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Abstract. The present investigation is focused on the solution of a dynamic inverse vibration
problem for structural damage identification. This inverse problem has been formulated as an
optimization problem, and it has already been solved by heuristic and metaheuristic methods.
These techniques are successfully employed for low degrees-of-freedom (DOF) structures. In
more complex structures, these techniques . A hybrid approach was used to overcome this
difficulty, where a new optimization scheme based on q-gradient is employed to provide an
initial guess for the Hooke-Jeeves Direct Search method. The damage estimation has been
evaluated using simulated experimental data, and the reported results are presented to a
three-bay truss structure.
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1 INTRODUCTION

Structural health monitoring is an important application on the field of system
identification. This research branch combines the advances of sensing technology with theories
and techniques for nondestructive damage detection. One relevant issue of this field is the
monitoring while the structure is in operation. The capacity of early detection of possible
damages is desirable in the proposed monitoring approaches, helping to repair or rehabilitate a
structure before it has major damages.

For critical systems, as aerospace structures, it is essential to have the capability of detecting
damages in an accurate and a safe way. In this case, if a damage is not detected and not repaired,
a structural failure could happen, with catastrophic consequences, as human and material losses.

Dynamic processes modeling in mechanical vibration is characterized by knowing initial
and boundary conditions, geometry of the structure, material properties, and forcing terms. The
system output response is the measurement of displacement, accelerations, strains, stresses,
natural frequencies, and modes shapes. In vibration systems, modal parameters are function
of the physical properties of the structure (such as mass, damping, and stiffness). Therefore,
some change in the physical properties (caused by cracks, loosening of connections or another
possible damage) will cause detectable changes in the modal properties. The inverse problem
of damage evaluation consists in detecting, localizing and evaluating the damage severity. In
particular, the damage severity is obtained by estimating the stiffness values or from estimated
from structural displacements and/or modal properties measurements. The forward and the
inverse problems are described on Section 2.

In structures with a high number of degrees of freedom, the task of detecting and evaluating
damages becomes computationally expensive. From this consideration, it is important to
develop a method for solving the problem within a reasonable period of time, with low
computational cost.

In this paper, the q-gradient (q-G) method, a novel optimization algorithm, is hybridized
with the well known Hooke-Jeeves Pattern Search (HJ) algorithm, creating a method to solve
the inverse problem of detecting damages on structures. The proposed approach combines the
exploratory advantages of q-derivative with the intensification capability of the HJ approach.

The q-G method, explained in Section 3.1, has been proposed to solve unconstrained
continuous global optimization problems with a competitive performance when compared to
Evolutionary Algorithms (EAs), especially in multimodal problems with several minimum
values (Soterroni et al. 2011, 2012, 2013). This new approach is a generalization of the classical
steepest descent method where the search direction is defined by the q-gradient vector of the
objective function. The q-gradient vector is a generalization of the standard gradient vector
based on the concepts of q-derivative (or Jackson’s derivative) from q-calculus, and its use
provides an effective mechanism for escaping from local minima.

Hooke-Jeeve pattern search method is a simple and efficient local optimization method that
consists in exploratory and pattern moves (Hooke et al. 1961). Such scheme uses a sequence
of exploratory movements on a base point (candidate solution), considering a certain radius.
If, during the exploration, a better solution is computed, the base point changes for this better
point. Otherwise, the exploration radius is changed for a smaller value. The method is detailed
on Section 3.3.
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The methodology of solution of the inverse problem is evaluated over a three-bay truss
structure, with twelve degrees of freedom. This case study is described on Section 4. Some
statistical results are presented in Section 4.1, and a comparison is made with a method
previously tested, the Multi-Particle Collision Algorithm, also hybridized with Hooke-Jeeve
Pattern Search (MPCA-HJ) (Hernández Torres et al. 2015b).

2 STRUCTURAL DAMAGE DETECTION AS AN OPTIMIZATION
PROBLEM

The dynamic response of motion of a D degrees of freedom structure is given by a second
order, non-homogeneous ordinary differential equation:

Mü(t) + Cu̇(t) + Ku(t) = F(t) ; (1)

where M, K and C are the D × D mass, stiffness and damping matrices, respectively; F is
the external forces vector; and u, u̇, ü represents the displacements, velocity and acceleration
vectors, respectively. The initial conditions are given by:

u(0) = u0 , u̇(0) = u̇0 . (2)

The forward problem calculates the system displacement u, knowing M ,K, C, and F.

