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Abstract. Due to the great importance of quantifying the uncertainties present in the mechan-
ical systems, in this work, we will present the interval eigenvalue problem, with parametric
uncertainties in the global masses and stiffness matrices of the system. Numerical examples
were presented, solved computationally through a proposed method, using Interval Analysis
and Finite Element Method (FEM). In order to support the solution of the problems, the basic
Jundamentals of the eigenvalue problem and the interval analysis were presented. After solving
the proposed problems, the eigenvalues and natural frequencies of the system were presented, as
well as frequency response graphs. To compare results, numerical simulations were performed
using the Monte Carlo method, with the presentation of results by means of table and graphs.
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1 INTRODUCTION

Errors are inherent in all known processes. They can be caused by measurement errors,
approximations, rounding, among others. Thus, the purpose of an interval analysis is to provide
an interval with lower and upper limits where the exact value of the variable under analysis is
contained, that is, interval in which the errors present in the system are computed. In Moore
et al. (2009) can be seen several examples of the use of interval mathematics in the treatment of
uncertainties.

The approach is important both in the design and in the rehabilitation of truss structures, as
they are widely used in stadium coverings, transmission towers and general application sheds.
The uncertainties must be quantified to ensure a longer life of the structure, avoiding sudden
failures, and thus ensuring the safety of facilities and especially of people.

To ensure robustness and agility in structural analysis, computational techniques are in-
creasingly employed. A widely used technique is the Finite Element Method (FEM), which al-
lows good implementation and malleability in solving often complex problems. In conjunction
with the interval analysis, FEM can be applied to quantify uncertainties in structural systems.
A fairly complete approach to FEM can be seen in Hutton (2004).

Parameters of great importance to be determined in a dynamic analysis of structures are the
natural frequencies, mainly in the design phase, whose objective is to move away the natural
frequencies from those of excitation, thus avoiding the unwanted phenomenon of resonance.
Theoretical studies, showing the invariance of the eigenvector signals, were performed by Deif
(1991) in order to determine the eigenvalues for the standard interval eigenvalue problem for
symmetric and asymmetric dynamic matrices. Later, Qiu et al. (1995) presented the generalized
interval eigenvalue problem, using the Deif (1991) method and iterative process with Rayleigh
quotient. Another method of solution called the inclusion principle using FEM was presented
by Qiu et al. (2005) with the solution of several numerical examples. Modal analysis using the
Deif (1991) method was used in Sim et al. (2007) to solve the interval eigenvalue problem, being
performed simulations using the Monte Carlo method and presenting graphical results using the
Frequency Response Function (FRF). For the solution of the standard problem, in Hladik et al.
(2011) several algorithms were presented for the case of symmetric matrices. Using the matrix
perturbation theory and FEM, Albuquerque (2015) studied the interval eigenvalue problem.
Further, Li et al. (2017) used the Taylor series of the second order to compute the eigenvalues
of space truss and plate, with uncertain parameters.

2 REVIEW OF THE EIGENVALUE PROBLEM AND FRF

It was spoken by Chapra and Canale (2010) that, eigenvalue problems are a special class
of boundary-value problems that are common in engineering problem contexts involving vibra-
tions, elasticity, and other oscillating systems. They are also used in a wide variety of engineer-
ing problems, in addition to the boundary-value problems.

The linear differential equation of motion with constant coefficients for non-damped me-
chanical systems with n degrees of freedom is presented by Eq. (1).

[M{a(t)} + [K{u(t)} = {f(t)} (D)
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where [M] and [K] are the symmetric matrices n X n of global mass and stiffness of the system,
respectively, u is the column vector of dimension n with the generalized coordinates, and f is
the external excitation.

For systems that are not subject to external excitation, the equation of motion is given by
Eq. (2).

[M{a(t)} + [K]{u(t)} = {0} 2)

As the system is conservative, the solutions of Eq. (2) are expected to be periodic, of the
type of Eq. (3),

{u@®)} = {a}er! 3)
where {z} is a column vector of constants and w,, is the natural frequency of the system.

Substituting Eq. (3) into Eq. (2), leads to

(~w2[M]{z} + [K]{z}) & = {0} @

As elwnt = 0 for every instant of time, arrives to

([K] — wp[M]) {z} = {0} (5)

For the non-trivial solution, it is required that

det ([K] = A[M]) = {0} (6)

with A = w?, where ) are the eigenvalues of the system.

