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Abstract. In this work, the behavior of a nonlinear system with nonlinear absorber will be
investigated for the case of primary resonance. The system consists of the main system
connected to a mechanical device called dynamic vibration absorber, which are widely used
to attenuate undesirable vibrations in a given structure. For the integration of equations of
motion will be used Fourth-Order Runge-Kutta Method. Approximate solutions to the first
order, are obtained using the multiple scales method, in order to verify how close is achieved
to approach of the numerical solution. The method of multiple scales, also, is used to derive a
system of first-order nonlinear ordinary-differential equations that describe the modulation of
the amplitude and the phase of the response. The steady state solution and stability will be
studied. The stability of the system will be investigated using frequency response curve, time
domain response, phase plan, Poincare map and Lyapunov exponent. Numerical Simulations
show that the system presents periodic and chaotic movements. Such behavior should be
demonstrated by applying the Routh-Hurwitz criterion and analysis of Lyapunov exponent. In
general, the main characteristics of a dynamic system that experiences the chaotic response
will be identified.

Keywords: Nonlinear dynamical absorber, Multiple Scales Methods, Numerical results,
Bifurcations, Chaotic dynamics.
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Stability Analysis on Nonlinear Mechanical System

1. INTRODUCTION

The Decrease of vibration levels in the response of a system is of great importance to
have a reliable and efficient design, since those vibrations are undesirable phenomena that
may cause damage, failure, and sometimes destruction of machines and structures. The
Vibration Analysis of mechanical systems allows to know, improve and ameliorate in terms
of quality, durability and productivity (Sayed, Hamed and Amer, 2011). In this sense, there is
growing interest in tools to attenuate unwanted vibrations in various types of systems.

One of the most effective ways to attenuate unwanted vibrations in a given structure is
through the Dynamic Vibration Absorbers (Rade et al., 2001). A classic DVA consists of a
mass coupled by means of a spring and a damper to a given system, getting a new degree of
freedom. The system, then, be tuned to vibrate at higher amplitudes, absorbing thereby
partially or fully vibratory energy in the coupling point (Koronev and Reznikov, 1993).

The DV As may have linear or nonlinear characteristics. However, in recent years, there is
growing interest in studying the DVAs with nonlinear characteristics, due to their greater
robustness when compared to the linear absorber, based in fact DVA linear operate
satisfactorily only in its tuning frequency (Borges, 2008).

In recent years, there is growing interest in the study of nonlinear phenomena due the
modernization of structures and employing innovative materials and more flexible, the
nonlinearities become more active (Silva, 2006). However, methods for analyzing nonlinear
systems, the opposite of linear, are far less known, some are found only partially developed,
and the analysis of the equations that model a given problem of difficult to apply (Rodovalho
and Costa, 2013).

The nonlinearities offer greater variability in the types of system solutions. Therefore,
necessary to formulate means to study and understand the characteristics of nonlinear
phenomenon, emphasizing the chaos (Belusso, 2011).

A particularity of the systems that exhibit chaos, which is called sensitivity to initial
conditions, i.e. two initial conditions very similar between themselves diverge drastically with
time (Amorim, 2013).

The perturbation theory is given by interactive methods that has the purpose of obtain
approximate solutions involving the perturbation parameter, this in turn has the condition is a
small number (Nayfeh, 2004). Between the perturbation methods stands out the multiple
scales method. The basic idea of this method is to achieve the expansion of the solution
representing the response as a function of multiple independent variables or multiple scales
(Savi, 2004).

The Routh-Hurwitz stability criterion is used to investigate the absolute stability of
dynamic systems. Edward John Routh (1831-1907) established a first criterion for a
polynomial had roots with negative real part. However, Adolf Hurwitz (1859-1919) classified
this as a necessary condition, but not sufficient and developed the called Hurwitz matrix or H
matrix, built through of the coefficients of the polynomial. Thus, the criterion went on to
establish that, besides the polynomial need to have all your positive coefficients, it was
necessary that all the determinants of the matrix were also positive (Belusso, 2011).