Since no analytical solution exist for any arbitrary functions of K, C and F, a numerical
solution for this forward problem is obtained using the Newmark method (Newmark 1959).

The inverse problem of localizing and quantifying damages on structures is solved as an
optimization problem. It consists of minimizing the objective function:

J(K) =
N∑
i=0

[ui(t)− ûi(t)]
2 , (3)

where ui(t) and ûi(t) are the computed and measured displacements at time t, respectively.

The inverse problem of detecting damages on the truss structure is solved using the hybrid
approach of q-G-HJ and compared with results obtained with MPCA-HJ. The methods q-G,
MPCA and HJ are described in the next section.

3 OPTIMIZATION ALGORITHMS

3.1 q-G Method

In the beginning of the last century, the English reverend Frank Hilton Jackson started to
develop the q-calculus in a systematic way working on the q-analogues of functions, series,
special numbers, and more importantly, the q-derivative concepts (Ernst 2003; Jackson 1908,
1910a,b; Kac et al. 2002). Key to the performance of the q-G method is the parameter q required
to calculate the q-gradient vector. When q 6= 1, the search direction is likely to be either descent
or not descent and the method performs a global search. For q equals 1, the q-gradient reduces
to the classical gradient vector and the q-G method performs a local search. In other words, the
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q-G method can be described as a q-analogue of the steepest descent method that reduces to its
classical version whenever the parameter q equals 1. The method is implemented in a way that
the search process gradually shifts from global in the beginning to almost local search in the
end (Soterroni et al. 2012).

Let f be a differentiable function of n variables, the n first-order partial q-derivatives of f
with respect to the variable si is given by (Soterroni et al. 2011, 2012, 2013)

Dqi,sif(s) =


f(s1, · · · , qisi, · · · , sn)− f(s1, · · · , sn)

qisi − si
, if si 6= 0 and qi 6= 1,

∂f(s)

∂si
, otherwise,

(4)

where the parameter q is a vector q = (q1, · · · , qi, · · · , qn) ∈ Rn. Note that when si = 0 or
qi = 1, ∀i, the first-order partial q-derivative is the classical first-order partial derivative. Thus,
similarly to the classical gradient vector, the q-gradient is the vector of the n first-order partial
q-derivatives of f (Soterroni et al. 2011, 2012, 2013)

∇qf(s) = [Dq1,s1f(s) · · ·Dqi,sif(s) · · ·Dqn,snf(s)]. (5)

The q-G method uses an iterative procedure that, starting from an initial point s0, generates
a sequence sk given by

sk+1 = sk + αkdk, (6)

where k is the iteration number, dk is the search direction and αk is the step length or the
distance moved along dk. Thus, the search direction dk in the q-G method is the negative of the
q-gradient of the objective function −∇qf(s) (Eq. (5)).

An adopted strategy for generating the parameter q is to draw the values of qki from a
Gaussian probability distribution such that qki s

k
i has a standard deviation σk that decreases as the

iterative search proceeds (Soterroni et al. 2012, 2013). Starting from σ0, the standard deviation
is decreased by σk+1 = β · σk, where 0 < β < 1 is the reduction factor. As σk approaches
0, the values of qki tend to unity and the q-G method shifts gradually from a global search in
the beginning to a local search in the end behaving similarly to the steepest descent method.
However, if σk decreases too quickly, the algorithm may be trapped in a local minimum. Then,
the role of the standard deviation is reminiscent of the temperature in a Simulated Annealing
(SA) algorithm, that is, to make the iterative procedure go from a random at beginning to a
deterministic search in the end (Soterroni et al. 2013). Since the search directions given by the
q-gradient are not necessarily descent directions, the use of a line search technique to determine
the distance moved along direction generated by the q-G method may be not efficient. Here, as
in (Soterroni et al. 2012, 2013), the step length αk is computed by the geometric recursion
αk+1 = β · αk, where, for the sake of simplicity, β is the same reduction factor used to
compute the standard deviation σk. The algorithm for the q-G method is summarized as follows
(Soterroni et al. 2013).

