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Abstract. This paper presents the comparison of the Attitude Control System (ACS) design for
a rigid-flexible satellite with two vibrations mode, using the traditional H-infinity method and
the Hoo/LMI with pole allocation considering the parametric uncertainty. In the ACS design
is important take into account the influence of the structure's flexibility, since they can
interact with the satellite rigid motion, mainly, during translational and/or rotational
maneuver, damaging the ACS. Usually the mathematic model obtained from the linearization
and/or reduction of the rigid flexible model loses information about the flexible dynamical
behavior and introduces some uncertainty. The satellite model is represented by a flexible
beam connected to a central rigid hub considering a set of parametric uncertainties.
Simulations results have shown that the control law designed by the Hoo/LMI method has
better performance and it is more robust than Hoo method since the first was able to support
the action of the uncertainty perturbation and to control the rigid flexible satellite attitude
and suppressing vibrations.
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1 INTRODUCTION

Satellites are design with specific functions and for accomplish them; the system need be
able to execute some maneuvers around his center of mass (attitude maneuvers). These
functions are: turning the solar panels facing the sun, stabilize the satellite after the orbital
acquisition, point the cameras and/or sensors to the Earth or other planet, moon and star (Sidi,
1997). For conducting this kind of maneuver is necessary have a lot of sensors and actuators
with a good accuracy and precision. With that, for managerial all that, one need design a
control system called attitude control system (ACS).

The flexible appendages play an important role in the satellites ACS performance, one
example of this flexible appendages are the solar arrays (Souza and Souza, 2017). Thus the
dynamic of these flexible structures have to be included in the ACS design in order to
investigate how its vibrational motion can affects the satellite rigid motion during
translational and/or rotational maneuver which can result in damaging the ACS pointing
accuracy (Souza and Souza, 2015).

Another problem is to recovery the loss of the dynamics information associated with the
inability to obtain the real model, since the model reduction (Pinheiro and Souza, 2014) can
introduced some kind of perturbation which can be represented by the parametric and non
parametric uncertainties where the first is associated with the parameters variation and the
second with the unmodelled dynamics (unstructured uncertainty).

Than to obtain a ACS one applies the H,, control method, since this method has the
property to incorporate the uncertainties in its formulation (Gasbarri et al., 2014), and
suppress the loss of the dynamics information. Other technic used is the H,, control method
subject a pole allocation using Linear Matrix Inequalities.

The ACS design consider a model of a satellite with one panel, like the China Brazil
Earth Resources Satellite — CBERS (Fig. 1), making an attitude acquisition around the axis
here the system are more flexible, this kind of maneuver can be modeled (Junkins, 1993), by
an analogous as a flexible rotatory beam.

Figure 1. China Brazil Earth Resources Satellite — CBERS

The main point of the paper consists in study comparatively the performance and
robustness of the H,, method with the technic that join the H, method with a LMI pole
allocation, applied to a flexible structure that simulates a critical attitude maneuver with a
parametrical uncertainty associate to the mass matrix. Those studies led to development of
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software capable of check the performance of de ACS design with a H,, or H,, with a LMI
pole allocation subjects some requirements for select the best controller, for a phase A of a
project.

2 ROBUST CONTROLLER DESIGN

For this problem it was design two controls law, one using a H,, control method and
other using the technic H,, method with LMI pole allocation. The procedures used for this
design are developed in sequence.

2.1 H, control method with parametric uncertainty

The H infinity control method have the advantage to inserts structured uncertainty and/or
unstructured uncertainty in the design of the controller (Zhou, 1998). The philosophy behind
the control method is to found a gain Ky, that minimizing the H infinity norm of the closed
loop function (Eqg. (1)) in a system subject a generalized plant model P,

Fi(P,Kyo)w = P11 + P13Kpyoo(I — P22Kpyoo) P2y 1)
IFi(P,Kyoo)l| = max, & (Fi(P,Kyo)(j®)); |IFi(P,Ky)l|_ <v @)

where F;(P,Kyo) is the linear fractional transformation (LFT) of P and Ky, and the y is a
design parameter which the smallest value is associated with the space state realization, such
that the Hamiltonian H (Eq.(3)) has no eigenvalues on the imaginary axis (Skogestad, 2001),

A+ BR1DTC BR1BT

H=1_¢r (I+DRID")C —(A+BRIDTO)T 3
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where A, B, C and D are the space state matrices and R = y2I — DTD.

One can also include in the H-infinity solution some weight functions in the system as
showed in the Fig. 2.

w

wy |

Figure 2. Tuning weight functions

Should be mentioned that in the optimization of the H infinity control method to find the
gain K one uses the criterion of the smallest value of y associated with the tuning weight
function which have the following form (Ferreira et al., 2011):

Stw s+2be
M *b M Woe =
= — = = cte
S = Srapa’ T = dstwp, KS ©

The parameters of the weight functions are: A is correlated with the steady state, w, is
the desired bandwidth of the sensitivity function, M is correlated with the overshoot, w,, is
the desired bandwidth of the complementary sensitivity function (Zhou, 1998).