One of the most important and used criteria to define the chaos in dynamic systems are
the Lyapunov exponents that measuring the exponential average rate of divergence or
convergence of trajectories of the phase space from initial points close. Thus, the dynamic
behavior of a system can be provided through the signs of the Lyapunov exponents, which
indicate the presence of fixed points, periodic movements, almost periodic and chaos
(Chierice Janior, 2007).
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This paper has by objective to study the behavior of a nonlinear system with nonlinear
absorber in main resonance. For that, initially, we will write the system of equations of
motion and applies the Multiple Scales Method to find a general solution to the first order
approximation. With the analytical solution, it is verified how close is of the approach
calculated numerically by the Fourth-Order Runge-Kutta Method. Next, using the Method
Andronov and Vitt, we obtain the frequency response. Routh Hurwitz Criterion will
determine the region of stability of the solutions. Subsequently, it presents the time domain
response, phase plane, Poincare Map and Lyapunov Exponent obtained through
implementations in software Matlab® 8.0. Finally, we analyze the behavior of the system in
question, identifying the main characteristics of a dynamic system that experiences the
chaotic response.

2. MODELING OF ADISCRETE SYSTEM

Consider the vibratory system of two degrees of freedom (d.o.f), with damping, where
will be introduced the concept of Nonlinear Dynamic Vibration Absorber (NDVA), whose
model is shown in Fig. 1.

~ Secondary System

X2
my

I,k Cy

e P

7 Primary System

Figure 1. Discrete mechanical system

From the subsystem formed by (m, k, k,.c,), it is desirable to attenuate the vibration
levels the main mass, shown in Fig. 1 bym,. In this subsystem, gives up the name Dynamic

Vibration Absorber (DVA).
Applying Newton’s second law in the two masses separately, thus, the system of equations
of motion are written, presented in Fig. 1, as being:

mlxl + lel + klle +C1X1 - kz(Xz - Xl)_ klz(xz —X )3 +Cz(X1 - Xz ): fCOS( th) (1)
m2x2+k2(x2_X1)+kI2(X2_X1)3+02(X2_X1):O (2)

This vibrating system is composed of springs (k,,k,) with nonlinear characteristics,
which are assumed be sufficiently weak. An external force f(t) = cos( Qt) excites the main
massm, .

From algebraic manipulations, the Egs. (1) and (2), they can be written as:
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X, + o)X + ey X; + 6l Xe0,%, — ea5(X, — X, )+, (% — X, )= efcos( Q) ©)
5(.2"'6022()(2 _X1)+3ﬂ1(xz —X )3+853(X2 _Xl):o (4)
where
k, +k k k. k k.
6012: 1m Z’wzzzm_zi‘%:ﬁ'az:#'as:ﬁ' %)
1 P 1 i 1
G G, G, klz 1:o
= == == =—= f=—
él ml !52 ml 153 m2 aﬁl , 1 ml (6)

and ¢ <<1 indicates a small greatness assumed.
In Table 1 are listed the parameter values of main system and the absorber.

Table 1 - Parameter Values of the System

Symbol Variable Value Unit
m, Mass of nonlinear main system 10 kg
m, Absorber mass 0.8 kg
k, Linear stiffness of the main system 44 N/m
K, Nonlinear stiffness of the main system 8 N/m’
K, Linear absorber stiffness 2 N/m
k, Nonlinear absorber stiffness 0.5 N/m’
C, Linear damping constant of the main system 0.1 Ns/m
c, Linear absorber damping constant 0.08 Ns/m

f, Applied forces 0.2106 N

3. THE MULTIPLE SCALES METHOD APPLIED OF THE NONLINEAR
MECHANICAL SYSTEM

Applying the Multiple Scales Method (Nayfeh and Mook, 1979), expected to find a
uniform solution of the first order of Egs. (3) and (4). Considering two terms of the expansion
inx, the solution is:

X, (t58) =Xyo(To Ty ) +exyy(Ty, Ty ) (7
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X, (t;8) =X1,(To Ty ) +ax (T, T;) (8)

where T,=t and T,=er, once, in this work, the expansion is performed until O¢), and
X;,j=1,2, are functions to be determined.

The derived of the first and second order of x in relation to time should be expressed in
terms of partial derivatives, relatively the T, such that,

dx_df, 0 ,df, o =D, +¢D, 9)
dt dt oT, dt aT,

d’x _ a(D, +le)+8 a(D, +&D,)

Te T T =D +2¢D,D, (10)
0 1

where D, = a%(n =0,1,..) are differential operators.

n

Substituting the Egs. (7) and (8) in Egs. (3) and (4) and ordering each term in relation the
potencies of £° and &', has, respectively, the following set of equations:

e Toorder &°:
(D] +@; )%, =0 (11)
(D7 +@; )X = @y Xy 12)
e Toorder ':

(D02 + w12 M4y = feos(Qc, ) — 2D, D, x,y—¢, DyXy — a1X130 + Gy Xog + 05 (Xp0 — Xpg )3
_52 Do (Xlo — X3 ) (13)