As can be seen in Algorithm 1, the q-G method has three free parameters: the initial
standard deviation (σ0), used to generate the values of the parameters qki , the initial step
length (α0) and the reduction factor (β). Usually, the values of σ0 and α0 are normalized
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Algorithm 1 q-G method for unconstrained continuous global optimization
problems
1: Given s0 (initial point), σ0 > 0, α0 > 0 and 0 < β < 1
2: k = 0
3: sbest = sk

4: while NFE < NFEqG do . Stopping criterion
5: Generate qksk by a Gaussian distribution with σk, and µk = sk

6: Calculate the q-gradient∇qf(s
k)

7: dk = −∇qf(s
k)/‖∇qf(s

k)‖
8: sk+1 = sk + αk · dk

9: if f(sk+1) < f(sbest) then
10: sbest = sk+1

11: σk+1 = β · σk

12: αk+1 = β · αk

13: k = k + 1

14: return sbest and f(sbest)

by L =
√∑D

i=1(smaxi
− smini

)2, the largest distance within the search space. The stopping
criterion can be a maximum number of the function evaluations (NFEqG).

An appropriate specification of the free parameters allows that the search process gradually
shifts from global exploration in the beginning to almost local search in the end. Although a
bad choice may lead to some deterioration in its performance, the q-G method has shown to
be sufficiently robust to still be capable of reaching the global minimum (Soterroni et al. 2012,
2013).

3.2 Multi-Particle Collision Algorithm

Multi-Particle Collision Algorithm (MPCA) is a metaheuristic algorithm based on the
physics in the nuclear reactor, with particles (neutrons) traveling in the reactor (Luz et al. 2008).
Two phenomena can be pointed out during the travel trajectory: absorption and scattering. This
algorithm has been used successfully in the solution of many optimization problems such as
fault diagnosis (Echevarrı́a et al. 2012), automatic configuration of neural networks applied to
different problems such as atmospheric temperature profile identification (Sambatti et al. 2012),
data assimilation (Anochi et al. 2015), climate prediction (Anochi et al. 2014) and in the solution
of an inverse radiative problem (Hernández Torres et al. 2015a).

MPCA consists in a set of particles (candidate solutions of dimension D) that travels inside
a nuclear reactor. Initially, the set of particles is generated randomly. Three principal functions
in the algorithm control all the process: perturbation, exploration and scattering. Particles are
perturbed, and depending on their fitness, they are absorbed or scattered to other area of the
space search. The MPCA pseudo-algorithm is shown in Algorithm 2.

The PERTURBATION function (see Algorithm 3) performs a random variation of a particle
within a defined range, creating a new particle. If the new particle is better that the current
particle, then the EXPLORATION function (see Algorithm 4) performs an intensification of the
current particle, by means of small perturbations (see Algorithm 5). If the new particle is worse
than the current particle, the SCATTERING function (see Algorithm 6) is activated. Scattering
function uses a Metropolis scheme: with a defined probability, the current particle is replaced
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Algorithm 2 Multi-Particle Collision Algorithm
1: for i← 1 to Nprocessors do . Initial set of particles
2: NFEi = 0, lastUpdatei = 0
3: for j ← 1 to Nparticles do
4: currentPi,j = RANDOMSOLUTION
5: NFEi = NFEi + 1

6: for i← 1 to Nprocessors do . Initial blackboard
7: bestPi = UPDATEBLACKBOARD(currentPi,−)
8: while NFE < NFEmpca do . Stopping criterion
9: for i← 1 to Nprocessors do

10: for j ← 1 to Nparticles do
11: newPi,j = PERTURBATION(currentPi,j)
12: if newPi,j .Fitness < currentPi,j .Fitness then
13: currentPi,j = EXPLORATION(newPi,j)
14: else
15: currentPi,j = SCATTERING(currentPi,j , newPi,j , bestPi)
16: if currentPi,j .Fitness < bestPi.Fitness then
17: bestPi = currentPi,j

18: if NFEi - lastUpdatei > NFEblackboard then
19: for i← 1 to Nprocessors do . Blackboard
20: bestPi = UPDATEBLACKBOARD(currentPi,−)
21: lastUpdatei = NFEi

22: for i← 1 to Nprocessors do . Final blackboard
23: bestPi = UPDATEBLACKBOARD(currentPi,−)
24: return bestP1

by a new random solution, or a series of small perturbations are performed over it (Luz et al.
2008; Sacco et al. 2005).

