact solution space of the problem.

Another important property for the GFEM, which brings advantages to the dynamic
analysis of structures, is the fact that it meets the criteria of the Unit Partition (PU), as shown
by Melenk and Babuska (1996). The space obtained with the PU inherits properties of
conformity and regularity of the original space, where the new function space has compact
support and the sum of its values for the domain Q is always unitary.

The GFEM has been presenting excellent results for problems as dynamic analysis of
bars, beams, trusses and frames, crack analysis, plasticity, two-dimensional wave equation,
plane stress state and others. In dynamic analysis, as presented by Weinhardt (2016), the
approximations obtained by FEM present difficulties and limitations in obtaining higher
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frequencies and the use of GFEM becomes attractive in these cases, since this one presents
good results especially in the determination of high frequencies.

In GFEM trigonometric functions can be constructed starting from the fundamental
relation sin? x + cos? x = 1 for all x belonging to the real. Thus for a finite element of local
coordinates & = [0,1], the following functions can be defined:

¢5 = cos® (£.5) (1)
¢5 = sin? (£.2) 2)

Where the functions presented by Eq. (1) and Eqg. (2) are examples of functions that can
be used in the PU so that its properties are satisfied. In this way there is no interference of the
elementary functions in the global domain, since the union between the elements respects the
completeness and compliance criteria. The above functions are represented graphically by
Fig. 1.
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Figure 1. Functions that meet the PU standard.

As already mentioned, one of the GFEM applications is the free vibration of a bar,
considering only axial displacement, as illustrated in Fig. 2.

| u(x.t)
|
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Figure 2.Straight bar with axial deformation.
Arndt (2009)
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The partial differential equation describing the free vibration of a uniform bar is:

0%u 9%u

e o =0 ®)
where p is the specific mass, E is the modulus of elasticity, t is time, x is section position and
u(x,t) is the displacement. Assuming u(x,t) = u(x).T(t), the analytical solution is given
by:

u(x) = a.sin(kx) + b.cos(kx) 4)
T(t) = c.sin(wx) + d.cos(wx) (5)

where a, b, c and d are constants, w is the natural vibration frequency of the bar, k is the bar
wave number, and k > 0. Since analytical solution of the bar problem admits trigonometric
terms, it is reasonable to assume approximation functions that also contain trigonometric
terms, so the approximate solution tends to approximate the analytical one. In this context, the
enriching functions, written in the local coordinates ¢ = [0,1] (Arndt, 2009):

¢3 = sin (B). L. §) (6)
¢1 = (cos (Bj.Le.§) = 1) (7)
¢d = sin (B). L. (§ — 1)) 8)
¢2 = (cos (Bj-Le. (= 1) — 1) 9)

are used for the simulations carried out in this work.

In Equations (6) to (9), L. is the length of the element and B; is a parameter such that
B; = jm. The functions of Eg. (6) to Eq. (9) are shown graphically in Fig. 3.
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Figure 3. Enriching Functions for g = 3m.
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3 FRIBERG INDICATOR

The Friberg error indicator was proposed by Friberg (1986), and it has the objective of
predicting variations in a given eigenvalue caused by the addition of new polynomials with
greater degree in the approximation space, when the p-hierarchical Finite Element Method is
implemented. This indicator is not an approximation of the error, but it is a dimensionless
value that allows comparisons between possible variations of an eigenvalue when different
functions are added in the process of obtaining a specific natural frequency of the structure.

The boundary value problem related to the non-damped free vibration problem is given
by (Soriano, 2014):

[M].{u} + [K].{u} = 0 (10)

where [M] is the mass matrix, {ii} is the acceleration vector, [K] is the stiffness matrix and
{u} is the vector of the displacements. Assuming harmonic displacements, the Eqg. (10)
becomes a generalized eigenvalue problem as described in detail by Carey and Oden (1984).
After an initial approximation obtained by the FEM for a dimension system nxn, if a GFEM
analysis is performed one obtains a new approximation for a system of dimension n + m,
whose block matrix representation is given by:

it I o R B W)

where the block belonging to the FEM consists of: [K],,, the stiffness matrix, [M],,, the
mass matrix, &, the n dimension eigenvector associated to the eigenvalue A;. The block
belonging to the GFEM is composed by: stiffness matrices [K|uxn, [Klnxm and [K]pem, the
mass matrices [M]mxn, [Mlnxm € [M]maxm, @nd the increase in the &, which is associated to
A; is represented by @,,. A relative variation (n;) is written from a Taylor series expansion
and the Rayleigh quotient as:

n; = AA—)L_" ~AxB (12)
where:
A= {(pnT}' ([K]mxn - /1i [M]mxn)T- (([K]mxm - Ai [M]mxm)_l)T (13)