(D02 + a)zz )%, =—2D,D, X, + ngn — Bi(Xy0 — X0 )3 — &30y (X0 = Xy0) (14)

The general solutions of the Egs. (11) and (12) can be expressed in the following ways:

X0 = Ae'w1T0 +cC (15)
Xp0 = Be'a’ZT0 +1“1Ae'wlT0 +ccC (16)

2
where I’ :%, AandB are unknown functions in T,, can be determined from the
W, — W,
elimination of secular terms on the side of approach, and cc represents the conjugate of

previous terms. The particular solutions of Egs. (13) and (14), after eliminating the secular
terms, are given by:
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i QT

X, = CeIa)lTO +U1el 0, Hle3|wlT0 N H2eIa)ZT0 . H3eslw2T0 e|(2a)1 +w, )T,

+H,

+ leel(zwl —o2)To Hlsel(w1 +202)To H14el(w1 —202)To | o0

where C, D U, j=12 and H,,i=1,...,14 are complex functions in T, .
The general solution of x,and x, until the first order approximation is given by:

X; = Xqp T8Xq,

Xy =Xy HEXy

3.1 Evaluation of the response obtained by Multiple Scale Method

(17)

(18)

(19)

(20)

The search for precisely approximate solutions of an equation can be performed in two
ways: Numerical Methods and Analytical Methods. An analytical approach is obtained when
a parameter of the problem is small, hence the name Perturbation Methods (Borges, 2000).

With the solution calculated analytically can be verified how close is achieved approach
the numerical solution of the system in question. In this sense, follow, is shown the numerical
solution of Egs. (3) and (4), and evaluates with the solution obtained by the perturbation

theory, Egs. (19) and (20).

The Figure 2 presents the analytical solutions, obtained from the Multiple Scale Method,
and numerical, obtained by the Fourth-Order Runge-Kutta Method to evaluate the efficiency
of the Perturbation Method applied to the nonlinear system, in question. The values are listed

in Tab. 1, presented in the previous Section.

0.05 0.08
a Fourth-Order Runge-Kutta Method (b) Fourth-Order Runge-Kutta Method
0.04 Multiple Scales Method 0.06 Multiple Scales Method
0.03
0.04 |
0.02
0.01 0.02
E 0 A E o
> >
-0.01 b _o.02|
-0.02H B
-0.04
-0.03H B
-0.04H 4 -0.061 1
-0-05g 20 40 60 80 -0-08g 20 40 60
t[s] t[s]

80

Figure 2. Solutions of Egs. (3) and (4) obtained by Fourth-Order Runge-Kutta
Method and General Solutions, Egs. (19) and (20), obtained by the Multiple Scales

Method for (a) main system and (b) absorber.
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Observes that for the main system, Fig. 2 (a) and for the absorber, Fig. 2 (b), the general
solution of x,andX,, Egs. (19) and (20) respectively, found by applying the Multiple Scales

Method, differs little from numerical solutions obtained by the Fourth-Order Runge-Kutta
Method for Eqg. (3) and (4).

In this way, verifies that the general solution obtained by the perturbation method, to the
first order approximation is sufficiently close to the numerical solution for the nonlinear
system, although it present some discrepancy points of the oscillation amplitude. For better
accuracy of the analytical solution, generally, terms of higher orders have that be considered
in the expansion (Marques, 2013).

4. STUDY OF THE STABILITY IN MECHANICAL SYSTEM

The stability of the vibratory system of two degrees of freedom (d.o.f), with damping, is
investigated for the case of primary resonance, i.e., in which the frequency of the external

excitation @ is very close to the natural frequency w, , instead of use the excitation frequency
Q as a parameter, introduces a tuning parameter o, such that:

Q=w,+¢e0 (21)
that quantitatively describes the proximity of @ to w, and ¢=0().

