s

A

A\

CH_AMCE 22017

Flor‘lanopohs - Santa Catarina - Brazil

MORTAR FINITE ELEMENT METHOD FOR SOLVING CELLS
RESPONSE TO APPLIED ELECTRIC FIELD

Cesar A Conopoima

Bernardo M Rocha

Iury A da Igreja

Rodrigo W dos Santos
cesar.conopoima@gmail.com
bernardomartinsrocha@ice.ufjf.br
uryigreja@ice.ufjf.br
rodrigo.weber@ufjf.edu.br

Universidade Federal de Juiz de Fora

CEP 36036-330 - Juiz de Fora - MG - Brazil

Abstract. In this work we investigate the response of passive and active biological cell to an
applied electrical field. This phenomenon is a two-stage process where cell polarization occurs
at a time scale of microseconds, and change of physiological state of the cells occurs at the time
scale of milliseconds. This problem is solved using a Mortar Finite Element Method (MFEM)
that is characterized by the introduction of an additional variable, known as Lagrange multi-
plier. This additional variable allows to decouple the boundary value problem that describes the
conservation of electrical flux from the non-linear initial value system related to the response of
active cells. This two problems are solved sequentially, within the time integration scheme. The
proposed method allows to solve arbitrary cells distribution in tissues and complex ion-channel
dynamics at the membrane. In order to validate the presented methodology, numerical results
are compared with exact solutions of isolated circular cells in an applied electrical field. Fi-
nally, to demonstrate the robustness of the method, applied electrical field in clusters of cells
and arbitrary cell geometry problems are solved.

Keywords: Mortar finite element method, Lagrange multiplier, Cell polarization, Active cell
response.
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Mortar finite element method for solving cells response to applied electric field.

1 INTRODUCTION

The response of a single cell and cluster of cells to external applied electrical field is important
for the understanding of techniques such as cell electroporation (Orlowski & Mir, 1993, Chen
et al., 2006), which is the transient permeabilization of the plasma membrane by means of short
and intense electric pulse. This technique has broad application in the biological and medical
community for instance for the local treatment of cancer. Since the cells cytosol becomes ac-
cessible to the external medium, DNA and molecules transference into the cell are possible,
direct drug supply is also possible without compromising cell function (Orlowski & Mir, 1993,
Chen et al., 2006). Moreover, it is not clear if cell electroporation does play an important role in
cardiac defibrillation, therefore this is also a relevant topic in the research field of cardiac elec-
trophysiology (ASHIHARA et al., 2001, KRASSOWSKA, 1995, Nikolski & Efimov, 2005).

Properly studying extracellular potential distribution in cluster of cells of arbitrary geometry
is important to understand the influence of applied electrical field in neurons activity (Agudelo-
Toro & Neef, 2013). Particular solutions to describe the passive response of cells to applied
field are available for isolated cells of simple circular and ellipsoidal geometry (Krassowska
& Neu, 1994, Gimsa & Wachner, 2001). Although exact solutions for spherical cells in non
uniform electric field exists (Vali€ et al., 2003, Lee & Grill, 2005), a general tool to numerically
investigate cells electroporation and extracellular potential distribution is of interest. In this
sense, the numerical study of the passive and active response of isolated cells to external field
has been made in (Ying & Henriquez, 2007, Pucihar et al., 2009). Furthermore the influence
of cells arrangement, orientation and cells packing in the presence of external electrical applied
field has also been investigated in (Susil et al., 1998, Ying et al., 2006, Ying & Henriquez, 2007,
Agudelo-Toro & Neef, 2013).

