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Abstract. This numerical study applies the Constructal Design method to obtain the configuration that provides
the easier access to the heat flowing through a T-shaped conductive pathway, with two different thermal
conductivities, which is placed in a volumetric medium with low thermal conductivity and heat-generating. In
this context, a third material located between the conductive pathway and the heat-generating medium has the
function of thermal contact resistance. The objective function is to minimize the maximum temperature excess
over the entire system (materials with high and low thermal conductivity and thermal contact resistance). Here,
the heat conduction equation is solved using a numerical code based on finite elements approach, more
specifically using the PDEtool in MATLAB environment. The total volume is fixed as well as the volume of the
high thermal conductivity material and the amount of material that represents the thermal contact resistance.
The configuration was optimized by varying the area fraction (¢), the lengths (L1/Lo) and widths (D1/Do) of the
two branches forming the "T", keeping fixed the aspect ratio of the area of the conductive material, ¢, with
respect to the total area of the body (A).
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1 INTRODUCTION

Cooling methods by insertion of pathways with high thermal conductive materials into
heat-generating bodies have been widely used (Ledezma et al., 1997; Rocha et al., 2006;
Boichot et al., 2009; Lorenzini et al., 2013) since Bejan’s proposal in Bejan (1997) parallel to
the rise of Constructal Law of Design and Evolution in Nature (Bejan et al., 2008; Bejan et
al., 2012). However, all of these approaches assumes and ideal situation where the high
conductive material performs a perfect thermal contact with the heat-generating medium, so,
no temperature drop is considered in the interfaces. However, perfect thermal contact doesn’t
occur in nature due to imperfections in the interface of solids, roughness and flatness between
the contact surfaces of the solids.

Commonly the imperfections in the contact surfaces of the solids make the contact
area smaller than the nominal area of the surfaces. The voids at the interface are normally
filled by air and in some cases special fluids are inserted in the interface aiming to improve
the heat conduction through the solids. All the imperfections mentioned results in a thermal
contact resistance, R/, at the interface of two solids placed in contact (Cengel, 2012). The

thermal contact resistance has also been largely studied in the literature (Bahrami et al.,
2004a; Goodarzi, et al., 2014; Bejan et al., 1993; Ghalambor et al., 2013).

In order to discover the configurations that most facilitates the access to the heat flow
currents, Constructal Design is applied (Biserni et al., 2007; Lorenzini et al., 2006). This
method applies the objective and constraints principle to find the best configuration in a
deterministically way.

Here, Constructal Design is applied in a numerical work to study a system composed
of a heat-generating medium and a T-shaped conductive pathway with different thermal
conductivities on which the heat generated flows out through a heat sink. In all this analysis
the thermal contact resistance was taken into account being compared with the results for an
ideal situation, i.e., for the case of perfect thermal coupling.

2 MATHEMATICAL MODEL

Consider the body shown in Fig. 1. The configuration is two dimensional with the third
dimension (W) sufficiently long compared with the height (H) and the length (L) of total
volume. The vertical branch of the "T" has a thermal conductivity ky1 and the horizontal
branch has a thermal conductivity kp2. Both branches inserted in a body with lower thermal
conductivity, k, and separated by a layer with high thermal resistance equivalent to the
thermal contact resistance, k.. The solid body generates heat uniformly by a volumetric rate
q” (W/m®). The external surfaces are insulated and the generated heat current (q” AW) is

removed by a heat sink with a constant temperature, Tmin, located in the rim of the body.
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Figure 1. Conductive materials, kp1 and kpz, with heat generation, whereas the thermal contact resistance.

The present work consists in calculate the maximal excess of dimensionless
temperature (Tmax — Tmin)/(q" A/K) and observe which geometry (Li/Lo, Do/Lo, ¢1) facilitates
the heat removal. Here, special attention was given to the issue of thermal contact between the
two elements with high thermal conductivity and the heat-generating volume. The thermal

contact resistance between the two branches of the "T" are disregarded for the sake of
simplicity.

