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Abstract. This work presents the critical load estimation of a circular shallow arch through a
finite element analysis (FEA). Three kinds of techniques for collapse load estimation using
FEA were employed: linear buckling, nonlinear buckling and full nonlinear analysis. For
linear buckling analysis an eigenvalue linear analysis was done to estimate the critical load
of ideal linear elastic structure. For nonlinear buckling analysis, eigenvalue analysis was
performed for critical load in an incremental manner based on the updated stiffness matrices
in order to consider material and geometrical nonlinearities. For full nonlinear analysis, the
entire equilibrium path is followed up to and possibly beyond the critical load level, updating
the stiffness matrix through all the incremental-iterative process. A Finite Element (FE)
computational program has been developed using plane stress isoparametric bidimensional
elements to perform the three previous mentioned analysis techniques. The results of the FEA
show the influence of geometric and material nonlinearity in the critical load estimation.
Comments are presented on the errors obtained with linear buckling analysis in
determination of critical loads and buckling modes.
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1 INTRODUCTION

Nowadays, an understanding of structural behavior during partial or complete collapse is
sometimes needed to assess the overall integrity of the structural design under extreme
loading scenarios. To perform this, most commercial FE codes employ two categories of
collapse or buckling analyses: eigenvalue analysis and full nonlinear analysis.

The eigenvalue analysis identifies the buckling or collapse state of a structure once the
structure’s stiffness matrix becomes a singular matrix. An eigenvalue analysis, which is
formulated assuming a linear elastic behavior to obtain the critical load, is known as linear
buckling analysis. This approach is generally used to estimate critical loads of ideal structures
in which the change in geometry and stresses prior to buckling is disregarded. On the other
hand, the eigenvalue analysis can also be performed in a nonlinear problem updating the
incremental stiffness matrices. In this analysis an eigenvalue problem is formulated after each
increment of load. This technique is known as nonlinear buckling analysis even though a
linearized eigenvalue analysis is used at each stage. Linear buckling can be obtained as a
special case of nonlinear buckling with only one increment.

For highly nonlinear collapse problems, full nonlinear analyses are preferred to obtain an
effective and accurate solution. This technique allows the description of the equilibrium path
in a space defined by the nodal variables and the loading parameter. Control techniques are
available to deal with unstable problems where the load and/or the displacement value may
increase or decrease as the solution progresses.

Despite the fact that all these analysis techniques have been implemented in most
commercial codes, many users still model such phenomena partially through a linear buckling
analysis. This technique to simulate structural collapse, has several limitations which may
give inaccurate results in certain cases. These limitations are primarily due to the nature of
collapse which typically involves very large displacements and rotations. The assumption that
the structure behaves elastically up to the critical load may not always hold. If some part of
the structure develops prebuckling plastic deformations, then the collapse or buckling analysis
must include both geometrical and material nonlinearities. Recent works (Zhou et al., 2011
and Novoselac et al., 2012) compare the effects of including or not such nonlinearities in the
critical load estimation.

In this study, the limit load of a circular shallow arch was investigated through linear
buckling, nonlinear buckling and full nonlinear analysis. This classical problem was studied
by Yaw et al. (2008) including only geometrical nonlinearity. One aim of the present work is
to introduce material nonlinearity considering elastoplastic behavior.

Based on a Total Lagrangian formulation and under the assumption of small
deformations, a FE program has been developed in order to model large displacement
problems. The advantages of this formulation are better explored by considering the oriented
body (beam) as a continuum using isoparametric bidimensional elements with nine nodes
(Q9). This theoretical background has been provided by the works of Wood and Zienkiewicz
(1977) and Guimaraes (2006).

The easiest way to consider material nonlinearities is by means of plastic analyses. An
incremental flow theory has been adopted in this work, and a von Mises material with
isotropic hardening has been taken.
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2 BASICS OF COLLAPSE ANALYSIS

Most commercial FE codes can model the collapse phenomena through three different
techniques: linear buckling analysis, nonlinear buckling analysis and full nonlinear analysis.
There are many others in the literature but these techniques are the most commonly used in
commercial codes.

2.1 Linear buckling analysis

Linear buckling analysis is generally used to estimate the critical load of an ideal linear
elastic structure. In this technique an eigenvalue problem is formulated to calculate the critical
load that turns singular the stiffness matrix of the structure. It is assumed that the structure’s
configuration does not change during the process of loading. Through an eigenvalue analysis,
the critical load is estimated by:

Ks +aKg|=0 1)

Where K is the initial stiffness matrix defined as:

Ko = _[ BLOTCEBLOdV )

Vo

And K is the geometrical stiffness matrix defined as:

Ks = _[ BNLTO- By, dV ®3)

Vo

In the above equations, B,, and B,, are the constant part of the linear strain-

displacement matrix and the nonlinear strain-displacement matrix, respectively, C® is the
elastic matrix, o is the matrix representation of the stress tensor, and @ is the buckling load
factor. More literature details about this topic can be found in McGuire et al. (2000) and De
Borst et al. (2012).

