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Abstract. In this paper, a boundary element dynamic formulation isettgwed for the analysis
of structures formed by two-dimensional association ofgdalnitially, the boundary element
formulations developed for plane elasticity isotropic lplems and bending of isotropic thin
plate problems are associated in one plane structure withr tiegrees of freedom per node,
given by normal, tangential and transverse displacementsreormal rotations. The time in-
tegration is carried out using the Houbolt method. The teghe of transient analysis is used
to determine the dynamic response of a structure under thaing how much the size of the
time steps. The final system is obtained by assuming eachdudi plane structural element
as a sub-domain. After the necessary transformation oktegsations, they can be combined
in order to take into account displacement compatibilitisl traction equilibrium conditions.
Numerical examples are presented and their results are eosoto results available in litera-
ture.
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1 INTRODUCTION

The Boundary Element Method (BEM) is an advanced numerigalpeitational method
developed for the solution of engineering and science probl Its main characteristic is the
boundary only discretization that reduces the modellingne dimension. Because of this,
when compared with the Finite Element Method (FEM) and 3{48606), the size of influence
matrices is very reduced. However, different from FEM whamnly polynomials are integrated,
in BEM, integration is not a trivial task. Some techniquesenbeen proposed to integrate the
influence terms of the BEM, especially when the integralngslar or near-singular. The aim
of numerical techniques used to integrate functions isydvta obtain a value that is very near
the exact or analytical value of the integral. In fact, atie§} integration has been purposed in
literature for 2D problems.

The development of BEM for dynamic problems has been a subjeesearch since the
1970s. In the early 1980s, there was a major developmenteiBEM known as the dual
reciprocity method (DRM) developed by Nardini (1982). ThBNd has been used to solve
potential, fluid mechanics and heat transfer problems,Harethas been very few publications
applying the method to dynamic problems. Among these patitins are the work of Bridges
(1994) where spline functions is used to model free vibrapooblems. Agnantiaris (1996)
compared the behaviour of polynomial RBF against thin pégiénes. Additional work for
soil-structure interaction and fracture mechanics canobed in the textbook of Dominguez
(1993).

This paper presents a dynamic formulation of the boundawneht method to calculate
the displacement of isotropic thin plates. The purpose isdoce the processing time to solve
plate bending problems as well as to avoid drawbacks thaedoom near singular integrals.
The results obtained by numerical integration are compiareesults obtained with the Sladek
(2006).

2 Theory of bending of thin plates

A plate is a structural element defined by two flat parallefases (Fig. 1), where loads are
applied transversely. In this work, formulations will bevdped for isotropic thin plates.

Figure 1: Thin plate.

3 Governing equation for deflection of plates

Consider equilibrium of an elemert: x dy of the plate subject to a vertical distributed
load of intensityy(x, y) applied to an upper surface of the plate, as shown in Fig. 2.
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Figure 2: In-plane normal forces, bending moments, shear fice, twisting moment and out of plane shearing
forces.
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4 Basic relations for isotropic plates
This is thegoverning differential equation for the deflectiarfghin plate bending analysis

based on Kirchhoff assumptions. This equation was obtéigddhgrange (1811).

ot ot ot
4 — R
v = Oxt + 2895283/2 + oyt @)

is commonly called théiharmonic operator

5 Boundary integral equation for bending problems of isotrgic plates

The equilibrium Eq. 2 can be transformed into a boundarnygiatieequation given by

Kuw(Q)+ [ [VJ(Q,P)M( ) = m,(Q. P) 851]3)] dr(P)
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Where |s the derivative in the direction of the outward vecdtothat is normal to the bound-
ary I mn andV,, are, respectively, the normal bending moment and the Koffldguivalent
shear force on the boundaly R. is the thin-plate reaction of the cornets; is the transverse
displacement of the corners;is the field point)) is the source point; and an asterisk denotes a
fundamental solution. The constafitis introduced in order to take account of the possibilities
that the point) can be placed in the domain, on the boundary, or outside thrauho If the
point( is on a smooth boundary, thén = 1/2.

1959) | [0 - .00

Nca*

2 ny (@ P (P)
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Whereg—r(b)1 is the derivative in the direction of the outward vectgrnormal to the boundary
at the source poind.