The heat transfer through the two high conductive materials and the heat generating
volume, both with cross-sectional area A, which is pressed against one another is the sum of
heat transfer due to heat conduction through the points of contact and heat transfer by
convection of air through the gaps, as can be seen in Fig. 2b.

high resistivity material layer
equivalent to contact resistance

gap

@ (b) () @
Figure 2. Heat conduction problem domain: (a) two elements of high conductivity and heat-generating

body, (b) roughness of the surfaces, (c) layer of material between surfaces with resistivity equivalent to the
thermal contact resistance, (d) configuration with third element used in the numerical simulation.

Equation (1) represents the total heat transfer shown in Fig. 2:
q” = q(,:'ond + qgonvec (1)

or similarly by Newton’s law of cooling
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q” = hc AATint (2)

where A is the apparent area of the interface, AT, is the effective temperature difference at

the interface. The heat transfer coefficient, hc, is called thermal contact conductance and
relates to the thermal contact resistance by

R/ =1/h, ©)

Thus, the thermal contact resistance is the inverse of thermal contact conductance and
R/ represents the thermal contact resistance per unit area. The thermal contact resistance of
the whole interface is then obtained dividing R by the total area. The value of R} depends
on many factors, such as the surface roughness, micro roughness, properties of solids
involved, temperature, pressure which surfaces are submitted and the type of fluid interposed
in the voids (gaps) of the interface. Experimental results show that R decreases with

roughness decreasing and with pressure increasing on the interface.

Thus, in configurations involving multiple layers of high conductive materials such as
metals, R} can be very important and can interfere significantly on the overall thermal
resistance of the system. In order to minimize R/ it is common to apply conductive liquids on
interfaces with the purpose of replacing the air allocated through the gaps thus increasing the
thermal conductance of the interface. This practice is commonly used in electronic
components such as transistors connected to heat sinks, but there is a considerable uncertainty
in literature about R, so its use requires caution.

In this determining the maximum excess of dimensionless temperature of the overall
system considering the thermal contact resistance, R/, it is convenient to estimate a layer of

material interposed between the element of high thermal conductivity and the heat-generating
volume having a thickness, t, and the thermal conductivity, k., whose thermal resistance is
equal to the thermal contact resistance.

Aiming to determine the thickness, t, with a thermal resistance equivalent to the
thermal contact resistance, it was used a one-dimensional approximation, as shown in Fig. 2c,
also assumed a value of thermal conductance at the interface elements, he = 2000 W/m? K and
thermal conductivity k. = 10 W/m K. Equation (4) determines the thickness, t, in
dimensionless form where thermal resistance, R/, is obtained from Eq. (3). Thus,

F_RK (4)

where t =0.005, calculated from the arbitrated parameters for the proposed problem.

The present work is a heat transfer problem, considering steady state conditions and
uniform heat generation, the thermal conductivity is assumed constant. The heat diffusion
equation for the heat conductive body is described by

2 2 m
0 -lz- + 0 12- TS Ry (5)
ox* oy” Kk,

Equation (5) can be put in dimensionless form by using the dimensionless groups
below:
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T-T,

9: min 6
q"AlK, ©

-k

ky == (7)

X,¥,Dy, Ly, D;, L, H, L
Al/Z

where A in Eqg. (6) is the area of the finite volume. The analysis that provides the excess of

maximum temperature in function of the geometry in solving the heat diffusion equation with

uniform heat generation along the region with low thermal conductivity, k. The dimensionless
diffusion equation for the heat-generating body is described by:

0’6 0%0
8')2_2+T2+1:O (9)

i,y,ﬁo,to,ﬁl,tl,ﬁ,t= (8)

Assuming that there is no heat generation in the material with high thermal
conductivity, as well as in the layer whose thermal resistance is equivalent to the thermal
contact resistance, the dimensionless heat conduction equation for these areas is given by:

2 2
ANt (10
OX oy
The excess of maximum dimensionless temperature, émay, is defined as:
T — T
o — max min (11)
qWA/ kp

where kp is the thermal conductivity between the conductive material and the environment.
Evaluating the thermal resistance, Egs. (9) and (10) are solved using boundary conditions
considering the whole body as insulated except in the region where is located the heat sink
(-D,/2<X<D,/2;y=0) with temperature, Tmin. The boundary condition is given by a

constant temperature:
6, =0 (12)

Once equations are defined, the next step is to reach the optimization, i.e., minimize
the thermal resistance given by Eq. (11) when the total area and the thickness of the material
that represents the thermal contact resistance are constant. According to the view of
Constructal Design, the search may be subjected to two constraints area. The constraint of the
total area,

A=HL (13)

or described in dimensionless terms

HL =1 (14)
The area occupied by the high thermal conductivity material is given by:

A=A, +A, (15)
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where Ap: and Ap2 are the two branches areas of the T-shaped high conductive pathway.
Dividing Eq. (15) by the total area yields

¢= ¢1 + ¢2 (16)

In the optimization of this problem, it was assigned the value of H/L =1 and ¢ =0.1.
Hence, it takes four dimensions that represent the problem domain: Lo, Do, L1 and D1. Thus,
two dimensionless parameters are chosen, Li/Lo, Do/Lo and ¢, as the degrees of freedom for
varying the geometry that provides the lower thermal resistance. Using some algebra over Eqg.
(16) the following set of equations is obtained:

Lo =(6—4,)/(D, /L) (17)
D, = L,(D,/L,) (18)
B, =(p— B, L, /2L, (L, /L,)] (19)
L, =¢,/(2D,) (20)

Thus, with the equations above, it is possible to vary computationally the
dimensionless parameters and, therefore, checking the geometry that facilitates — the heat
flow out of the elementary volume. Then, for each degree of freedom is possible to find an
optimum relation and the corresponding value (6max)m, as the simulations are performed.
Varying simultaneously two degrees of freedom is found a doubly optimum configuration
(Gmax)mm. Therefore, it is possible to generate configurations so many times optimized as the
number of degrees of freedom simulated.

In the next section is performed a series of simulations varying the parameters Li/Lo,
Do/Lo and ¢, in order to obtain the optimum geometry for each degree of freedom analyzed.
In this context, the root mean square — RMS was used as a parameter of comparison of both
models: the model with the presence of thermal contact resistance and the model where it was
considered a perfect thermal coupling,

RMS =\/1i(xi —er «100 1)

n<4 X

r

where the subscripts "i" and "r" refers to the configurations of ideal thermal contact and the
one with thermal contact resistance.

3 NUMERICAL MODEL

The method was initially developed for a configuration with a T-shaped pathway. The
function defined by Eq. (11) can be determined by the numerical solution of heat conduction
given by Egs. (9) and (10) for the temperature field at each assumed configuration, depending
on the selected degree of freedom. The mesh used was determined by successive refinements,

increasing the number of elements until the criterion ‘(6’ —Hrf];j)/aflax‘SleO“‘ Is

satisfied, where @) represents the maximum excess of dimensionless temperature calculated

i
max

using the current mesh size, @' represents the maximum excess of dimensionless

max
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temperature using the following mesh, where the number of elements has been increased four
times. The numerical solution of heat conduction equation was obtained with the
implementation of a finite element code based on triangular elements developed in MATLAB

environment. The parameters used in the simulations were: ¢=0.1, k, =100, k , =50,

k, =0.05 and k =1. The geometry has been optimized considering its degrees of freedom
and the results were compared with values obtained for an ideal situation, i.e., for a perfect
thermal coupling situation. Tables 1 and 2 show the tests performed to obtain the mesh
independence considering the case with thermal contact resistance and the case with perfect
thermal coupling.