Substituting the Eq. (21) in Egs. (13) and (14) and eliminating the secular terms leads to
the following conditions of solvency:

2ie, D, A= [&jiw, +a,Ty +&jio, (I —1)]A-3[a, +ay(T', —1)* 1A% A+6a,(I', — 1)ABB

+Lgloot (22)
2
COZ _ 2— _
2iD;w,B = —5—2— ) [60, (1", —1)° AAB + (&, +a, )B + 3a,B B] — 68, (1", —1)° AAB
Wy — W3
~&jiw,B-38,B°B (23)

Expressing the complex functions A and B in polar form as:

1 i0
A= > ae (24)

B= %be‘y (25)

where, a, b, 6and , are real. Substituting the Egs. (24) and (25) in Egs. (22) and (23) and
separating the real and imaginary parts, there is obtained the following set of equations:

a =c,a—dsen(n) (26)
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an =c,a+c,a’ +c,ab’ —dcos(y) (27)
b =c.b (28)
by =c,b+c,b’+c,a’b (29)
where
f 1 1 3 3
d =—,C =2 [_le +62(F1 _1)]xC2 = ——OCZFI,CB =5 [al _a3(Fl _1) ] (30)
2, 2 20, 8w,
3 1 ) 1
Co=———05(l —1),cs = (G051, = &3) G =—— o, 0, (31)
4, 2 2
3 3 3 3
G, = _—053602FZ +_ﬂ1:08 = ——OCS(Fl —1)20)2F2 +_ﬁlrl _1)2 (32)
8 8w, 4 4w,
where I', =———, n=0-0T,, a and ¢ are amplitude and phase of the main system,

W, — W,
respectively , b and , are amplitudes and phase the absorber.
In the search for stationary solutions, has, a =b =# =y =0in (26) - (29). Thus, the

stationary values become solutions of algebraic system of equations:

c,a—dsen(n)=0 (33)
(c, —g)a+c,a’ —c,ab* —dcos() =0 (34)
Cb=0 (35)
c;b+c,b®+c,a’h=0 (36)

Resolving the resulting algebraic equations (33) - (36) produces three possibilities for the
fixed points, namely:

Case (1):a#0,b=0;
Case (2):a=0,b=0 and
Case (3):a=0,b=0.

which only the first can happen (Saberi and Nahvi, 2014).

In this way, considering b=0 and squaring the two sides of each of the Egs. (33) and
(34) and summing them, we obtain:

[(c,-o+c,a?)?]a’ +c a® =d? (37)
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which is the frequency response for the system given in Fig.1.
It is worth mentioning that, the values of a and 7 are solutions of the Egs. (33) and (34),
since, it is considered that the case in which b=0.

L L L L L L L L L
50 100 150 200 250 300 350 400 450 500

T

Figure 3 - Variation in a and » with T, numerically calculated (25) and (26) to
6=0, b=0, a(0)=0.01 and #(0)=0.01

The Figure 3 shows the variation in a and 7 in relation T, calculated by numerical
integration of the equations (33) and (34). It is noted that, in principle a and n exhibit
oscillations, but in the steady state becomes constant.

The system stability under primary resonance was studied using the method of Andronov

and Vitt (Saberi and Nahvi, 2014, apud Nayfeh and Mook, 1979). This way, is considering
the following relations:

a=a,+a,

n=n,+mn (38)
b=b, +b,

where a,,#,andb, are solutions of steady state of the Egs. (33) — (36) and a,,n, and b, are

small perturbations.
Substituting the Eqg. (38) in Egs. (33) — (36) is obtained the following matrix:

a 8
77'1 =J\m (39)
b, b,

where J is the Jacobian matrix given by:

G —(c,—0)3, _Csag 0
1=1927%  3ca c, 0 (40)
0 0 o
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The eigenvalues are
A2 +c 2 +c d+c, =0 (41)

where c,,C,, and c,, are constant given by

Cy =—2C, —C; (42)
4 2 2 2 2 2 2
Cp =38, C;” +4a,°c,c, —4a," C;o+C,” —2C,0 +C,” +2C,C, +0 (43)
_ 4. 2 2 2 2 2 2
c,, =—-3C.a,¢,” —4c.a;c,C;, +4c.a,C,0 —C.,C,” +2C.C,0 —C.C; —C.0 (44)

The stability region of the frequency response curve, Eq. (37), it will be determined by
Routh-Rurwitz criterion. A system is considered stable if all eigenvalues of the Jacobian
matrix associated with a particular point of balance, have negative real part (Savi, 2004).
According to the Routh-Hurwitz criterion, for this to occur it is necessary that all coefficients
and the determinants of Hurwitz matrix (H) are positive. If one of these values is negative, the
Jacobian matrix have at least one eigenvalue with positive real part, making the system
unstable (Belusso, 2011).

In this sense, considering the Eq. (41), builds the matrix H :

C,c ¢, O
H=|1 ¢, O (47)
0 C9 Cll

The necessary and sufficient conditions for the coefficients of Eq. (41) and the
determinants of Hurwitz Matrix, Eq. (47), real parts are negatives:

Co >0,¢,0 >0,¢,, > 0,64, —C,; >0 and ¢, ¢,y — €y >0 (48)

When these conditions are satisfied, the fixed points are stable, otherwise, are unstable.