The response of biological cells to applied electrical field is a two stage process (Krassowska
& Neu, 1994, Ying & Henriquez, 2007): the first stage takes place at the time scale of mi-
croseconds, where the capacitive current is dominant and the cell behaves like a dipole; in the
second stage actual physiological changes due to the complex dynamic of ion currents on the
cell membrane takes place, which is triggered if the transmembranic current on the first stage is
sufficiently high to unchain action potential on the cell (Keener & Sneyd, 2010). Moreover the
active response of the cell will also be influenced by the distribution and packing of the cells
(Ying et al., 2006, Agudelo-Toro & Neef, 2013), because of the complex interactions in cells
arrangements, possible irregular cells geometries and the lack of exact solutions in those cases,
the study of the distribution of electric potential and of the action potential in non-idealized
systems of multiple cells can only be studied by numerical methods.

In the context of the Finite Element Methods (FEM), simulations of cells electroporation in
tumours (gemrov & Miklavcic, 2000), non regular cell geometry (Pucihar et al., 2009) and
spherical cell arrangements (Susil et al., 1998) have been investigated. In (Ying et al., 2006,
Agudelo-Toro & Neef, 2013) a Hybrid Finite Element Method (HFEM) is used to investigate
the passive and active cell response to external applied electrical fields. With this method the
boundary value problem of electric current conservation and the initial value problem of active
cell response are decoupled and solved in alternate form in each time step. The HFEM is based
on the hypothesis that cell membrane is a zero thickness domain i.e, an interface that separates
two non overlapping domains (Ying & Henriquez, 2007), one describing the intra and other the
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extracellular domain. On the membrane a compatibility conditions must be satisfied, on the
hybrid finite element method the interface condition is satisfied by the inclusion of a Lagrange
multiplier.

The proper treatment of interface conditions in finite element methods (Ciarlet et al., 1975,
Raviart et al., 1998), requires the imposition of continuity of the solution on the interface
through Lagrange multipliers, as proposed by Raviart-Thomas in the known primal hybrid for-
mulation (Raviart & Thomas, 1977). This approach allows to have non-conforming domain
discretizations with optimal convergence order for both the primal and Lagrange multiplier
variables (Bernardi et al., 1993, Belgacem, 1999).

In order to satisfy the compatibility condition between spaces (LBB inf-sup condition) in the
primal hybrid formulation, the Lagrange multiplier must be properly defined. The formal treat-
ment and analysis of this method are defined in the literature as Mortar Finite Element Method
(Bernardi et al., 1993, Belgacem, 1999, Wohlmuth, 2000, Lamichhane, 2006); and has the main
advantage of allowing to solve interface problems with non-matching domain triangulations.
The linear system associated with the discrete version of this formulation has a saddle point
problem structure and in general is difficult to numerically solve (Benzi et al., 2005).

1.1 Objective

The aim of this work is to present a mortar finite element method based on a hybrid variational
formulation, to numerically investigate the interface problem with complex dynamics of the
passive and active response of a cell and cluster of cells to an applied electric field.

2 CONSERVATION LAW OF ELECTRIC CURRENT

The electric field in a biological tissue resulting from the application of a direct current can
be considered quasi-stationary (Plonsey & Heppner, 1967), this means that its distribution is
described by equations of the steady electric current in a volume conductor. The relation of
electric current to voltage and resistance is described by Ohm’s law. The electric current density
J[A - cm™3] is defined by the point form of the Ohm’s law J = « - E, where E[V - cm™!] is the
electric vector field. For a conservative electric field we can write the electric field E in function
of the electric potential u[V],

E = —Vu, ey

by continuity of current density, the Kirchoff’s law can be written in differential form as div(J) =
ps, Where p,[A - cm™3] is an applied source current. Now with the Ohm’s law applied to a con-
servative electric field, we can write the Kirchoff’s law in function of the electric potential u,

—div(kVu) = ps, 2)

Eq. (2) is the Poisson’s equation that describe the electric potential distribution in a resistive
biological tissue with an applied source current. The Poisson’s problem is defined on a domain
Q c IR?, where d € {1,2,3} with a Lipschitz boundary 9Q = 'p UT'y,I'p N Ty = 0.
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—div(kVu) = ps(x), in 2 3)
u=1u, on I'p

Vu-n=p,, on 'y

@ 1s the known scalar electric potential defined on the Dirichlet boundary portion I'p, and p,, is
the applied current on the Neumann boundary portion of the domain I'y.