— ([K]mxn_li-[M] mxn)-{d)i}n
({q)’lr}n-[K]nxn-{d)i}n)

(14)

More details are presented by Duarte (2003).
Therefore Eq. (12) allows evaluating the variation in the eigenvalue 4; by inclusion of the
GFEM enriching functions without the need to solve the matrix system presented in Eq. (11).
The relation between the natural frequency w; and the eigenvalue A; is given by:

w; = \/ﬂ.l (15)
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Then, due to the strong relation between the eigenvalue A; and the frequency w;, the
Friberg indicator n; can be used to give an idea of the variation caused by the GFEM at a
given frequency. According to Weiberg (1997), the approach applying an error indicator can
be used in an iterative process to select elements of interest where the refinement better
improve the results. This can be done based on the ordered values of positive maximum
indicators, which represent the major changes in an eigenvalue.

4 DYNAMIC ANALYSIS OF TRUSSES

The dynamic analysis of plane trusses is based on a system formed by the union of
straight bars, which are modeled by the partial differential equation given in Eq. (3),
admitting only axial deformations. According to Arndt (2009), the analytical solution for the
free vibration problem of trusses is rarely found in the literature, so the approximate solutions
are an alternative to find the solution of these problems. Because plane trusses have non-
collinear longitudinal axes, two coordinate systems, one local and the other global, are used as
illustrated in Fig. 4.
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Figure 4. Local and global coordinate systems for a truss bar.
Arndt (2009).

An element with two degrees of freedom in local coordinate system becomes a four
degrees of freedom element in global coordinate system. The local element degrees of
freedom u can be related to the global ones U by the rotation matrix

__[cosy siny 0 0
r= 0 0 cosy siny (16)

where y is the angle of rotation of the element.
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The rotation influences the FEM system, so that the elementary stiffness matrix is written
as [K¢] = [T]"[K][T] and the elementary mass matrix is written as [M¢] = [T]T[M][T],
presented by :

[ cos?y cosy.siny —cos?y —cosy.siny]
(K°] = EI cosy.siny sin?y —cosy.siny —sin?y I 17)
Le| —cos?y —cosy.siny cos?y cosy.siny |
—cosy.siny —sin?y cosy.siny sin?y |
2 . 1 2 1 . T
cos?y cosy.siny ~cos’y  —cosy.siny
o paL,| COSY.siny sin?y %cosy.siny %sinzy
[M€] = 3 | 1.5 1 ) 2 . (18)
cos’y  —cosy.siny cos?y cosy.siny
% cosy.siny %sin2 % cosy.siny sin?y

When GFEM enrichment functions are used new degrees of freedom are created. These
new field degrees of freedom are not affected by the coordinate system change. Thus the
coordinate transformation of the local displacement vector u in the global vector U is written

by:

_ui_
U171  f[cosy siny 0 0 0 O 01| Vi
Uz 0 0 cosy siny 0 O ol
€1 0 0 0 0 1 0 ol|vi
= 19
C2 0 0 0 0 0 1 0]l (19)
: : : : S S | 2
Lcpd Lo 0 0 0 0 0 .. 14:
o

where u,; and u, are the local displacements before rotation, ¢4, cs, ..., c, are the n field
degrees of freedom related to the GFEM, w;, v;, u;, v; are the global degrees of freedom in
global directions X and Y.

According to Duarte, Babuska and Oden (2000), the analysis using the GFEM can
significantly improve the performance of the approximation process, also making possible in
some cases to obtain a more accurate approximation, which would be closer to analytical than
an analysis using the FEM.

5 NUMERICAL SIMULATION

For the numerical simulation the free vibration of a seven bar truss proposed by Zeng
(1998) is analyzed. The GFEM analysis was implemented in Python language version 2.7,
because it is a powerful and easy manipulation tool. The geometry of the structure represented
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by seven elements is illustrated in Fig. 5. The characteristics of the structure are: cross-
sectional area A = 0.001 m?, specific mass p = 8000.0 kg/m3, modulus of elasticity
E =21 10" N/m?2.

L
2m )I( 2m
4m

Figure 5. Seven bar truss.