2.2 H, method using a LMI pole allocation

For the pole allocation is necessary that the closed loop function obey the restriction
IT]lvze0 < ¥ and the matrix X,, existsand X, > 0 (Wu and LI, 2009).

(A+ ByK)Xo + Xos(A+ B,K)T By Xo,(Cy+ D, K)T
BT —I DY, <0 (5)
(C1+D2K )Xo D44 V2

To guarantee the pole allocation in a LMI region defined by,

D={zeC:L+zM+zM" < 0} (6)
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with L=1LT = Mii]ui,jm and M = M7 = [‘uij]lsi,jsrn' And is necessary, there is a matrix

X0 > 0 that satisfies the relationship:

[AijXpot + Mij (A + B2K)Xpor + 1 X por + X po1(A + BoK) i jem < 0 )

That conjunct of conditions is create a non-convex optimization with the variables K, X,
and X,,,;. For the pole allocation it’s chosen the combination of three LMI regions, a plan, a
half disc and a conic sector (Chilali et al, 2015) this region is represented by the Fig. 3:

Im

a

Figure 3. LMI Region

CILAMCE 2017

Proceedings of the XXXVIII Iberian Latin-American Congress on Computational Methods in Engineering
P.O. Faria, R.H. Lopez, L.F.F. Miguel, W.J.S. Gomes, M. Noronha (Editores), ABMEC, Floriandpolis, SC,
Brazil, November 5-8, 2017.



Comparison of the Satellite Attitude Control System Design Using the Hoo Method and Hoo/LMI

The intersection of these three regions guarantees an allocation of poles such that the
transient response is: 1) decay rate equal a; 2) Natural frequency of minimum damping
¢ = cos(0); 3) Natural frequency undamped D = rsin(6@) . This in turn limits the maximum
overshoot, the frequency of vibration modes, the delay time, rise time and duration of the
accommodation. Thus, the pole assignment closed loop system in that region provides a
satisfactory transient response.

3 DYNAMIC MODEL WITH PARAMETRIC UNCERTAIN

The rigid-flexible satellite was modeled like a flexible rotatory beam (Bigot and Souza,
2013). The actuator is located in the central part, and it is responsible for the control of the
horizontal planar movement of the rigid structure and by the elastic displacement, where
(X0, Yp) and (X,Y) are the coordinates system before and after deformation, respectively. The
rigid central hub has radius R, the actuator rotor has viscous friction b,,, and inertia Jroror
and develops a torque t(t); the flexible beam has uniform linear mass density p, uniform
bending stiffness El and length L; the flexible beam deformation is w(x, t); and the tip mass
Is my;, and inertia J,;,,; a(t) represent the tip angle and 6(t) is the rigid angle displacement;
and s(x) represent the distance between the referential axis to an element of mass in the link.

Figure 4. Satellite Analogous Representation

The flexible link is considered an Euler-Bernoulli beam. The equations of motion are derived
using the Lagrangian approach combined with the assumed modes method, admitting two
vibrations mode. The flexible link is considered an Euler-Bernoulli beam. Like show in
(Souza and Souza, 2015) the equations of the motion was derived using a Lagrangian
approach combined with the assumed modes methods, admitting two vibrations modes and a
dissipation of energy in a Rayleigh form (Souza and Souza, 2015). Then the equations
linearized of the dynamics are represented in a matrix form:

4 S R 14 B A B ®

With,
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Byy = koEI [y ¢"¢" dx

Ky = EI [y ¢"¢""dx

Ky = EI [y ¢"¢""dx

Mg =p fOL ppTdx + my,d P] + %]tip¢,L ’I

where Ois the rigid angular displacement, q the flexible displacement vector and ¢ is the
function of the modal form. By analogies, the Eq. (8) represent the standard form MX + Dx +
Kx = Qu, where the matrix are called M is the mass matrix, D is the damping matrix and K is
the rigid matrix. Writing the space state form, one has

el =Lt il ]+ Ll 1)

)

with X; =60 and X, =q =[q1 Q2] is the state’s vectors and the control u = —Ky_X,
where Ky is the gain calculate by the H infinity method [3].