For the determination of the eigenvectors or vibration modes {x}, associated with eigen-
values, one must use Eq. (7), which is known as the Generalized Eigenvalue Problem.

[K{z} = AIM{x} )

Applying the Fourier Transform in Eq. (1), is found

{u(®)} & {U(jw)} ®)
{a)} L jo{U(jw)} )
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{a()} L (o) {U(jw)} (10)

{f(O} T {F(jw)} (11)

and doing the proper manipulations, leads to Eq. (12), which represents the Frequency Response
Function (FRF) of the system.

-1

[H (jw)] = (—w’[M] + [K]) (12)

3 DYNAMIC STRUCTURAL ANALYSIS OF TRUSSES

In practice, the interest in using the FEM, is to solve complex problems involving trusses,
with high number of bars. Thus, it is necessary to assemble the global mass and stiffness
matrices of the system in the global coordinate, which is the linear sum of the contribution of
the mass matrix [M]. and stiffness [K]. of each element in the global coordinate. To perform
the sum, use the degrees of freedom between the connectivities of the nodes. This way,

K] = (K)o + S KL, (13
$=1

0] = (0o + 3, (14)
$=1

where m is the number of elements, [K |, and [M], are the null n X n matrices.

Mass and stiffness matrices are functions of the vector {a}, which contains the geometric
and structural parameters, in this way

(K] = [K(a)] (15)

[M] = [M(a)] (16)
with
{Q} < {CL} < {6}’ CLé = [Q(Zﬂad)] ou ay < Qg < 6(25 ¢ =1,2..,m

where {a} = (a4) and {@} = (@) are, respectively, the lower and upper limits of the structural
parameter {a}, with {a} € {a}’.
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Thus, Eq. (13) and Eq. (14) can be rewritten as functions of the uncertain structural param-
eters.

(K] = [K, K] = [K]o+ Y _ aj[K]., (17)
$=1
M) = LT = M)y + 3 al ], (%)
$=1
where

(K] = [K]o + ij@d,[K]% (19)
¢=1

(K] = [K]o+ ij%[m% (20)

01 = (M + > (M), e

[M] = [M]o + iaqs[M]% (22)
¢=1

Thus, with uncertainties present in the matrices of mass and stiffness of the system, it leads

to the generalized interval eigenvalue problem represented by Eq. (23).
[K]'{x} = A[M]"{x} (23)
The exact bounds for eigenvalues A’ = [\, A] can be computed through Eq. (24) and Eq.

(25).

A = min ([K{z} - A[M]{z} = 0, [K|{7} - AM{z} = 0) 24)

A =max ([K{z} — AlM]{z} = 0, [K|{7} — \[M|{7} = 0) (25)

where {z} is the lower bound and {Z} the upper bound for eigenvectors, with {z}’ = [z, 7].

Because the eigenvalues are uncertain, logically the natural frequency also tends to be
uncertain, with A = w? and \ = @=.
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4 NUMERICAL EXAMPLES

Two examples are used to demonstrate the possibility of applying the proposed method.
The first is a particular case of a flat truss with 24 bars, and the second is a space truss with
60 bars. For both examples there are uncertainties present in the areas of the cross sections of
the bars, which makes the matrices of mass and stiffness of the structures have uncertainties.
Also, for the second example, simulations using the Monte Carlo method are performed for
comparison of results.

4.1 Flat truss with 24 bars

All joints are pinned, as can be seen by means of Fig. 1. The areas of the cross sections
of bars 1, 2, 3, 6, 9, e 11 are considered uncertain, according Aé = [A° — aA°, A° + aA“],
»=1,2,3,6,9,11, where A° = 7.0 x 10~* m? is the deterministic value of the area for all bars
and « is the percentage factor that will cause variation of the uncertain parameters to occur,
with « ranging from 0 a 5%. The Young’s modulus of the material is £ = 210 GPa and the
specific mass is p = 7.8 x 10®kg/ m”.

An important fact to be observed in Fig. 2 is the monotonic behavior of the structural
parameters, either increasing or the inverse, starting from the deterministic value. Similar fact,
related to this behavior of eigenvalues, can be seen in Modarreszadeh (2005) and Qiu et al.
(2005). One can see more about this monotonic inclusion behavior in Moore (1979).