4.1 Saddle-node bifurcation

The real solution of Eq. (37) determines the amplitude of the main system response in
primary resonance. In it, there are three real solutions between two points of vertical tangent,
which, they are called of limit point bifurcation, known in the literature as saddle-node
bifurcation (Elnaggar and Khalil, 2014).

The saddle-node bifurcation is a nonlinear phenomenon and is related a nonlinear model
as a quadratic equation (Medeiros, 2010). At the saddle-nodes, the tangency of the frequency
response curve is vertical. The locations of the jumping points will are obtained through
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differentiation of the frequency response of the Eq. (37) with relation a”*and considering

dda2 =0. This way, the resulting expression is,
a

(c,a® +c, —0)* +c? +2a’c,(c,a’ +¢, —a) =0 (45)

with solutions:

o, =C,+2c,a’ +,/cia’ —c? (46)

For there is an interval ¢ <o <o, in which three real and positive solutions of Eqg.
(37) exist.

4.2 Frequency response for the system

The Equation (37) is a nonlinear algebraic equation solved numerically using
implementations in software MATLAB® and the result is show in Fig. 4. In this figure, the
frequency response curve is composed of continuous and dashed lines, which represent the
stable and unstable solutions, respectively, determined in accordance with the Routh-Hurwitz
criterion as described in the previous subsection.

04 T T T T T T T T T 04 T T T T T T T T T 1
@ )
035 035

03r
—0.25(-

© 02k

0.15

01r

05 L L L L L L L L L
O'WO 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 01 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

o [radls) ofrads]

Figure 4 — (a) Amplitude of the main system in case of a primary resonance
with f, =0.2106 N , (b) Jump Phenomenon

In Figure 4 (a), it was observe that, the curve shows the jump phenomenon that is one of
the outstanding characteristics of nonlinear systems. The jumping phenomenon occurs where
the steady state behavior changes dramatically due to a transition from one stable solution to
another stable solution when the tuning parameter o is varied (Balachandran and Nagy,
2011). In Figure 4 (b) can accompany the jump phenomenon. If the experiment begin in the
point 1 and the frequency is gradually increased, a jump occurs from point 3 to 4. On the
other hand, decreasing the frequency value, the response follows the curve along the passages
4 -6-2-7. The stretch of response between 3 - 4 is unstable.
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In this Figure, also, it was observed that, the frequency response for the main system, has
peak amplitude in a,,, =0.3568 m that occurs in o =0.0850rad /s and presents an unstable

region in the interval of 0.08399< ¢ <0.08669, as shown eigenvalues listed in Tab. 2.

Table 2 — Eigenvalues of the system with nonlinear absorber in force f, =0.2106 N

o A Ay g
0 -0.013762 + 0.05872i -0.013762 - 0.05872i -0.045238
0.08 -0.013762 + 0.014051i -0.013762 - 0.014051i -0.045238
0.08398 -0.013762 - 0.0073204i -0.013762 + 0.0073204i -0.045238
-0.013762 + 0.007265i -0.013762 - 0.007265i
0.08399 -0.028148 0.00062373 -0.045238
-0.026818 -0.00070583
-0.013762 +0.01465i -0.013762 - 0.01465i
0.08669 -0.026881 -0.00064263 -0.045238
-0.028113 0.00058928
0.08671 -0.013762 + 0.01472i -0.013762 - 0.01472i -0.045238
0.09 -0.013762 + 0.023129i -0.013762 - 0.023129i -0.045238
0.1 -0.013762 + 0.03856i -0.013762 - 0.03856i -0.045238

Is worth mentioning that is determined the curve of stability region by applying the Routh
Hurwitz criterion as described above.

4.3  Time domain response analysis

The stability of the nonlinear system with nonlinear absorber it is evaluated according to
two important criterion of nonlinear dynamics, namely, the Routh-Hurwitz criterion and
analysis of Lyapunov exponent. Thus, it is intended confirm the graphic analysis in the
previous subsection.

The numerical solution of the nonlinear system will be obtained by integration of Egs. (3)
and (4), carried out through the implementation of the Fourth-Order Runge-Kutta Method, the
software MATLAB® (Yang, Cao, Chung and Morris, 2005). In this way, follow, presents the
responses in the time domain, phase planes and Poincare Sections of the main system and the
absorber, Fig. 5, considering the case of the primary resonance @ =w,. The values of the

parameters are listed in Tab. 1, presented in Section 2.
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It can be seen that, both time domain response of the main system , Fig. 5 (a), as the
absorber, Fig. 5 (b) show low amplitude oscillations around the zero point which are
originally are irregular and after a period of time, become regular.