2.2 Nonlinear buckling analysis

An eigenvalue analysis can also be performed for critical load in a nonlinear problem
based on the incremental stiffness matrices. This type of analysis estimates the maximum load
that can be applied to a moderately nonlinear structure before instability happens or, in other
words, when the structure’s stiffness matrix approaches to a singular value. Collapse
problems that involve material and geometrical nonlinearities must be solved incrementally.
Hence, a failure to achieve converge in the iteration process or a nonpositive definite stiffness
matrix determines the structural collapse. Nonlinear material properties and large
displacements were considered in the nonlinear buckling analysis of the structure.

Solving the eigenvalue problem that is formulated after each increment of load, we can
obtain the updated critical load estimation for that load level. The eigenvalue problem is
defined as:

[K +@AK, (au,u,A0)fg} = {0} 4
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Where AK; is known as the increment of the geometric stiffness matrix and K is

tangent stiffness matrix in the beginning of the increment. The critical load P, is estimated
by:
P, =P +wAP (5)

Where P is the load applied in the beginning of the increment, AP is the load increment
and @ is the buckling load factor within the increment. Linear buckling can be considered as
a special case of nonlinear buckling assuming that all behavior prior to buckling or collapse is
linear.

Three types of geometric stiffness matrix were considered in the present work in order to
assess the performance of different matrix formulations. In a classical work, Dupuis et al.
(1970) proposed that the geometric stiffness can be assembled as:

Ke =K, +K, (6)
Where K is the initial displacement stiffness matrix defined as:
K, = [BL,'C BydV+ [B,'C B,dV + [B,,"C BV @)
Vo Vo Vo
And K, is the initial stress stiffness matrix defined as:
K, =By o Bydv (8)
Vo

In the above equations, B, is the displacement dependent part of the linear strain-
displacement matrix, C is the tangent stress-strain matrix, and B, ,, B,, and o were defined

in Eq. (2) and Eq. (3), respectively. More recently, Waszczyszyn et al. (1994) suggested that
the part of matrix K, which is quadratically dependent on the displacements may be
neglected. This geometric stiffness matrix can be rewritten as:

Ke =Ky +K; 9)
Where K, is the linear part of the displacement in matrix K, defined as:
Ky =[B,'C BydV+ [B,'C B dV (10)
A A

Another formulation considered is the classical geometric matrix widely used in classical
buckling problems. This matrix neglects the initial displacement matrix K, and is defined as:

Ks =K, (11)

2.3 Full nonlinear analysis

The full nonlinear analysis is chosen for extremely nonlinear problems that show a
complicated behavior in the load-deflection response. For instance, the load and/or the
displacement may reduce as the solution progresses. This technique deals with large
displacements and nonlinear material properties in a quasi-static fashion along the entire load-
deflection path up to and possibly beyond the critical load level. Therefore, the post-buckling
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behavior of structures such as elastic-plastic snap-through and snap-back phenomena can be
handled through this analysis.

The nonlinear equations in the jth iteration of the ith incremental step can be written as:
K} Jaui}=2 P+ R (12
In the above equation [K}fl] is the tangent stiffness matrix, {AU}} is the displacement

increment vector, {5} Is the reference load vector, {R}_l} is the unbalanced load vector and /1ij

is the load increment factor. This factor can be determined from the constraint imposed by
each iterative scheme.

Three iterative methods were implemented in the developed program: load control
method, displacement control method and arch length method. More literature details about
these iterative methods can be found in Yang and Kuo (1994) and Souza Neto et al. (2008).

3 GEOMETRY AND FINITE ELEMENT MODEL

The geometry and material properties of the studied circular shallow arch are shown in
Fig. 1. The arch is hinged at both ends and the span length from pin to pin is 2540 mm. The
FE model was done in the developed program. For analysis, continuum quadrilateral elements
with 9 nodes (Q9) were used and two different FE meshes were employed for the elastic and
elastoplastic case. The load was applied by a concentrated load at the top of the section.
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Figure 1. Initial arch configuration and material properties

For the elastic case the arch was modeled with twenty isoparametric elements Q9 in the
circumferential direction as shown in Fig. 2. The numerical integration employed nine Gauss
points.
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Figure 2. Finite element model for elastic case

For the elastoplastic case the arch was modeled with eighty isoparametric elements Q9,
forty and two divisions in the circumferential and radial direction, respectively, as shown in
Fig. 3. In this case a more refined mesh is needed in order to model the material nonlinearity
with enough accuracy. The numerical integration also employed nine Gauss points.
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Figure 3. Finite element model for elastoplastic case

4 RESULTS

The arch’s collapse analysis was performed through the three studied techniques for
determination of the critical load and the collapse configuration. A linear buckling analysis
was done first considering the initial stiffness matrix. Then a nonlinear buckling was done
considering an updated stiffness matrix at the beginning of each incremental load. Finally, a
full nonlinear analysis was carried out considering an updated stiffness matrix throughout the
entire process.