The first six frequencies obtained by the linear FEM and compared FEM-p found in
Cittadin (2017) with ten degree polynomial are presented in Table 1. The unit of frequencies
is rad/s.

Table 1. Result FEM-linear and FEM-p.

Frequency FEM-linear FEM-p
W, 1683.5214 1647.7844
AP 1776.2784 1740.8397
w3 3341.3752 3111.3227
Wy 5174.3538 4561.8173
ws 5678.1845 4823.2486
Wg 8315.4006 7379.4823

According Carey and Oden (1984), the numerical approximation performed here is an
upper-bound approximation, so smaller approximations of a frequency represents better
approximations.

Then the GFEM is applied with one level of enrichment and f = 1w and aiming to
improve the approximations previously found by linear FEM.

CILAMCE 2017

Proceedings of the XXXVIII Iberian Latin-American Congress on Computational Methods in Engineering
P.O. Faria, R.H. Lopez, L.F.F. Miguel, W.J.S. Gomes, M. Noronha (Editores), ABMEC, Floriandpolis, SC,
Brazil, November 5-8, 2017.



M. F. Malacarne, M. Arndt, R. D. Machado, P. O. Weinhardt.

But in this work the application of the GFEM is not performed in a conventional way,
since a target frequency is chosen and the Friberg indicator is used to analyze the contribution
in the convergence of the target frequency that each element presents when applying the
enrichment functions.

To do this, the first element L, is enriched and the respective value of the Friberg
indicator for a target frequency is calculated by Eq. (12). In order to verify if the indicator can
measure the relative frequency variation, the new enriched system (Eq. (11)) is solved,
finding a new approximation for the target frequency. In a practical process, the new system
does not need to be solved, because the indicator here has the property of realizing a
dimensionless projection of the relative variation of a certain frequency, without the new
system being solved.

This process is repeated until all seven elements receive the GFEM functions, one at a
time. At the end, seven values are obtained for the indicator and the comparison can be made,
so that the element that presents the highest value of the indicator will be the element that
contributes most to the convergence of the approximation.

5.1 Frequency w,

The Friberg indicators and the first frequency obtained enriching each element are
presented in Table 2, recalling that the approximation found by the linear FEM was
w;, =1683.5214.

Table 2. Results local GFEM- First frequency

Element i w4
Ly 0.0023 1681.5380
L, 1.25x10733 1683.5214
Ls 0.0202 1666.6351
Ly 4.69x10°° 1683.4819
Ls 0.0202 1666.6351
Le 1.25x10733 1683.5214
L, 0.0023 1681.5380

The Friberg indicator n; shows the highest values for third and fifth elements. Analyzing
the results obtained by GFEM when third or fifth element is enriched it is verified that the
indicator is successful, because in these cases the approximation obtained is better than other
elements.

It is also observed that elements two and six present the smallest values for the indicator
n; and have an approximation with very little difference from that found with the linear FEM.
Therefore, there is no need to enrich these elements, since the contribution they make to
convergence is minimal.

Is important to note that the Friberg indicator values are the same for the pairs of
elements: three and five, two and six, one and seven. This is due to symmetry of the structure.
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This behavior shows that Friberg indicator is reliable once it presents same values for
symmetric elements.

A selective GFEM refinement can be then performed based on the results presented in
Table 2. The selective GFEM is applied to the elements of the mesh respecting the descending
order of the values of the indicator, that is L;, Lg, Ly, L7, L4, L, and Lg. Each time an
element receives the enriching functions, the new system is solved, thus obtaining a new
approximation, in order to verify what happens with the convergence of the approximations as
the enrichment happens. The GFEM results are presented in Table 3.

Table 3. Results of selective GFEM — First frequency

Element w1
L 1666.6351
Ly, Ls 1651.7579
L, Ls, Ly 1650.0392
Ls,Ls, Ly, Ly 1648.3679
L3, Ls, Ly, LyL, 1647.7854

Ls, Ls, Ly, Ly,Ly Ly 1647.7854
Ls Ls, Ly, Ly,Ly,Le 1647.7854

The results in Table 3 show that the approximate solution presents a greater convergence
when the first five elements receive the functions of GFEM, and the approximation presents a
low convergence when the others two elements are enriched. This is due to the fact that they
present Friberg indicator values very small, that is, the improvement in the approximate
frequency w- is almost imperceptible when these two elements are enriched. The convergence
of the target frequency may also be observed in the relationship between the decay of the
approximate frequency and the increase in the number of degrees of freedom (ndof) shown in
Fig. 6.
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Figure 6. Relationship of first frequency decay and the number of degrees of freedom.
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It is observed that the approximation of the first frequency obtained with 26 degrees of
freedom is very close to that obtained with 34 degrees of freedom (all elements enriched).
Even in a problem with little complexity as addressed here, the overall system can be reduced
by approximately 23.6% without compromising the quality of the approach.