0. 05 T T T T T 0. 1 T T T T T

£ \ £

E E

XH ’ [ ><N ’ W\f
o0 9 W 5 W X W '0'10 TR )

{s]

(]

01 ——
E E
g ! g
X X'
© _0 r r r r r r r © _0 r r r r r r r
-01.04 003 002 000 0 000 002 003 004 -'&08 006 004 002 0 002 004 006 008
au xmj
0,1 3 3 3 3 3 () 0.2 3 3 3 3 3 3
z‘ .o ' ' ’ 4 ¢ E (f)
3 ' ' ' o' ' 3 ’ ! o o':.\* W ! !
x\-i . ><N ’ ’ , ’
T [°)
_0& r r r r r r 0& r r r r r r
003 002 000 0 000 002 003 004 006 006 004 008 002 000 0 00
k[ aw

Figure 5 — Responses in the time domain (a) and (b), phase plans (c) and (d) and
sections of Poincare (e) and (f) the main system and the absorber, respectively, in
primary resonance Q= w, .

In Figure 5 (c) and (d) has the visualization of the phase plane of the main system and the
absorber, respectively. Observed that such systems have multi-limit cycle and dynamic chaos.

The chaotic behavior is evidenced by the analysis of Poincare Sections of the main
system and the absorber, Fig. 5 (d) and (e), respectively, since they have a great number of
points around an irregularly in plan.

Classification of the stability According the Routh-Hurwitz Criterion. Considering the
nonlinear system with nonlinear absorber, Eqgs. (3) and (4), it is first necessary to find your
equilibrium points. However, it is know that, is a non-autonomous system, ie, a system that
explicitly depends on the time variable. In order to eliminate this variable, it turns this system
on a standalone system:
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X =Y (49)
V, = oiX —eog () =&Y, + 0%, + (X, — X, )° — &Y, — Y, )+ efcos(az) (50)
X, =Y, (51)
Yo ==05 (%, =X, )= B (% =%, )* = &3(Y, — V1) (52)
2=1 (53)

where is composed of five state variables x,,vy,,X,,y,andz.

A remarkable feature of nonlinear systems is the infinity of equilibrium points. However,
through the transformation of a non-autonomous system in autonomous, besides eliminating
the time variable, you can get a single break-even point for each predetermined initial
condition (Belusso, 2011). Thus, solving the Egs. (49) — (53) through of the implementations
in the software Matlab® given the initial conditionsy,(0)=0,y,(0)=0,y,(0)=0,x,(0)=0

and x,(0) =0, is obtained:
y, =0,y, =0,y, =0,x, =0.1826 x, =0.3035 (54)

The Jacobian matrix of the autonomic system, Eqgs. (49) — (53), for the corresponding
equilibrium point, is given by:

0 0 g 0 ©
96 9, Os 9s O

J={0 0 0 g O (55)
9 9, 9; 9, O
(0 0 0 0 g

where
9, =, +3Bie(x; —%,)", 9, =—@; —3B,8(X, — X, )", 95 = &3, 9, =—6&;, g5 = &<, (56)
Us =~ —3ea,(X, — X, ) —3ea, X2 .0, =ea, +3eay(X, — X, )*, 0 = —&&, — &5, (57)
The eigenvalues were obtains by:
det(J — 1) =0 (58)

where | is the identity matrix of the same order of the Jacobian.
Substituting the matrix (55) in (58), it is obtaining the following characteristic equation:

2% +3.5882.—-4.5882=0 (59)
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Knowing the coefficients of the Eq. (59) is possible the construction of Hurwitz matrix,
given by:

3.5882 0
H (60)
1 —4.5882

The values of the coefficients of Eq. (57) and the determinants of the Hurwitz matrix (60)
are listed in Table 3.

Table 3 — Coefficients and determinants of Hurwitz matrix for the system

Coefficients Determinants
a, =1
o 3588 A, =3.5882
T A, =-16.4631
a, =—4.5882

Analyzing the values presented, note the presence of negative values for the
coefficient a, and for the determinants A, . Thus, it is know that an eigenvalue of the Jacobian
matrix has positive real part, so that equilibrium point of the system unstable.