2.1 Conservation of electric current for a circular cell in a conductive sus-
pension

Consider a circular cell of diameter d. and conductivity k;, in a bounded domain €2, with
electrical conductivity k. subject to an applied electrical field E as depicted in figure 1. The
Poisson’s equation of electric current conservation (4) for the proposed system, is written as a
function of the electric potential inside and outside the cell (u;, u. ), that is

—div(keVu,) =0, in Q, 4)
—div(k;Vu;) =0, in €,
k;Vu, - n=—k,Vu,-n=1,, on [,

~

ue =1u, on ['p,
Viue-n, =0, on I['y

with the additional interface condition defined on I" that force continuity of electric flux through
the cell membrane —x;Vu; -n = —k.Vu, -n=1,, onl.

I'n

Ne
Qe
e
H n
E )
U/
—>
e
FD FD

I'y

Figure 1: A circular cell in a conductive medium

In Eq. 4 I" denotes the cell membrane, n is the unitary normal vector pointing outside of I'
and I,,[A - cm~?] is the transmembranic current which has two components: a capacitive and a
resistive current, both depending on the transmembranic potential defined by,

Vo = u; —u., on I 5
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The transmembranic current can be written as the contribution of two currents: the capacitive
and the resistive or ionic current given by,

oV

I, =Cn——
ot

+ Iion(vqu)a on L. (6)

The capacitive current is a consequence of the electric isolation property of the cell mem-
brane. The cell polarization due to capacitive currents occurs at the time scale of microseconds,
whereas for the active response of the cell membrane, the resistive or ionic current acts at time
scale of milliseconds and is determined by the complex dynamics of the sodium, potassium
and other important ionic currents, described for instance by the non-linear equations of the
Hodgkin Huxley model (Hodgkin & Huxley, 1952, Keener & Sneyd, 2010), represented by the
state variable q in Eq. (6).

3 VARIATIONAL FORMULATION OF THE CONSERVATION PROB-
LEM

Given the electric current conservation problem of the unicellular system in figure 1, for the
sake of simplicity, let kK; = K, to be unitary second order tensor of the electric conductivity
inside and outside the cell, the it is possible to rewrite the system (4) as,

—Au, =0, in Q,, (7)
—Au; =0, in €,
Vu;-n=—-Vu,-n=1,, onl,
u, =1u, on ['p,

Vue, -n, =0, on 'y

The variational formulation of problem (7), is written to reduce the required regularity of the
candidate solution: find v € X such that,

/ Vu - Vodx — Vu-nowds =0, inQVvelX (8)
Q o0

[ul]lr =g, onT
u, =1u, on I'p
Vue,-n, =0, on I'y
where Q = Q; U Q., T' = Q; N Qe, u = (u;, 1), v = (vy,ve), 0 is the electric potential applied

on I'p, [u] = w;|r — u.|r is the scalar jump of electric potential on the membrane, and X is the
constrained space of variations,

X = {U € LX(Q), (vi,ve) € (H' x H') : [v][r =0, velr,, = 0} ©)

note that on the interface I the test function v on each domain must satisfy the constrain [v] = 0.
The associated unconstrained product space of variations is denoted as

X - {v € L2(Q), (v;,v.) € (H' x HY), v|r, = o}. (10)
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As proposed by Raviart-Thomas (Raviart & Thomas, 1977), an additional Hilbert space defined
on ' is included to impose the interface condition of the primal variable in a weak form via the
use of a Lagrange multiplier. With this technique the constraint over v on the space X is also
naturally relaxed and thus the primal hybrid variational formulation is: find (u, \) € ()E X M)
such that,

/ Vu-Vovdr — [ Vu-novds + / p([u] — g)ds + / Aolds = 0, Y(v, 1) € X x M,
Q 20 r r
(11D
u, =1u, on ['p,