5.2 Frequency w,

The Friberg indicators and the second frequency obtained enriching each element are
presented in Table 4, recalling that the approximation found by the linear FEM was w, =
1776.2784.

Table 4. Results of local GFEM — Second frequency

Element ni Wy
Ly 0.0015 1774.9046
L, 0.0004 1775.8938
Ly 0.0042 1773.2236
Ly 0.0301 1750.8725
Ls 0.0042 1773.2236
Lg 0.0004 1775.8939
L, 0.0015 1774.9046

It is observed by the Friberg indicator that fourth element is the one that most influences
the approximation of the second frequency when the GFEM is locally applied. Enriching this
element the GFEM result for the second frequency is w, = 1750.8725, which is the best
result among the seven elements. When enrichment functions are placed on the second or
sixth element, the approximation is very close to that found with the linear FEM, that is, the
variation in the target frequency is small.

Then the selective GFEM is applied again to the elements of the mesh respecting the
descending order of the indicator, that in this case is L3, Ls, L1, Ly, L,, Lg and L,. Again
each one of the elements receives the enriching functions and the new system is solved to
analyze the behavior of the target frequency. The selective GFEM results are presented in Fig.
7.
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Figure 7. Relationship of second frequency decay and the number of degrees of freedom.

It is observed in Fig. 7 that the convergence is more accelerated in the elements where the

value of the indicator is greater, but since the values of the indicator are relatively close for all

the seven elements it is also possible to reduce the overall system size a bit without significant
losing the accuracy in approach.

5.3 Frequency ws

The Friberg indicators and the third frequency obtained enriching each element are
presented in Table 5, recalling that the approximation found by the linear FEM was
w35 =3341.3752.

Table 5. Results of local GFEM - Third frequency

Element ni w3
L4 0.0320 3290.3612
L, 0.0156 3315.3155
Ls 0.0391 3287.7435
L, 0.0062 3332.5257
Ls 0.0391 3287.7435
Le 0.0156 3315.3155
L, 0.0320 3290.3612

The third and fifth elements are the ones that most influence the convergence of the
approximation when the GFEM is locally applied, generating an approximation for the third
frequency of w; = 3287.7435. The fourth element is the one that presents the smallest
contribution, since it has the lowest Friberg indicator value and produces the worst
approximation for the third frequency.
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Then the selective GFEM is applied again to the elements of the mesh respecting the the
descending order of the indicator, that is L, Ls, Ly, L;, L,, Lg and L,. The selective GFEM
results are presented in Fig. 8.

3350
n
LY
3300 "
L]
b1

3750
™ b
[ ]
a

3200 )

- bt
3150 "
- -
L -
-
31
wﬁ 10 15 20 5 30 35

ol
Figure 8. Relationship of third frequency decay and the number of degrees of freedom.

In this case the rate of convergence is similar when the first four elements are enriched,
after which the convergence slows down, but the contribution of each element remains
significant, as indicated by the values of the indicator in Table 5, so it is not possible to reduce
the global system without some precision lost if the target frequency is ws;.

54 Frequency wy
The Friberg indicators and the fourth frequency obtained enriching each element are

presented in Table 6, recalling that the approximation found by the linear FEM was
w, =5174.3538.

Table 6. Results of local GFEM - Fourth frequency.

Element i W,
Ly 0.0597 4982.0062
L, 0.1304 4928.2373
Ly 0.0186 5137.2190
L, 0.0104 5156.6270
Ls 0.0186 5137.2190
Lg 0.1304 4928.2373
L, 0.0597 4982.0062

It can be noted that second and sixth elements are the ones that most influence the

convergence of the approximation when the GFEM is locally applied, generating an
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approximation for the fourth frequency of w, = 4928.2373. It is important to highlight that
these elements would not have this influence if any one of the other five frequencies was
adopted as the target frequency. It is also observed that the Friberg indicator perfectly shows
the importance of each element in the approximation process.