Lyapunov Exponent. The system behavior, in question, will be study again, now with the
help of the analysis of Lyapunov exponent, which classifies the stability according to the
signs of the exponents. Briefly, if your system has, the highest negative Lyapunov exponent
has the indication the presence of a fixed point; if null presents a periodic or almost periodic
system; and if it is positive, it is a system with chaotic response (Belusso, 2011).

For the analysis of Lyapunov exponents it will be necessary reduce the Eg. (3) and (4) in
non-autonomous in a standalone system. Therefore, it is necessary to add another dimension
to the phase plane by introducing one more variable, associated with time. Then, the
Lyapunov exponent were obtained by implementation performed in software MATLAB®,
considering the values of the parameters described in Tab. 1, the initial conditions
X,(0) =0.04761, x,(0) = —0.05129, x,(0) =0,X,(0) =0 and 2(0)=1 the integrative function,
ode45. The dynamics of Lyapunov exponent is show in Fig. 6.

-
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Figure 6 - Evolution of the Lyapunov exponents of the system with nonlinear

absorber
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The Figure 6 shows the evolution of the Lyapunov exponent of the system with nonlinear
absorber. Here, was seen the presence of a positive Lyapunov exponent, leading to chaotic
behavior indications of the system in question. They are listed in Tab. 3 the values of the
Lyapunov exponent.

Table 4. Lyapunov exponent of the system with nonlinear absorber

Lyapunov Exponent A Values Unit
A, -1.6441 nats/s
A, -0.18301 nats/s
A, -0.18245 nats/s
A, 0 nats/s
A 2.0196 nats/s

Analyzing the values of the Lyapunov exponent, Tab. 4, said that, the system displays a
chaotic behavior, as one of the Lyapunov exponent was positive. The reaffirm that the
observations made in the previous subsections, by means of other criteria for stability
analysis. Moreover, it is observed that one of the Lyapunov exponent is equal to zero,
corresponding to the point of bifurcation, stable periodic system (limit cycle).

5. CONCLUSION

In this paper, we investigated the behavior of a nonlinear system with nonlinear absorber
in primary resonance, thus, discussed both characteristics of the theory of mechanical
vibration as the nonlinear systems. It was noted that, the application of the Multiple Scales
Method describes well the numerical solution. For the case of primary resonance, the
amplitude of the frequency response of main system, with force f, =0.2106 N, is composed

of a continuous curve with stable and unstable solutions and the presence of the jumping
phenomenon. The region of stability of the solutions are determined by Routh-Rurwitz
criterion, which proved efficient in analyzing for both situations stability, how much,
instability.

In the interval of 0.08399< ¢ <0.08669 comprises a region in which the criterion is not
satisfied and therefore, they are called, unstable region. These unstable regions are due to the
emergence of an eigenvalue with positive real part.

The numerical results are exhibited in different ways: through graphs showing time
domain responses, in the form of phase planes, Poincare sections and Lyapunov exponents.
The simulations were performed with the help of software MATLAB® through computer
programs using the integrative function ode45. The time domain responses show trajectories,
initially irregular that, with the passage of time, become regular. In the visualization of phase
plane, the chaotic behavior is evident, because the system responds with a regular oscillation
represented by multi-limit cycles that are intermittently interrupted by irregular intervals. The
Poincare sections have irregular oscillations with number of periods not defined.
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The stability of the system in question, it verified with the assistance of two important
criteria of nonlinear dynamics, namely, of Routh-Hurwitz criterion and analysis of Lyapunov
exponents. The Routh-Hurwitz criterion showed excellent results, confirming the occurrence
of chaos in the system in question, since it was obtained negative value, sometimes to a
coefficient of the characteristic polynomial or a determinant of Hurwitz matrix. The theory of
the greater Lyapunov exponent, also, proved to be efficient in the analysis of stability, whose
simulation showed a positive exponent, proving chaos, and a zero exponent, demonstrating
the appearance of periodic response.

Therefore, that both the Routh-Hurwitz criterion as the analysis of Lyapunov exponents,
showed acceptable results in regard the stability of dynamic systems. It is worth mentioning
that, the results obtained were not influenced the transformation of the non-autonomous
system in autonomous, proving that the whole process was developed correctly and
effectively.

However, it is noted that the methods applied to the nonlinear system with nonlinear
absorber, provided accurate results. Furthermore, it was found that when these are used with
the assistance of software provide a better agility for the study of differential equations, with
tables and graphs, enabling an analysis of the results obtained by the numerical method and
perturbation method.