In the comparison presented herein, the different formulations of the geometric stiffness
matrix developed by Dupuis et al. (1970), Waszczyszyn et al. (1994) and the classical
formulation were renamed as formulation I, formulation Il and formulation 11, respectively.

Furthermore, to compare the material behavior and their influence in the collapse
analysis, linear-elastic and nonlinear elastoplastic material behavior were studied separately.

4.1 Results for the elastic case

From linear buckling analysis, a critical load value of 78.3kN was obtained. The first
buckling mode related to this load value is asymmetric as shown in Fig. 4.

e T e

Figure 4. Linear buckling analysis - first buckling mode

For the nonlinear buckling analysis, a load value of 26kN was applied in 26 increments.
In this analysis the critical load is estimated after every load increment. The obtained load
values after increment 10, 15, 20, 23 and 26; are shown in Table 1, Table 2 and Table 3, for
each geometric stiffness formulation, respectively.
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Table 1. Buckling loads estimates with formulation |

CN° of P AP 2 Critical load
increment  (kN)  (kN) (kN)

10 9 1 24.40 33.4

15 14 1 17.52 31.5

20 19 1 10.48 29.5

23 22 1 6.12 28.1

26 25 1 1.31 26.3

Table 2. Buckling loads estimates with formulation 11

_ N° of P AP A Critical load
increment  (KN)  (kN) (KN)

10 9 1 21.30 30.3

15 14 1 13.80 27.8

20 19 1 7.10 26.1

23 22 1 3.58 25.6

26 25 1 0.54 25.5

Table 3. Buckling loads estimates with formulation 111

CN° of P AP 3 Critical load
increment  (kN)  (kN) (KN)

10 9 1 58.20 67.2

15 14 1 46.31 60.3

20 19 1 32.89 51.9

23 22 1 20.97 43.0

26 25 1 4.08 29.1

CILAMCE 2015
Proceedings of the XXXVI Iberian Latin-American Congress on Computational Methods in Engineering
Ney Augusto Dumont (Editor), ABMEC, Rio de Janeiro, RJ, Brazil, November 22-25, 2015



Collapse analysis including material and geometric nonlinearity

From the nonlinear buckling analysis results, it is observed that the critical loads tend to
converge at load increment 26. The obtained first buckling modes corresponding to
formulation | and Il were all symmetric after each load increment. Similarly to the results
linear buckling analysis, the buckling modes of formulation Il after load increments 10, 15
and 20 were asymmetric. Contrarily, the buckling modes obtained after load increments 23
and 26 were symmetric in the same way of formulations | and Il. The buckling mode after
load increment 26 is shown in Fig. 5.

N s i O B R L B

Figure 5. Nonlinear buckling analysis - first buckling mode after load increment 26

Finally, from the full nonlinear analysis, a critical load value of 26.1kN was obtained.
The load-displacement curve (equilibrium path) corresponding to elastic FE model is shown
in Fig.6 via a history plot of the reference node (i.e. the node in which the load is applied).
The deformed configuration at the critical load is shown in Fig.7.
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Figure 6. Full nonlinear analysis - load-displacement curve for the elastic case

(1 ) D 0 oy

Figure 7. Full nonlinear analysis - deformed configuration at critical load

The differences between the critical loads obtained with each technique and applied
formulation for the elastic case are summarized and plotted in Fig.8. It can be observed that
when numbers of steps is increased the critical loads of nonlinear buckling analysis converges
to the full nonlinear solution. On the other hand, the unique solution provided by the linear
buckling analysis differs considerably from the accurate nonlinear result. Additionally,
formulations I and Il show faster convergence and better accuracy than formulation I11.
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Figure 8. Obtained critical load values from different techniques and formulations

The stress distribution for the elastic case are shown in Fig.9, by means of the equivalent
von Mises stresses obtained for linear and full nonlinear FEA. To obtain the stresses
distribution in the arch, a load with the same value as the obtained critical load from full
nonlinear analysis was applied in both FEA.