Table 1. Refinement of the mesh to obtain independent results of the number of elements, to ¢ = 0.07,
(Do/Lo)o = 0.075 and (L1/Lo)oo = 0.776 considering the thermal contact resistance

Number of Number of . o _ _ _
. triangular o)., 0 ‘(Hrﬂm -0 )/ Hrf]ax‘ <5x10™*
nodes
elements
5906 11669 0.170818 0.170619 1.17 x1078
23480 46676 0.170619 0.170544 4.36 x10*
93635 186704 0.170544 - -

Table 2. Refinement of the mesh to obtain independent results of the number of elements, to ¢ = 0.07,
(Do/Lo)o = 0.075 and (L1/Lo)oo = 0.704 considering perfect thermal coupling

Number of Number of _ o _ _ _
triangular o), o ‘(GJHX -0 )/ Hrﬂm‘ <5x107*
nodes
elements
235 419 0.135976 0.136468 3.62 x10°2
888 1676 0.136468 0.136639 1.26 x107°
3451 6704 0.136639 0.136703 4.62 x10™
13605 26816 0.136703 - -

The ideal mesh, considering the proposed criterion mesh independence, consists of
46676 triangular elements for the case with contact resistance and 6704 triangular elements
for the case with perfect thermal coupling.
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4 RESULTS

4.1 Once optimized geometry

The numerical work consisted of determining the temperature field in a large number
of configurations of the type shown in Fig. 1. In a first moment it was verified the maximum
excess of dimensionless temperature of the solid body considering a range of values of Li/Lo.
It was chosen a configuration set as follows: ¢ = 0.07, Do/Lo = 0.06 and Li/Lo varying from
0.2 until 0.7. Figure 3 covers this first analysis considering both models: the presence of the
thermal contact resistance and the situation when it was assumed perfect thermal contact.

0.22 — — —
k, =100, k =50, k=1

6,=0.07. ¢,=0.03

02 D /L = 0.06

max’ m
0.18

max

0.16 Perfect thermal contact

(0,.)

max’ m

0714 1 1 1 1 PR
0.2 0.4 0.6 0.8

Figure 3. Maximum dimensionless excess of temperature, 6max, for a range of Li/Lo considering perfect
thermal contact and k. = 0.05 for the case of the thermal contact resistance.

The optimization for a single degree of freedom as shown in Fig. 3 seems to follow the
same behavior for both models: as the horizontal branch of the "T" approaches the wall (high
values of Li/Lo) the maximum dimensionless temperature assumes lower values. Indeed, the
minimal values calculated for the maximum dimensionless temperature in both models were
(Bmax)m = 0.1469 considering perfect thermal coupling and (Omax)m = 0.1834 in the presence of
the thermal contact resistance. The curve of thermal contact resistance in Fig. 3 seems to be
almost equal to the perfect thermal coupling curve and plotted above from it. The temperature
fluctuations between both curves were 20.17% and the fluctuation between the minimal
values for the maximum dimensionless temperature of both models was 19.87%. Figure 4
presents a visualization of the two best configurations in this first analysis.
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(emax)m =0.1469 (emax)m =0.1834
(L1/Lo)o = 0.65 (L1/Lo)o = 0.688
(@) (b)

Figure 4. Optimized geometries for ¢ = 0.07 and Do/Lo = 0.06: (a) model considering perfect thermal
contact, (b) model including the thermal contact resistance.

4.2  Twice optimized geometry

The next analysis account to the simultaneous optimization of two degrees of freedom.
This time, geometry was doubly optimized with respect to the ratios Li/Lo and Do/Lo. The area
fractions ¢1 and ¢ remained the same values used in the first optimization as well as the other
thermal properties. The same treatment given in section 4.1 was performed not for a single
value of Do/Lo but for a range of values. Figures 5 and 6 show the doubly optimization
analysis when Do/Lo ranged from 0.05 to 0.1
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Figure 5. Curves of (Bmax)m and doubly minimized dimensionless temperature (Omax)mm, for fixed values of
(H/L) and (¢1) for a range of values of (Li/Lo) and (Do/Lo), considering simulations with and without
contact resistance.