ACKNOWLEDGEMENTS

The authors thank the Foundation of Search for the State of Goias - FAPEG, Improvement
Coordination of Higher Education Personnel — CAPES and Postgraduate Programme in
Modeling and Optimization — POSMOT for financial support.

REFERENCES

Amorim, T. D., 2013. Modeling and Numerical Simulation of Nonlinear Dynamics of Micro
and Nanoressonadores under the Influence of Casimir Force. Dissertation (Master
Degree).UFF.

Borges, R. A., 2008. Contribution to the Study of Nonlinear Dynamic Vibration Absorbers.
154f. Thesis (Doctorate) — Federal University of Uberlandia, Graduate Program in
Mechanical Engineering, Uberlandia, 2008.

Borges, R. A., 2000. Perturbation Methods for Nonlinear Algebraic Equation. Monograph
(Graduation). Cataldo. UFG.

Belusso, C. L. M., 2011. Stability Analysis of Nonlinear Model of an Agricultural sprayer
Type Tower. Dissertation (Master Degree). UNIJUI.

Chierice, N. Jr., 2007. Use of Fourier Analysis of Wavelet and Lyapunov Exponents in the
Study of a Non-ideal Dynamic System with Dry Friction and External Excitement.
Dissertation (Master Degree). UNESP.

Elnaggar, A.M., & Khalil, K. M., 2014. The Response of Nonlinear Controlled System under
an External Excitation via Time Delay State Feedback. Journal of King Saud University -
Engineering Sciences. Online publication date: 1-Feb-2014.

CILAMCE 2015
Proceedings of the XXXVI Iberian Latin-American Congress on Computational Methods in Engineering
Ney Augusto Dumont (Editor), ABMEC, Rio de Janeiro, RJ, Brazil, November 22-25, 2015



Stability Analysis on Nonlinear Mechanical System

Koronev, B. G. & Reznikov, L. M., 1993. Dynamic Vibration Absorbers: Theory and
Technical Applications. John Wiley & Sons Ltd., Chichester, UK.

Marques, L. S., 2013. Perturbative Methods for the Study of Dynamic Nonlinear a Particle.
(Graduation). UFRGS.

Medeiros, E. S., 2010. Chaos Control and Jumps between Attractors in a System with
Impacts. Dissertation (Master Degree). USP.

Nayfeh, A, H., 2004. Perturbation Methods, John Wiley & Sons.

Nayfeh, A. H., & Mook, D. T., 1979. Nonlinear Oscillations. New York: Wiley Interscience.
pp. 163 — 166.

Rade, D. A. & Steffen, V. Jr., 2001. Dynamic Vibration Absorber. Encyclopedia of Vibration,
Academic Press, ISBN 0-12-227085-1, p. 9-26.

Rodovalho, L. F. F., & Costa, T. N., 2013. Modeling and Optimal Design of Dynamic
Structures: Deterministic and stochastic approach. pp. 124. Monograph (Graduation),
UFG, Cataléo.

Saberi, L., & Nahvi, H., 2014. Vibration Analysis of a Nonlinear System with a Nonlinear
Absorber under the Primary and Super-harmonic Resonances. International Journal of
Engineering, VVol. 27, Issue 3, pp. 499.

Santos, J. P. M. 2009. An Analysis of the Dynamic of Electromechanical Pendulum using
Perturbation Theory. Dissertation (Master Degree). UNESP.

Savi, M. A., 2004. Nonlinear Dynamics and Chaos. UFRJ, COPPE.

Sayed, M., Hamed, Y. S. & Amer, Y. A,, 2011. Vibration Reduction and Stability of Non-
Linear System Subjected to External and Parametric Excitation Forces under a Non-
Linear Absorber. Int. J. Contemp. Math. Sciences, v. 6, n. 22, p. 1051 — 1070.

Silva, D. G., 2006. Nonlinear Resonance Vibrations in Beam Type Structures under
Parametric and Combined Excitations. 345f. Thesis (Doctorate). USP, Sdo Carlos.

Vivanco, J. E. M., 2009. Analysis of Nonlinear Dynamics in Parametric Balance of a Fishing
Vessel. Dissertation (Master Degree). COPPE/UFRJ

Yang, W. Y., Cao, W., Chung, T. S., & Morris, J., 2005. Applied Numerical Methods Using
Matlab®. John Wiley & Sons, Inc., Hoboken NJ.

CILAMCE 2015
Proceedings of the XXXVI Iberian Latin-American Congress on Computational Methods in Engineering
Ney Augusto Dumont (Editor), ABMEC, Rio de Janeiro, RJ, Brazil, November 22-25, 2015