Particles in the whole population behave cooperatively, i.e., the best particle overall
is over-copied for all other particles in the set, through a blackboard strategy. The
UPDATEBLACKBOARD procedure is applied each a number of function evaluations
(NFEblackboard).

As stopping criterion, a maximum number of function evaluations (NFEmpca) is defined.

Algorithm 3 Perturbation Function
1: function PERTURBATION(currentP)
2: for d← 1 to D do
3: R = rand(0, 1)
4: P.Solution(d) = currentP.Solution(d) +

((
UB(d) − currentP.Solution(d)

)
· R
)
+

−((P.Solution(d) − LB(d)) · (1− R))
5: if P.Solution(d) > UB(d) then
6: P.Solution(d) = UB(d)

7: else if P.Solution(d) < LB(d) then
8: P.Solution(d) = LB(d)

9: P.Fitness = f (P.Solution)
10: NFE = NFE + 1
11: return P
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Algorithm 4 Exploration Function
1: function EXPLORATION(currentP)
2: for n← 1 to NFEinternalMax do
3: newP = SMALLPERTURBATION(currentP)
4: NFE = NFE + 1
5: if newP.Fitness < currentP.Fitness then
6: currentP = newP
7: return currentP

Algorithm 5 Small Perturbation Function
1: function SMALLPERTURBATION(currentP)
2: for d← 1 to D do
3: u = currentP.Solution(d) · rand(1,SL)
4: l = currentP.Solution(d) · rand(IL, 1)
5: R = rand(0, 1)
6: if u > UB(d) then
7: u = UB(d)

8: if l < LB(d) then
9: l = LB(d)

10: P.Solution(d) = currentP.Solution(d) + ((u− currentP.Solution(d)) · R)+
−
((

currentP.Solution(d) − l) · (1− R
))

11: P.Fitness = f (P.Solution)
12: NFE = NFE + 1
13: return P

Algorithm 6 Scattering Function
1: function SCATTERING(currentP, newP, bestP)
2: pscattering = 1−(bestP.Fitness/newP.Fitness)
3: if pscattering > rand(0, 1) then
4: P = RANDOMSOLUTION
5: NFE = NFE + 1
6: else
7: P = EXPLORATION(currentP)
8: return P

3.3 Hooke-Jeeves Direct Search Method

The direct search method of Hooke-Jeeves (Hooke et al. 1961) consists of the repeatedly
application of exploratory moves about a base point which, if successful, is followed by pattern
moves. The HJ pseudo-algorithm is shown in Algorithm 7. In a D-dimensional problem, a
candidate solution is denoted as a vector s of length D.

The exploratory move consists adding one column of the search directions matrix V (called
vd), scaled by a step size h, to the solution s. This process is made over all the dimensions of
the problem. A new solution is accepted if it is better than the previous s. If the exploratory
move was successful, it will return an improved solution sn.

The pattern move sn∗ is computed adding a search direction (sn− sc) to sn . If sn∗ is better
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than sc then it will replace the latter, else sn will become the new sc. If no improvement is found
for sc, the step size h is reduced in ρ times. As stopping criteria, a minimum step size (hmin)
and a maximum number of function evaluations (NFEhj) are defined.

Algorithm 7 Hooke-Jeeves
1: Choose sc, ρ, hmin

2: while NFE < NFEhj and h > hmin do . Stopping criteria
3: sn = EXPLORATORY(sc, h)
4: if f(sn) < f(sc) then
5: sn∗ = sn + (sn − sc)
6: if f(sn∗) < f(sn) then
7: sc = sn∗

8: else
9: sc = sn

10: else
11: h = h× ρ
12: return sc

1: function EXPLORATORY(sc, h)
2: s = sc

3: for d← 1 to D do
4: if f(s+ hvd) < f(s) then
5: sn = s+ hvd
6: else if f(s− hvd) < f(s) then
7: sn = s− hvd
8: return sn

3.4 Hybridization approaches

The hybridization of the q-G method with HJ, named q-G-HJ, works as a multi-stage
structure (Ting et al. 2015), similar to the MPCA-HJ (Hernández Torres et al. 2015b). For
the solution of the optimization problem, i.e. the inverse problem, the global optimization
algorithm (q-G or MPCA) looks for “good” candidate solutions within the entire search space.
When the global algorithm (q-G or MPCA) reaches its stopping criterion, the optimization
procedure is interrupted. Then, the best solution found in the global exploration phase is
used as starting point for the local optimization algorithm (HJ) to perform an exploitation (or
local intensification) phase. Finally, the best solution found by the HJ method will be the final
solution for the inverse problem.