The analysis of Fig. 5 shows the curves of (Omax)m for both models have the same
profile being the thermal contact resistance curve plotted above the curve of perfect thermal
coupling. The fluctuations between both curves ranged from 19.17% when Do/Lo = 0.05 until
20.62% when Do/Lo = 0.1. The RMS values obtained for both curves was 19.77%. The
minimized excess of dimensionless temperature was (Omax)mm = 0.1367 for the ideal situation
and (Omax)mm = 0.1706 for the case of thermal contact resistance, both temperatures were
obtained for a ratio Do/Lo = 0.075. These numbers show the influence of thermal contact
resistance concerning the rise of maximal excess of dimensionless temperature when this
resistance was considered in numerical simulations. However the fluctuations of temperature
between both models were almost equal concerning all the range of Do/Lo considered.

Similar analysis is performed in Fig. 6, when it was compared the variation of Li/Lo
with the increasing of Do/Lo ratio in both models.
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0.9

(L/L)

I oo

0.7 Perfect thermal contact

(L/L),
k =100, k_ =50, k=1
pl p2
¢, =0.07, ¢,=0.03
0.5 . !
0.05 0.07 0.09 0.11
D/L,

Figure 6. Curves of (Li/Lo)o and doubly minimized dimensionless ratio (L1/Lo)eo, for fixed values of (H/L)
and (¢) for a range of values of (Do/Lo), considering simulations with and without contact resistance.

Here is noteworthy the influence of Do/Lo concerning fluctuations between the curves
of (L1/Lo)o for both models. Fluctuations of (Li/Lo)o are smaller for small values of Do/Lo,
about 1.6% for Do/Lo = 0.05 and become higher with the increasing of Do/Lo achieving
13.48% for Do/Lo = 0.1. The RMS calculated over all the Do/Lo interval is 9.85%. Figure 5 has
shown the twice minimized excess of dimensionless temperature for both models where the
optimum ratio (Do/Lo)o found was 0.075, the twiced optimized ratio (Li/Lo)oo found for
models with and without contact resistance was (L1/Lo)oo = 0.776 and (L1/Lo)oo = 0.704.

(emax)mm =0.1367 (emax)mm =0.1706
(Ll/Lo)oo =0.704 (Ll/Lo)oo =0.776
(@) (b)

Figure 7. Doubly optimized geometries for g1 = 0.07 and (Do/Lo)o = 0.075: (a) model considering perfect
thermal contact, (b) model including the thermal contact resistance.
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Figures 5 and 6 have shown the variation of Do/Lo has little importance in the variation
of dimensionless temperature fluctuations but has significant influence in the variations of
(L1/Lo) fluctuations considering the model with perfect thermal coupling and the case with
thermal contact resistance. Figure 7 presents a visual analysis of the doubly optimized
geometries.

4.3  Three times optimized geometry

The last analysis of the geometry is remarkable to consider a total optimization of each
degree of freedom of the problem. All the procedures achieved in the past sections for a fixed
value of ¢ (it was considered ¢ = 0.07) are performed here for a range of ¢ from 0.01 until
0.09. The result is a geometry three times optimized considering three degrees of freedom,
i.e., an optimized geometry with respect to (¢1), (L1/Lo) and (Do/Lo).

In the optimization process it was considered for each value of ¢ a total of 6
simulations of the ratio (Do/Lo) and 10 simulations of (Li/Lo) for each value of (Do/Lo)
performing 60 simulations. As ¢ has assumed 9 values from 0.01 to 0.09 it completes a total
of 540 simulations.The numerical results show that the optimized geometry of the pathway
tends to present a slender horizontal branch, i.e., the optimization process follows small
values of ¢ due to this is the area fraction of the smaller thermal conductivity of the pathway
(kp1 = 50), so, for a better heat transfer it is desirable to have a bigger area fraction (¢) with a
higher thermal conductivity (k2 = 100). Figures 8 and 9 show the curves of (Omax)mm and
(Lo/Lo)oo Obtained with the variation of ¢.