4.2 Space truss with 60 bars

The Fig. 3, shows a space truss with 60 bars, where all joints are pinned, with fixed supports
on nodes 1, 2, 3, and 4, which allow only rotation. The uncertain parameters are due to the
cross-sectional area, according to AL = [0.95 x 1072 ,1.05 x 107®] m? and Young’s module,

with E = [199.5,220.5] GPa. The specific mass is p = 7.8 x 10° kg/m”.

By means of Fig. 4 the interval frequency response for the first 4 modes of vibration can be
observed. In order to assure the reliability of the obtained results are shown by means of Fig. 5
graphical results of simulations using the Monte Carlo method, with number of samples equal
to 2000. In table 1 it is possible to observe comparison between the results obtained through
the proposed method and the simulations with the Monte Carlo method. Note that the results
converge at least to the second decimal place.

S CONCLUSIONS

In this paper, it was demonstrated, through the analyzed examples, that the Finite Ele-
ment Method, together with the interval analysis, are important tools for the quantification of
parametric uncertainties in structures, being of great relevance to guarantee structural reliabil-
ity, avoiding failures. For this, a computational program was developed to solve the interval
eigenvalue problem using the proposed method, which demonstrated a rapid solution of the
problems, and provided reliable solutions, with the possibility of application in practical situa-
tions. The Monte Carlo method was used to compare the results, demonstrating the reliability
of the obtained results.
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Figure 1: Flat truss with 24 bars.
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Figure 2: Eigenvalues of the truss with 24 bars.
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Figure 3: Space truss with 60 bars.
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Figure 4: Frequency response of the truss with 60 bars.
CILAMCE 2017

Proceedings of the XXXVIII Iberian Latin-American Congress on Computational Methods in Engineering
R.H. Lopez, L.EF. Miguel, P.O. Farias (Editor), ABMEC, Florianépolis, SC, Brazil, November 5-8, 2017



F. S. Oliveira, J. J. Lima Junior

15.8 |- b. N © oe N T
— '. ° 16.8 , l' X5, L/
; "m"'*- AR et
2 ."'f ,'- CXe s % P
§ 15.6 g. .1..-. v" :ﬁ \.5?. - Eo 16.6 |- g’ig % g0 Oav" 5... é "..~'?. i
o R AT
°® N o, %0 3 e °® oo&%.%@ o P BN % 2
g 154 %@%ﬁ@ AT | § .| DRoAReTEER |
Q Q
= . = ’ SR
S 152) @" .;"’%- ey %6 . % 162 #g’@’é W&i‘?‘”‘” %,;“? —
= f J = ! o, o
L. mﬁp ALY SR £ .\."mﬁa-&!t'-‘:'-fg |
O 500 1 000 1 500 2 000 O 500 1 000 17500 2,600
Number of samples Number of samples
91| -w-'.':}o:‘; .~::: ':‘&.C:.Mt’ | o« 45 :g.@t'.%:;‘f:‘:; ': oAty
3 J "iu‘.;:".’ % Teer | 3 3 %I G e
=] u e ® ‘\.ﬁ.“t’o"‘o‘.‘ -‘,j'. ] 44 5 . u o ‘\’).“80‘ ".‘ -‘..i'. |
= 21 DAL o 2 :,:S.g‘,-“.._ , | = 44 DR AR K 1 SN0 ]
- s v or g Mgl | L ‘;g;e’ v ge@g@p""s W,
S 38, %870 3o0f IS S 7‘00(5’0;‘ $ Foots ‘*’Q Lo
g 08 Dot aNataamd: | T U1 RNt A e Y
2 2061 28 &g 186y <O 4 2 2888 2% R0y O
g Who £, 4 wp deiein S hpede *hgt S 4351 W il edas e T
% 20.4 | "'f."%" 30'8)" : 3}%@ 7 ,-."'? L | % ”'f."%" SD'@" "3' s Jﬁ"?’
) 20.2 LPOIT TRRti] | & o] PRl
B 500 1,000 1,500 2,600 0 500 1,000 1,500 2,000
Number of samples Number of samples
Figure 5: Simulations Monte Carlo method for truss with 60 bars.
Table 1: Natural frequency truss with 60 bars.
Frequency (Hz)
Proposed Method Monte Carlo Method
Modes Lower bound Upper bound Lower Bound Upper bound
1 15.0254 15.7964 15.0255 15.7963
2 16.0140 16.8358 16.0142 16.8357
3 20.2544 21.2937 20.2546 21.2936
4 42.8654 45.0650 42.8658 45.0647
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