Vue,-n, =0, on I'y

where ) is the Lagrange multiplier and p are the admissible variation related to M, which is
the Hilbert space of the Lagrange multiplier. By duality argument, we note that M = H 3 (I),
which is the dual space of H2(I') and therefore ;. € H~2(I'). The variational formulation
(11) is known as a saddle point or as a min-max problem. By the natural Neumann boundary
condition Vu - n, = 0 on 'y, the second term of the formulation is neglected, and then the
saddle point problem is: find (u, \) € (X, M) such that

/ Vu - Vudzr + / Av]ds =0, YveX (12)
Q r

/F u(u — g)ds =0, Ve M

U, = U, on ['p.

Implicitly the following compatibility condition between spaces has been deduced, I, = A\ =
Vu; - n=—Vu,-n.

3.1 Time discretization for the transmembrane current

In this section the form of the general function g in the cell interface problem (12) is defined.
As mentioned the transmembrane current can be decomposed in two contributions, a capacitive
and a ionic current,

I, = Vo + Lion(Vin,q), onT. (13)
ot

the capacitive current is consequence of the electric isolating property of the cell membrane,
and for active cells as cardiac myocytes and neurons, the ionic current is driven by the complex
interactions between the main ionic currents of sodium, potassium and others described by the
Hodgkin-Huxley model. In order to include the transmembrane current dynamics described by
Eq. (13) into the proposed variational formulation (12), we rewrite Eq. (13) as an initial value
problem for the transmembranic potential V,,,,

¢ o

ot = [m - Iion(vma (I)> onl. (14)
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where ( is a set of state variables following the dynamics of the ionic currents. Now by realizing
that V,,, = [u] = g on I, we use an explicit time discretization for the initial value problem (14)
and as in (Ying & Henriquez, 2007), use the follow staggered method to solve the coupled
boundary value problem and initial value problem.

The first step of the proposed method is to solve the boundary value problem with a initial
value of V!

><z

/Vu Vvdm—l—/)\[ lds =0, You (15)

/ = ,u tds, Yue M

with I,,, = A, solve the initial value problem (14) with a Forth Order Runge-Kutta method to
obtain a new value of the transmembranic potential V! at an incremented time ¢ + ¢. Finally,

the method is closed repeating the first step with the new value of the transmembranic potential
Vi,

4 THE MORTAR FINITE ELEMENT DISCRETIZATION

Now the finite element discretization of the variational formulation is proposed, from the def-
inition of the Lagrange multiplier space, we note that the functions used to interpolate the
discrete Lagrange multiplier A are the same functions of v|. where e denotes an edge of the
domain. For the classical Lagrangian polynomial space on triangular and quadrilateral finite
elements in two dimensions, the interpolation function of the Lagrange multiplier match the
classic hat functions with compact support in one dimension, see figure 3.

Domain triangulation €,

Lagrange multiplier A uniquely define on the interface

Domain triangulation €2y,

Figure 2: Triangulation in two non overlapping domains and Lagrange multiplier triangulation define on
the non mortar side interface

Now the discrete mortar finite element problem is to find (up, A\p) € X5, X M, such that
up, A, are the unique discrete solutions to the saddle point problem 16.
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Approximation of Lagrange multiplier by hat function of compact support
Aic1 Ai Aig1 Aig2

e Gad

Non mortar interface side Ty,

Domain triangulation €,

Figure 3: Triangulation of the Lagrange multiplier on the interface, and interpolation hat functions.

/ Vuy, - Vupdx + / )\h[Uh]dS =0, Yy, € X, (16)
Q r

/,uh[uh]ds = /,uhVTdes, Yun € My,
r r

u, =u, on ['p

where the discrete spaces of variations X, C X is the product space of discrete Lagrange
polynomial defined on each triangulated domain, and M; C M is the discrete space of the
Lagrange multiplier defined as the interpolation functions of compact support corresponding
to the Lagrange polynomial restricted to the boundary. In the proposed model problem each
domain may have non-matching domain triangulations see figure 2, furthermore the Lagrange
multiplier will inherit the 1D discretization of the non-mortar side see figure 3.
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S5 NUMERICAL RESULTS

In this section the h—convergence of the primal variable and the Lagrange multiplier of the
method is tested by solving an interface problem in a given domain. In addition the cell po-
larization process is numerically solved for the isolated system in figure 1 and for a cluster of
cell. The active response of the cell membrane driven by the Hodgkin-Huxley model is also
investigated for the idealized system.