6 Fundamental solutions for bending problems of isotropic fates

The fundamental solution for the transverse displacenmepiaite bending is computed by
setting the non-homogeneous term of the differential Eqs 2qual to a concentrated force
given by a Dirac delta functiot(@, P)), i.e.,

1

= 3l 5
Y= D [Inr], ®)

wherer? = [(x — z0)? + (y — yo)?] is the distance between source and field point.

The boundary quantitie%%, m; andv; at a regular point o' are expressed in terms of
the deflectionu by the relations is given by:

Ve = 471T—p(nr)[—3 + v+ 2(1 - ) (sr)?), (6)
mt = —8%[2(111')2(1—V)+2V+(1+V)(1—}—21117’)], )
ow 1

o = 8iDn [(nr)r(1+2In7)], (8)
ow* 1
om " 8%Dm [(nr)r(1+ 21nr], 9)
g:; = _47r1r2 [(—mn + 2(nr)(nr))(3 —v) +

2(1 — v)sr(2ms(nr) + mn(sr) — 4(nr)(nr)(sr))], (10)

CILAMCE 2017
Proceedings of the XXXVIII Iberian Latin-American Congsesn Computational Methods in Engineering
R.H. Lopez, L.F.F. Miguel, P.O. Farias (Editor), ABMEC, Rmpolis, SC, Brazil, November 5-8, 2017



F. Author, S. Author, T. Author (Please edit this authorsifiel

om? 1

8mn = I [—2(nr)(—mn + nr(nr))(1 — v) + nr(1 + v)], (11)
(‘fng};z = —47$)22 [nr(nr) + (mn) In7]. (12)

In Equations above, the following relations were used:

nr =d/r (13)
sr = dtan(0)/r (14)
nr = m cos(6) + mj sin(6) (15)

wherem/ andm/, are the coordinates of the normal vector at source pointat 8ysteniz’, y').

7 Transformation of domain integrals into boundary integrals in the isotropic
plate bending problem

As can be seen in Egs. (3) and (4), there are domain integréig iformulation due to the
distributed load in domain. These integrals can be compoted

the domain by direct integration over the aea(see Fig. 1). However, the boundary
element formulation loses its main feature, i.e., the bamndnly discretization. In this work,
domain integrals which arise from distributed loads aregfarmed into boundary integrals by
Dual Reciprocity Method.

Consider that the terry of the Equation (3) is approached throughout the domain as a s
of unknown coefientea!” and a class of functions denoted ¥ (x). The approximated; ()
is given by

M
bi(z) = > o f"(x) (16)
m=1
Thus, the integral over the area in EqQ. (3) can be written as
M
/ bUnd =3 am / Upp f7dS) 17)
Q el Q
Particular solutiong’ can be found in order to satisfy equilibrium equations
Cmnrsﬂik,ns = sz (18)

The reciprocal relationship between fundamental solusind particular solution can be
written as

an / Tardl — — / FrULAQ + / Uy dT (19)
I Q I
Substituting Eq. (19) in Eq. (17), gives
M
[ Uipda =3 oy {—a;;g + [ imuar - [ J}ia;?;;dr} (20)
Q = r r

Now, substituting Eq. (20) in the Eq. (3), you have
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M
wt [ Towdl = [ Uitdl + " o {ugg - [ invar+ [ T,Z-a;.;gdr} 21)
r r — r r

Equation (21) will be used as basic equation for the duaprecity boundary element. It
may be noted the absence of domain integrals.

In order to obtain a solution for the elastic-dynamic prombldoundary is divided into
elements. Thus:

u = (bu(i)
t = ¢t (22)
a = ¢a?
t ¢t

where variables represented in bold letters are vectorzef2&V where N is the number of
nodes,u® andt® are displacements and tractions nodal values, respagtivés the shape
function matrix,u andt represent displacements and stresses along the elemefit’andd

t(® are vectors and nodal displacements and tractions, plartisoiutions respectively. Thus:

- NE l NE )
_ J
clu +]Zl{7{;r¢dl“}u —jzl{/rjUgbdQ}t +

u [ NE N NE o
n' — Updl » T9™ Todl , UI™ | o™
Z{cu ]z::l{/rj ) } +;{ﬁj¢ } ]oz

m=1
(23)
considering that,
/ Ugdl = G (24)
r
and
7[T¢dr —H (25)
L
it is possible towrite Eq. 23 as:
N o N o M N o N
ST HYW = 3G+ 3 S (HYm - G o (26)

j=1 j=1 m=1 j=1

The M vectorsa (2x1) corresponding to the different approximatting functigfis can be
grouped into a vectar (2Mx1) and related to the body forces veqitr (2M/x1) containing
body forces for all we outline. Thus, equation (7) can betemitas

b =Fa 27)
where elements of matrik are values of functiong™(z) at all nodes. Reversing the matiix