4 CASE STUDY: THREE-BAY TRUSS STRUCTURE

A three-bay truss structure with 12-DOF is considered to test the methods, as shown in
Figure 1. The structure is composed of 12 aluminum bars with a square cross section area
A = 9 × 10−4 m2. The material has a Youngs modulus E = 70 GPa, and a material density
ρ = 2700 kg/m3. Each non-diagonal element is l = 1.0 m long. The damping matrix is
assumed as proportional to the integral stiffness matrix (Ci = 10−5Ki). Constant (over time)
external forces Fi = 1000 N are applied to the nodes A and B in the positive direction of the
x-coordinate, as shown in Figure 1. Final time for the numerical simulations is tf = 5×10−2 s,
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with a time step ∆t = 5×10−4 s. Initial conditions are adopted equal to zero (u(0) = 0 , u̇(0) =
0).

A

B

1 2 3

4

567

8 9 10 11 12

FA

FB

y

x
+

Figure 1: Three-bay truss structure (dashed lines represent damaged elements)

Experimental data were created in silico. Damages were assumed throughout the structure,
by means of reducing values of stiffness of some elements, as shown in Table 1. A damage
configuration of 15% over the 2nd element, 5% over the 4th, 30% over the 7th, 10% over the
10th and 20% over the 12th element was considered. All the others elements have been assumed
as undamaged. Damaged elements are represented on Figure 1 with dashed lines.

4.1 Damage Identification Results

The stiffness values for structure elements under investigation are shown in Table 1 –
considering reference and damaged elements.

In the inverse problem of damage identification, small perturbations or noise on the
measurements can cause large oscillations on the solution of the inverse problem. In order to
simulate that situation and test the robustness of the methods, some experiments were performed
with noisy data, adding a random error to the node displacements along the x and y coordinates,
as shown in Eq. (7):

ûi(t) = ui(t) +N (0, σ), (7)

where ûi(t) represents the noisy experimental data,N (0, σ) is a normal distribution with mean
0 and standard deviation σ. In the experiments, three cases are tested: σ = 0.00 (noiseless
data), σ = 0.02 and σ = 0.05.

Table 2 shows the stopping criteria and the control parameters of the q-G, MPCA and HJ
methods. The maximum number of function evaluations for each hybrid approach (q-G-HJ or
MPCA-HJ) is 100,000 with 70,000 for the global optimization method (q-G or MPCA) and
30,000 for the local optimization method (HJ). For the HJ method the iterative procedure stops
if either the minimum step (hmin) or the maximum number of function evaluations (NFEhj)
is reached. In order to estimate the damaged stiffness values, the search domain used in the
optimization procedures was defined as [0.5, 1.05]Ku, where Ku represents the undamaged
stiffness values.

Figure 2 shows the results for the estimated damage factor. Lighter gray shows the exact
damage percentage. Darker gray bars represent estimates given by q-G-HJ and black bars,
estimates given by MPCA-HJ. Negatives damages (stiffness values greater than integral value,
which are not supported physically) are represented as zero. Table 3 presents the relative error
between the real and the estimated values of the stiffness. For both methods (q-G-HJ and
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Element Undamaged Stiffness Real Stiffness (damaged) Damage percent