5.1 h-convergence of the method

To evaluate the h—convergence of the mortar finite element method with Lagrange multiplier
we solve numerically the follow second order elliptic problem on 2 = Q; | Qy, with Qs =
[—0.5,0.5]* and ©; = [—1.0,1.0]* \ 2, as depicted in figure 4 left.

—kAu; = f1, € 17)
—kolAus = fo, € Qo

up =0, on 0
—Vu;-n=—Vuy-n, on I

uy — usy = sin(mx)sin(ny), on I

where f; = fo = dn?sin(nx)sin(my), k1 = 1, k» = 2 and the exact solution is given by,

uy = 2sin(wx)sin(my), € O (18)

up = sin(mx)sin(ry), € Q.

Q=0,UQ,

[
|

S

&)

o

[
1
[

nt
0

o

Figure 4: Computational domain and numerical solution of the second order interface problem.
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Figure 5: Domain discretization by triangular linear finite elements, matching discretization left and non-
matching discretization at right.

The discrete primal hybrid variational formulation of problem 17 can be loosely written as
/i/ Vuy, - Vvhda:—l—/)\h[vh]ds = / fopdz, Yo, € X, (19)
Q r Q

—/,uh[uh]ds:/uhsin(wx)sm(wy)ds, Yy € M,
r r
u; =0, on I'p

with 5 = (K1, k2), 2 = QU2 and f = (fi, f2). The h—convergence of the MFEM, in L?
norm is tested for a domain discretization with triangular linear finite elements with matching
and non-matching discretizations as shown in figure 5. In Table 1 and 2, are listed the the error
in L? norm for the primal variable and the Lagrange multiplier for both cases.

lu = unllL2(0) A = Anllz2 ()
mesh error order error order
16 1.12e-1 - 6.13e-1 -
32 3.48e-2 1.68 3.99¢-1 0.62
64 9.24e-3 1.79 1.70e-1 0.93
128 2.36e-3 1.86 7.80e-2 1.02
256 5.96e-4 1.90 2.59¢-2 1.15

Table 1: h—convergence order for the approximation of u; and )\, obtained by the MFEM for matching
triangular elements.

In figure 6 the h—convergence curves of the MFEM for matching (left) and non-matching
(right) discretizations is depicted.
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[ — unlr2(0) 1A = Anllz20)
mesh error order error order
24 6.79e-2 - 4.87e-1 —
48 2.23e-2 1.61 3.66e-1 0.89
96 6.20e-3 1.73 2.12e-1 1.05
192 1.61e-3 1.80 1.11e-1 1.09

Table 2: h—convergence order for the approximation of u; and )\;, obtained by the MFEM for non-matching
triangular elements.

10° Convergence curve for A, and u;, Triangles 10° Convergence curve for ), and ux, Triangles
107
101
s s
107 13
o o
k< s
10°
107
= [[A=2ullo = [A—Anllo
= |Ju—ualo = lu—unllo
-4 -3
10 10 0t 10° 10!
Log(1l/number_interface_elements) Log(1l/number_interface_elements)

Figure 6: Convergence curve for the primal variable and the Lagrange multiplier for a triangular discretiza-
tion with matching elements (left) and non-matching elements (right).

As noted from the h—convergence test, the mortar finite element method with Lagrange multi-
plier to impose the interface condition, converge with optimal &k + 1 rate for the primal variable
uy, and with optimal rate k& for the Lagrange multiplier )\,, where k is the degree of the La-
grange polynomial base of approximation for triangular elements. In the next section the cell
polarization and the active response of the cell membrane is investigated with the MFEM with
Lagrange multiplier.