Selective GFEM is applied again in the elements in order to analize the relation between
convergence and the values of the indicator for this frequency. Again the enrichment order
follows the decreasing order of the indicator, that is L,, Lg, Ly, Ly, L3, Lg and L,. The
selective GFEM results are presented in Fig. 9.
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Figure 9. Relationship of the fourth frequency decay and the number of degrees of freedom.

Again the convergence is more accelerated when the elements with the highest value of
the Friberg indicator are enriched and where the values are smaller the convergence is also
smaller. It is observed also that the overall system can be reduced without significant losing
the accuracy in approach.

5.5 Frequency wg

The Friberg indicators and the fifth frequency obtained enriching each element are
presented in Table 7, recalling that the approximation found by the linear FEM was
ws =5678.1845.

Table 7. Results of local GFEM - Fifth frequency.

Element ull ws
Ly 0.3149 5388.7857
L, 6.6x10732 5678.1845
Ly 0.0463 5601.9137
L, 0.0130 5640.8627
Ls 0.0463 5601.9137
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Le 6.6x10732 5678.1845
L, 0.3149 5388.7857

The first and seventh elements are the ones that influence the convergence of the
approach more when the GFEM is applied, generating an approximation for the fifth
frequency of ws = 5388.7857.

Again the selective GFEM is applied to the elements following descending order of the
indicator, that is L,, L, L3, Ls, L4, L, € Ls. The convergence of the selective GFEM
approximation with respect to the increase in the number of degrees of freedom can be
observed in Fig. 10.
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Figure 10. Relationship of fifth frequency decay and the number of degrees of freedom.

When the second and sixth elements are enriched the change in target frequency are
insignificant as indicated by the extremely small value of the Friberg indicator . This means
that these elements do not need to be enriched, as their contribution is insignificant for the
convergence of the approach. Therefore, for this frequency, only 28 degrees of freedom are
required to obtain the target frequency, i.e. there is a reduction of approximately 23.6% in the
overall system size over the conventional GFEM system (all elements enriched).

5.6 Frequency wg

The Friberg indicators and the sixth frequency obtained enriching each element are
presented in Table 8, recalling that the approximation found by the linear FEM was w¢ =
8315.4006.

Table 8. Results of local GFEM - Sixth frequency.

Element i We
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L, 0.0090 8291.1893
L, 3.9x10733 8315.4006
Ly 0.0896 8015.9134
Ly 0.0986 7988.4655
Ls 0.0896 8015.9134
L 3.9x10733 8315.4006
L, 0.0090 8291.1893

The fourth element is the one that most influences the convergence of the approximation
when the GFEM s locally applied, generating an approximation for the sixth frequency of
we = 7988.4655. However the third and fifth elements have Friberg indicator values close to
the fourth element. This means that the contribution of these three elements is similar, fact
proven when each local system is solved, once the obtained approximations for wg are
relatively close.

Then the selective GFEM is applied to the elements following the descending order of the
indicator, that is L,, L3, Ls, Ly, L;, L, and Lg. The selective GFEM results are presented in
Fig. 11.
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Figure 11. Relationship of sixth frequency decay and the number of degrees of freedom.

The second and sixth elements have very small Friberg indicator values similar to those
found for the first and fifth frequencies, so for this target frequency they do not need to be
enriched. It is observed also that the overall system can be reduced without significant
accuracy losing in approach.
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6 CONCLUSION

The numerical simulation presented in this work demonstrated the efficiency of the
Friberg indicator to predict variations in the frequencies caused by the addition of new
degrees of freedom from the application of GFEM in the problem of free vibration of a plane
truss. It is noteworthy that when the target frequency was changed, the indicator pointed out
the elements that contribute more to that frequency, so different strategies can be
implemented to find the superconvergent elements in each analysis.

One of the contributions of the use of the Friberg indicator combined with the GFEM is
the possibility of choosing one of the frequencies as the target frequency and since the
indicator can predict which are the most important elements for approaching the chosen
frequency, it is possible to select mesh regions to enrich instead of enrich all the mesh. In real
problems where there is a high number of degrees of freedom, the use of the proposed
procedure can reduce the number of degrees of freedom involved without significant accuracy
losing and consequently reduce the computational cost in solving the generalized eigenvalue
problem. A procedure to decrease the size of the systems involved is interesting, because as
numerical instability increases when increases the number of degrees of freedom to
numerically solve the problem.

Future works will analyze the combination of Friberg indicator and different levels of
GFEM enrichment. It will be also investigated the use of this error indicator in the Adaptive
GFEM.
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