3.1 Uncertainty design

The uncertainty of the mass matrix (M) can be introduced re-writing Eq.(10) in the
follow form:

E1- i i
X,|  |-(MU+pitéw) K —(MU+p;t6,) D

Xl]
X

0
+ | - - u 11
|10+ ppayrole @0
where M is the mass nominal value, p,, is the uncertain values and 8,,, is the amplitude of
the uncertain (—1 < 8., < 1). The matrix M~! can be represented by a linear fraction
transformation (LFT) in &, , like:
M= M_I(I + pmam)_l = Fy(Mi, 6m) (12)

The block diagram of the Fig. 4 shows how the uncertainty acts as a perturbation in the
system interconnections.
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Figure 5. Block diagram of the system with uncertainty

The uncertain in this problem actuate in the matrices M. Than the uncertain amplitude is
given by &,,. One have 27 possibilities of 8,,, or else, we have 27 cases of uncertainties for
each matrix M.

4 SIMULATIOS RESULTS

The objective of the control simulation is stabilizing the tip angle (o)) of the flexible link
in a neutral position (0°).
w(x,t)

a(t) = arctan (H—R) +0 (13)

When the tip comes to the neutral positions is important to see if the vibration was
suppress, because with that we can assure that the control law design was robust enough to
absorb the uncertainties.

For the simulation the constant parameter are: R= 0.05 m, bm= 0.15 m2/s, Jrotor=
0.3kgm2, L= 1 m, p= 2700 kg/m, ke= 0.03, ElI= 18.4 Nm2, mtip= 0.25 kg and
Jtip=0.04kgm2. One applies the H infinity control method for the 27 possible cases of
uncertainty and the H,, controller gain for every case of uncertainty must be robust enough to
control the flexible link in a time interval of 200 s and an initial condition § = 1°.

4.1  Using the H,, control method

(@) _ (b)
! £ 0
205 ~-0.05
@ =
0 = -01
0 45 90 135 180 0 45 90 135 180
t(s) t(s)

Figure 6. The angle  and velocity 8, where red and blue lines are the nominal and the uncertainty cases
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The Fig. 6 shows that H,, controller is able to control the rigid displacement 6 (attitude)
for the nominal case (red line: uncertainty zero) and for 16 cases of uncertainties (blue line) in
less than 90 s. It is possible to see that some uncertainty cases the answer is better than the
nominal case, showing that the influence of some parameters variation works to help the
controller in the sense of minor overshoot and time rise.

(a) (b)
023 R i f il .1 -, 005k ft A ﬁ1 A
= OH = 0 !
i O
0.2 PV S 005 WUV v
0 45 90 135 180 0O 45 90 135180
t(s) t(s)

Figure 7. The flexible mode n; and rate (1j;) - red and blue lines are the nominal and the uncertainty cases.

The Fig. 7 shows that H,, controller is able to control the coordinate generalized of the
first mode (n,) and the variation rate of the first flexible mode (7,), for the nominal case (red
line: uncertainty zero) and for 16 cases of uncertainties (blue line) in less than 100 s.

x 10 (@) x10° (b)
—~ 4
9V
2
=
= ¥ 0
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0 45 90 135 180 0 45 90 135 180
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Figure 8. The flexible mode 1, and rate (17;) - red and blue lines are the nominal and the uncertainty cases.
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The Fig. 8 shows that H,, controller is able to control the coordinate generalized of the
second mode (n,) and the variation rate of the first flexible mode (7j,), for the nominal case
(red line: uncertainty zero) and for 16 cases of uncertainties (blue line) in less than 90 s.

\
J

x10° (@ é x 10~ (b)
E sk R ﬂ [ f : & R F, A A Iy
2 g | ! 5 g | !
z vviuyw e vvve ‘
0 45 90 135 180 2 O 45 90 135 180
o
t(s) t(s)

Figure 9. Comportment of the flexible displacement w(x, t) and his taxes variation.

In the Fig.9, shows the comportment of the flexible displacement w(x t) and his taxes
variation w(x,t), for the nominal case (red line: uncertainty zero) and for 16 cases of
uncertainties (blue line), considering two vibrations modes. The maximum displacement was
about 0,006 m.

0 45 90 135 180
t(s)

Figure 10. Response of the control effort , the red line is the nominal case and the blue lines are the uncertainty cases.
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Figure 10 show the H-infinity Energy spend (torque t) to control the all 27 uncertainties
cases (blue lines) where the red line is the nominal case. The response of the torque action
shows that for 16 cases of uncertainties the system reach the equilibrium in less than 90 s with
a maximum torque of 0.6 Nm.

1
° 05"
3

0

0 45 90 135 180

t(s)

Figure 11. Response of the angular position of the tip mass «, the red line is the nominal case and the blue lines are
the uncertainty cases.

Figure 11 show the angular position of the tip mass (a). The response of the evolution of
the a angle shows that for 16 cases of uncertainties the system reach the equilibrium in less
than 90 s. It is possible to see that some uncertainty cases the answer is better than the
nominal case, showing that the influence of some parameters variation works to help the
controller in the sense of minor overshoot and time rise.

For 11 cases of uncertainties the H,, method as not able to control, because this cases
violates the boundary condition of this method.