5.2 Cell polarization and active response of the cell membrane

For a simplified circular cell system as shown in figure 1, with an idealized ion current given by
Loy, = Vm , the passive response of the cell can be solve in exact form, see (Ying & Henriquez,
2007). Here the exact and numerical solution of the electric potential distribution inside and
outside the cell (u;, u.) at the membrane (fixed r) are plotted for different angular positions (6),
see figure 8, the reference system is shown in figure 7.

The cell polarization process takes place at time scale of microseconds, for an active response
of the cell membrane proper of axioms and biological cell of the nervous system, the represen-
tative time scale is in milliseconds. The active response of the cell to an applied electric field
can be investigate with the MFEM, in these case the ;,,(V;,, q) of Eq. (14) is non-linear and is
described by the Hodgkin-Huxley model, see (Hodgkin & Huxley, 1952). The time evolution
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90°

1355 45°
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360°

180°) T
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Figure 7: Reference system of the circular cell to plot the numerical and exact solution.
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Figure 8: Electric potential in function of the angle evaluated at the membrane for the passive response
of the cell. Exact solution is plotted as continuous functions, and the numeric result are point marker.
Cell diameter d. = 15[um], the intra and extracellular electric conductivity are »; = 5[mS - cm~!] and #, =
20[mS-cm~1!], the membrane capacitance is C,,, = 1[uF-cm~?2], the membrane resistance is R, = 1KQ-cm?
and the applied electrical field is E = 5V - cm 1.
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of the electric potential inside and outside the cell for the active response of the cell for different
angular positions, is plotted in figure 9.

60

40

20
0

Transmembrane potential V,,[mV]

Intracellular potential u;[mV]

Extracellular potential u.[mV]

0 2 4 6 8 10
Time [ms]

Figure 9: Active response of the cell to an applied electric field. Each curve follow the time course of the
intracellular and extracellular electric potential for a fixed angle 6 at the membrane (fixed 7).

Note that the active response of the cell follow the typical curve of action potential described
by the Hodgkin-Huxley model, physical quantities of electric conductivity inside and outside
the cell were the same as in the passive response, in order to trigged action potential following
the Hodgkin-Huxley model, the applied electric filed was E = 10[V - cm™!].
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5.3 Spatial distribution of electric field in a cluster of cell

Understanding the distribution of electric potential in a conductive medium in the presence of
biological cells is important to understand the influence of applied electrical field in neurons ac-
tivity (Agudelo-Toro & Neef, 2013, Ying et al., 2006), and on the study of drugs supply into the
cell’s cytosol trough electroporation (Chen et al., 2006). With the presented numerical method

the distribution of electric potential of a polarized cluster of cell is numerically investigated, see
figures 10 and 11.

Figure 10: Iso-contour of electric potential in a passive response of a cluster of cell. Cell diameter d. =
15[14m], the intra and extracellular electric conductivity are x; = 5[mS - cm~!] and . = 20[mS - cm™!], the
membrane capacitance is C,, = 1[uF - cm~2], the membrane resistance is R,, = 1K - cm?, the applied
electrical field is E = 10V - cm~! and the distance between electrodes is 0.02[cm]

N

NP4

RN
AT

Figure 11: Non-matching discretization and electric potential magnitude in a cluster of cell.
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6 FINAL REMARKS AND CONCLUSSIONS

The presented mortar finite element method with Lagrange multiplier for the cell interface
problem, demonstrated to be an efficient tool to decoupled the non-linear problem of the active
response of the cell from the boundary value problem of spatial distribution of electric potential.
As demonstrated the numerical method can be effectively used to investigated the complex
dynamics of the ionic current on the cell interface with a fully spatial representation of the
distribution of the electric potential in a conductive medium in the presence of an arbitrary cell
distribution.

The numerical method preserve the h—convergence property of the conforming finite element
method, with the additional advantage of allowing non-matching domains discretizations.
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