CILAMCE 2017
Proceedings of the XXXVIII Iberian Latin-American Congsesn Computational Methods in Engineering
R.H. Lopez, L.F.F. Miguel, P.O. Farias (Editor), ABMEC, Rmpolis, SC, Brazil, November 5-8, 2017



F. Author, S. Author, T. Author (Please edit this authorsifiel

can be written

a=Ep (28)

whereE = F1,
Substituting equation (28) in the equation (26), you cartenri

Hu = Gt + [HU - GT| Ep (29)
and maning

M= |GT - HU|E (30)
Equation (29) becomes

Mp + Hu = Gt (31)

which has the same aspect of the equilibrium equations ¢¢ #hements, namely, a mass matrix
M a stiffness matri¥ and force vectofzt.

8 Transient Problems: Formulation in the time domain

That this the method is the suitable for use in the direct timbegration along with the
radial integration reciprocity boundary element method.

8.1 Matrix equations

Seeing that in this case, the only body forces present in dodyainS2 and contoud” are
due to the acceleration field,

may be written to a time step+ Ar as
PMﬁT+AT + HuT+AT = GtT+AT (33)

To carry out time integration for a periof, this time period is divided intév equal in-
tervalsA7r (7T = NAT). Assuming that the solution of equation is knowmAT, 2A7, ..., 7
solution at timer + Ar is found according to the approach proposed Houbolt (1950
acceleration im + A7 is approximated by the expression of finite difference

, 1
UriAr = ) (2uT+AT —5u; +4u,_ar — uT—QAT) (34)
AT

An important feature of Houbolt method is that it has a higlmetical damping.

Substituting equation (34) in the equation (33), you have
2 1
[pPM + H} Uriar = GtT+AT + pPM (5uT - 4uT—AT + uT—QAT) (35)
Since all unknown variables are passed to the left side tiEquE5) can be written as
Ay’r-i—Ar = WriAr (36)

wherey. . A, is the unknown variable vector and,, A, is the known variables vector, and
its elements are calculated from the valuesudirom the earlier times steps, and boundary
conditions in timer + Ar.
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9 Numerical results

The example chosen to evaluate the Boundary Element MeBioll) performance in the
sense of thin-shaped structures, as well as to analyseféut @fthe size of the time step, is the
elastodynamic problem. The problem corresponds to a ptaderwniform load applied as a
step function at time = 0, 0127 s, as defined in Figure 3. Dimensions of the plate are: lefgth
= 1000 mm, thickness= 8 mm. The Material properties are: elastic modulus: 6, 895, GPa,
Poisson coefficient = 0,3 and densityp = 7,166 10 N/m? . The plate is under a uniformly
distributed load; = 2,07 10° N /m?.

y A

0=2,07.16 N/m?
° L=1m
r A

L=1m

Figure 3: Clamped square plate

The plate was discretized in 12 constant boundary elemkntsis paper, we are interested
in evaluating how the solution for vertical displacementaited with BEM varies with the time
step used on the numerical integration and the Radial lategrMethod. The result can be seen
in the in Figure 4.

Table 1: Results obtained for clamped plate.

Time Step Number Time Steg\¢) Displacement

70 2,3194.10* 2,0757
90 1,8040.10* 2,1220
110 1,4760.10" 2,1344
130 1.2489.10 2,1387
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. Clamped square plate
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Figure 4: Variation in the displacement time at the center pant of the clamped square plate subjected to a
suddenly applied load.
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10 Conclusions

This paper presents numerical expressions for influencegasaiand dynamic analysis us-
ing the radial integration method and direct method elemémt isotropic thin plates. The
technique of transient analysis is used to determine thardymresponse of a structure under
the loading how much the size of the time steps. The propasediation has been applied to a
thin plate subjected to uniformly distributed loads. It@smcluded that the damping has little in-
fluence on the displacement calculation. It used the RIM oteth perform the transformation
from domain to boudary integral. It was observed that theafismnstant boundary elements
has shown a good agreement when compared with Sladek resuidtsed, the use of radial
integration method shows better results for this applicgtdespite the greater computational
cost.
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