0.35

k, =0.05

025 b

C

max” mmm

015 |
(Blllllk mm
® Perfect thermal contact
k =100
pl
k =50
-ip_
: k=1
0.05 i i . I . I
0.01 0.03 0.05 0.07 0.09 0.11
o,

Figure 8. Curves of (Bmax)mm and three times minimized dimensionless temperature (Omax)mmm, for fixed
value of (H/L) and a range of values of (¢1), considering simulations with and without contact resistance.
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07k
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0.5 I : 1 . 1 . I
0.01 0.03 0.05 0.07 0.09 0.11
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Figure 9. Curves of (L1/Lo)oo and three times optimized ratio (L1/Lo)ooo, for fixed value of (H/L) and a range
of values of (¢1), considering simulations with and without contact resistance.

As shown in Figs. 8 and 9, the optimal value of ¢1 found was (¢1)o= 0.02 for both
models, i.e., with and without thermal contact resistance. The minimal excess of
dimensionless temperature found in the numerical approximation was (Omax)mmm = 0.1082 for
the ideal situation and (Bmax)mmm = 0.1392 for the case of thermal contact resistance, then,
presenting a variation of 22.22% between both values. The presence of the thermal contact
resistance has influence in the determination of (L1/Lo)ooo, s Seen in Fig. 9. Both models have
presented fluctuations of 9.89% between (L1/Lo)oco Of both models being (L1/Lo)oco = 0.629 for
the ideal situation and (L1/Lo)ooo = 0.698 for the case of thermal contact resistance.

A final analysis is presented in Figs. 10 and 11, where curves of (Omax)mm and (L1/Lo)oo
of both models is presented with respect to (Do/Lo)o using the optimal the already calculated

optimal (¢1)o= 0.02.
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Figure 10. Curves of (Bmax)mm and three times minimized dimensionless temperature (8max)mmm, for fixed
value of (H/L) and a range of values of (Do/Lo)o, considering simulations with and without contact
resistance.
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Figure 11. Curves of (L1/Lo)oo and three times optimized ratio (L1/Lo)ooo, for fixed value of (H/L) and a
range of values of (Do/Lo)o, considering simulations with and without contact resistance.

The optimum geometry was achieved for higher values of (Do/Lo)o. In both cases the
optimum value of (Do/Lo)o Was (Do/Lo)oo = 0.175 that shows the optimum geometry tends to
touch the upper wall of the volume in order to achieve a better temperature distribution. The
three times optimized geometry for both models are visualized in the Fig. 12 below.
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(emax)mmm =0.1082 (emax)mmm =0.1392
(Ll/LO)ooo =0.629 (Ll/LO)ooo =0.698
(a) (b)

Figure 12. Three times optimized geometries for (¢1)o = 0.02 and (Do/Lo)eo = 0.175: (a) model considering
perfect thermal contact, (b) model including the thermal contact resistance.

5 CONCLUSIONS

A numerical study was conducted aiming to achieve an optimized geometry of a T-
shaped pathway for cooling a heat-generating body considering both: the presence or not of
thermal contact resistance. The optimized process account with the optimization of three
degrees of freedom: ¢, Li/Lo and Do/Lo and the process was divided in the optimization of a
single degree of freedom, following of the simultaneous optimization of two degrees of
freedom and finally the three degrees of freedom together.

In this process it was noted that the presence of the thermal contact resistance has direct
influence in the increasing of the minimal excess of dimensionless temperature of the body,
with fluctuations equal to 21.46% in the RMS values between both models.

Even though the optimum (¢1)o and (Do/Lo)eo has no difference between the models with
and without thermal resistance, fluctuations close to 10% were verified with respect to the
ratio (L1/Lo)oo Of both models.

It is worth to notice that the performance of the configurations is very similar in the range
0.01 < ¢1 < 0.04 according to Fig. 8. Therefore, to save high conductivity material, i.e. to
reduce costs, it is recommended to use ¢1, = 0.04 and its corresponding optimal geometric
ratios.

Thus, the differences of temperatures added to the differences between the optimized
ratio (L1/Lo)oo Of both models are enough arguments that make the presence of thermal contact
resistance an important issue to be considered in the optimization of thermal systems.
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