4.2  Using the H., /LMI control method
(a) (b)

1\ o 0 /
Z 05 = -0.02
@ — /
2 -0.04f v
0 45 90 0 45 90
t(s) t(s)

Figure 12. The angle 8 and velocity @, where red and blue lines are the nominal and the uncertainty cases

The Fig. 12 shows that H,, method using a LMI pole allocation is able to control the rigid
displacement 6 (attitude) for the nominal case (red line: uncertainty zero) and for all 27 cases
of uncertainties (blue line) in less than 50 s.
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(a) (b)
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Figure 13. The flexible mode 17, and rate (1,) - red and blue lines are the nominal and the uncertainty cases.

The Fig. 13 shows that H,, method using a LMI pole allocation is able to control the
coordinate generalized of the first mode (n,) and the variation rate of the first flexible mode
(17,), for the nominal case (red line: uncertainty zero) and for all 27 cases of uncertainties
(blue line) in less than 50 s.

x10* (@ x10°  (b)
5 . “
0
~ 5l = O
-10 g -2
-15
-4
0 45 90 0 45 90
t(s) t(s)

Figure 14. The flexible mode 5, and rate (1j,) - red and blue lines are the nominal and the uncertainty cases.

The Fig. 14 shows that H,, method using a LMI pole allocation is able to control the
coordinate generalized of the second mode (1n,) and the variation rate of the second flexible
mode (17j,), for the nominal case (red line: uncertainty zero) and for all 27 cases of
uncertainties (blue line) in less than 45 s.

3\
J

x10* (@ ©  x10* O
= 207\ E 20“
~ 10 = 10
20 \ < 0 \
3 RE)
0 45 08 0 45 90
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Figure 15. Comportment of the flexible deformation w(x, t) and his taxes variation.
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In the Fig. 15, shows the comportment of the flexible displacement w(x t) and his taxes
variation w(x,t), for the nominal case (red line: uncertainty zero) and for 16 cases of
uncertainties (blue line), considering two vibrations modes. The maximum displacement was
about 0,006 m.

I~

= .01
-0.15
0 45 90
t(s)

Figure 16. Response of the control effort T, the red line is the nominal case and the blue lines are the uncertainty cases.

Figure 16 show the H,, Energy spend (torque t) to control the all 27 uncertainties cases
(blue lines) where the red line is the nominal case. The response of the torque action shows
that for all 27 cases of uncertainties the system reach the equilibrium in less than 60 s with a
maximum torque of 0.15 Nm.

1
05
3

0 45 90

t(s)

Figure 17. Response of the angular position of the tip mass a, the red line is the nominal case and the blue lines are the
uncertainty cases.
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Figure 17 show the angular position of the tip mass (a). The response of the evolution of
the a angle shows that for all 27 cases of uncertainties the system reach the equilibrium in
less than 60 s.

4.3  Comparison between the two cases

From the set of figures presented it is very explicit that the performance of the control
law design with the method H,, with a LMI pole allocation was better, than the case were the
control law was designed with only the H infinity method.

Comparing the Fig. 6 and 12 (the angle rigid (8) and his velocity ()) it is verified that
the variable was controlled in a shorter time (about 90 s) for the case with pole allocation
(Fig. 12). The Fig. 7 and 13 (coordinate generalized of the first mode (n,) and the variation
rate of the first flexible mode (7)) it is verified that the variable was controlled in a shorter
time (about 50 s) for the case with pole allocation (Fig. 13). The Fig. 8 and 14 (coordinate
generalized of the second mode (,) and the variation rate of the second flexible mode (7,)) )
it is verified that the variable was controlled in a shorter time (about 45 s) for the case with
pole allocation (Fig. 14). The Fig. 9 and 15 (the angle rigid ( w(x, t)) and his taxes variation (
w(x,t))) it can be seen that the maximum deflection generated in the case with pole
allocation was lower than that obtained with the only H infinity method. The Fig. 11 and 17
(the flexible angle (a)) has the same observations that make to the rigid angle. The Fig. 10 and
16 shows the torque engenders, for the same task, the control law design with the H infinity
with a LMI pole allocation was 25 % less than that provided by the other method.

And for all cases the control law design with H infinity LMI pole placement was able to
control all cases of uncertainty.

5 CONCLUSIONS

This paper presents an attitude controller design for a rigid-flexible satellite comparing
the performance between H, method considering and H,, LMI pole placement with a
parametrical uncertainty apply to the mass matrix.

The result of the simulations shows that the control laws designs, for the rigid flexible
satellite, was able to support the parametric uncertainty and suppress the vibrations. The
control law design with the H,, with a LMI pole allocation was 25 % less than that provided
by the other method.

The controller design with the H,, method with LMI pole allocation is more robust than
the one provided by the H,, method.
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