1 1,750,000 1,750,000 0 %

2 1,750,000 1,487,500 15 %

3 1,750,000 1,750,000 0 %

4 1,750,000 1,662,500 5 %

5 1,750,000 1,750,000 0 %

6 1,750,000 1,750,000 0 %

7 1,750,000 1,225,000 30 %

8 1,237,440 1,237,440 0 %

9 1,750,000 1,750,000 0 %

10 1,237,440 1,113,696 10 %

11 1,750,000 1,750,000 0 %

12 1,237,440 989,952 20 %

Table 1: Stiffness and damage percent values for each element

Algorithm Parameter Value

q-G σ0 0.2 · L

α0 0.1 · L

β 0.999

NFEqg 70,000

MPCA Nparticles 10

NFEblackboard 1, 000

IL 0.7

SL 1.1

NFEmpca 70,000

HJ ρ 0.8

hmin 1× 10−10

NFEhj 30, 000

Table 2: Control parameters and stopping criteria for q-G, MPCA and HJ methods

MPCA-HJ), final damage identification results are similar. Almost perfect damage estimation
were obtained for noiseless data. Good results were obtained using 2% noisy experimental
data: all damaged elements were well identified; in the sixth element (which is not damaged) a
little false damage was identified; and eighth, ninth and eleventh elements presented negatives
damages. Worse results were obtained using 5% noisy experimental data, but all damaged
elements were identified. Again, a false damage appears on the sixth element and eighth, ninth
and eleventh elements presented an increase of the stiffness.

Table 4 shows statistical results for the objective function values obtained from a set of
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Figure 2: Damages identified by q-G-HJ and MPCA-HJ

50 runs of q-G and MPCA (with and without hybridization with HJ), in experiments with
noiseless data. Overall, the q-G method outperforms MPCA. During the exploration phase,
the q-G method shows objective function values up to three orders of magnitude better than
the ones obtained by MPCA. The final results from the hybrid methods q-G-HJ and MPCA-HJ
are similar for the minimum and median values of the objective function. However, for the
maximum, mean and standard deviation, the q-G-HJ approach presents objective function
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Noiseless Noisy 2% Noisy 5%

Element q-G-HJ MPCA-HJ q-G-HJ MPCA-HJ q-G-HJ MPCA-HJ

1 0.000 0.000 1.470 1.644 4.681 3.780

2 0.000 0.000 0.530 0.608 1.902 1.235

3 0.000 0.020 0.825 0.859 1.951 2.020

4 0.000 0.116 3.630 3.781 9.098 8.947

5 0.000 0.000 0.000 0.000 0.000 0.000

6 0.000 0.000 3.561 3.794 9.068 9.010

7 0.000 0.043 0.176 0.199 0.292 0.271

8 0.000 0.010 0.000 0.000 0.000 0.000

9 0.000 0.170 0.000 0.000 0.000 0.000

10 0.000 0.011 0.257 0.318 0.989 0.722

11 0.000 0.000 0.000 0.000 0.000 0.000

12 0.000 0.012 2.460 2.616 6.477 6.200

Table 3: Relative error between real and estimated stiffness

Statistic qG qG-HJ MPCA MPCA-HJ

Mean 4.57× 10−6 2.66× 10−20 1.14× 10−3 2.79× 10−15

Maximum 7.08× 10−6 5.84× 10−19 2.73× 10−3 5.58× 10−14

Minimum 8.83× 10−7 1.33× 10−23 3.92× 10−5 1.08× 10−23

Median 4.35× 10−6 1.04× 10−21 1.04× 10−3 2.60× 10−21

Standard Deviation 1.65× 10−6 1.14× 10−19 6.91× 10−4 9.76× 10−15

Table 4: Statistical results for the values of the objective function over 50 runs

values up to five orders of magnitude better than the ones obtained by MPCA-HJ.

In all the experiments, the number of function evaluations where the algorithm reaches
a value of the objective function of 1 × 10−10 was saved. The q-G-HJ method reached the
mentioned value for the objective function after 8342 function evaluations, while the MPCA-HJ
reached it after 9353 function evaluations. These numbers of function evaluations are average
values taken from a set of 50 runs of each optimization method.

5 FINAL REMARKS

In this work, the inverse problem of structural damage detection was solved by using the
q-G method hybridized with the HJ method, named q-G-HJ. This novel approach was compared
to the hybrid method MPCA-HJ for the same problem and under the same stopping criteria in
order to ensure a fair comparison. Although q-G-HJ and MPCA-HJ obtained final damages
estimates with a similar quality, the former reached the results faster. The statistical measures
of the objective function values obtained from a set of runs indicated a quicker convergence of
q-G-HJ.
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In future works, the proposed hybrid method will be applied to more complex structures,
such as International Space Station (Chiwiacowsky et al. 2008), and damage identification for
experiments in a laboratory. Numerical experiments will be also performed using the forward
problem expressed in frequency domain and incomplete experimental data.
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