VON MISES (kN)
l 622.23
543.67
- 465.1
. 386.53
& 307.97
- 229.4

150.83
72.267

Figure 9. Equivalent von Mises stresses for linear and nonlinear analysis, respectively
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4.2  Results for the elastoplastic case

A critical load value of 78.6kN was obtained from linear buckling analysis. The first
buckling mode, related to this load value, is asymmetric as shown in Fig. 10. As expected, the
results are very similar to obtained results with the previous mesh.

Figure 10. Linear buckling analysis - first buckling mode

For the nonlinear buckling analysis, a load value of 11.5kN was applied in 23
increments. In this analysis the critical load is estimated after every load increment. The
obtained load values after increment 10, 15, 18, 21 and 23 are shown in Table 4, Table 5 and
Table 6, for each of the three geometric stiffness formulation, respectively.

Table 4. Buckling loads estimates with formulation |

CN° of P AP A Critical load
increment  (kN)  (kN) (KN)

10 4.5 0.5 53.96 31.5

15 7 05 3219 23.1

18 8.5 05 20.12 18.6

21 10 0.5 10.56 15.3

23 11 0.5 2.56 12.3

Table 5. Buckling loads estimates with formulation 11

_ N° of P AP 3 Critical load
increment  (kKN)  (kN) (KN)

10 4.5 0.5 50.40 29.7

15 7 05 28.14 21.1

18 8.5 0.5 16.33 16.7

21 10 0.5 7.53 13.8

23 11 0.5 1.16 11.6
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Table 6. Buckling loads estimates with formulation 111

CN° of P AP 2 Critical load
increment  (kKN)  (kN) (KN)

10 4.5 0.5 139.14 74.1

15 7 0.5 111.82 62.9

18 8.5 0.5 90.22 53.6

21 10 0.5 53.51 36.8

23 11 0.5 10.09 16.0

From the nonlinear buckling analysis results, it is observed that the critical loads tend to
converge at load increment 23. The obtained first buckling modes in formulation | and 11 were
all symmetric after each load increment. On the other hand, the obtained modes in
formulation 11 after load increment 10, 15 and 18 were asymmetric as the previous linear
eigenvalue buckling analysis, while buckling modes after load increment 21 and 23 were
symmetric as the obtained modes in formulation | and Il. The buckling mode after load
increment 23 is shown in Fig. 11.

Figure 11. Nonlinear buckling analysis - first buckling mode after load increment 23
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Figure 12. Full nonlinear analysis - load-displacement curve for the elastoplastic case
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Finally, from the full nonlinear analysis, a critical load value of 11.5kN was obtained.
The load-displacement curve (equilibrium path) for the elastoplastic FE model is shown in
Fig.12 via a history plot of the reference node (i.e. the node in which the load is applied).
These results show that critical load is significantly smaller than the obtained in elastic case.
The deformed configuration at the critical load is shown in Fig.13.

I ) O
EEE‘ZMHHHHHHHHHH—CE%

Figure 13. Full nonlinear analysis - deformed configuration at critical load

To show the differences between each technique and applied formulation in the
elastoplastic case, the estimated critical loads are summarized and plotted in Fig.14. From
these results, it is observed that the nonlinear buckling load converges at final increments to
the full nonlinear load, whereas the linear buckling load differs considerably from both loads.
In this case formulation | and Il show fast convergence and better accuracy than formulation
I11, as in the previous elastic case.

900 p----mmmmmmm- il i i === ——————-—- i ittt g

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

4 i L 4 H

B0 e e e — :

1 1 1 1

1 1 1 1

1 1 1 1

700 [e==—=====——--- i ittt ettt e i e e L e L 1
= Linear buckling analysis H H

. 1

600 F---  =e=FormulationI ~  |oooooo_ e 4

1 1

= =e—Formulation II H H
1 1

£ 500 [--- =—e=FormulationIll =  f-=======--- e e ittt 1
o . . | |
g ——Full nonlinear analysis H H
i T ——— B ———— Fmmm—————————— i— ------------ -i
R ] ]

£

= 300 e e e T T e e s~~~ e
5 i . r i
1 1 1 1

1 1 1

1 1 1

200 pe=—m————————— -: -------------- 1 ------------------------------- -:

1 1 1

1 1 1

1 1 :

100 Fe=—=mmmmmmm e === T - F=—=——=—————— T - 1

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

a0 1 1 1 1 1

4] 5 10 15 20 25

Incremental steps

Figure 14. Obtained critical load values from different techniques and formulations

To show the stress distribution for this elastoplastic case, equivalent von Mises stresses
were obtained for the linear and full nonlinear FEA. These stresses are pictured in Fig.15. To
obtain stresses developed in the arch, a load with the same value as the obtained critical load
from full nonlinear analysis was applied in both FEA.
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Figure 15. Equivalent von Mises stresses for linear and nonlinear analysis, respectively

5 CONCLUSIONS

The calculated critical loads and buckling modes from the nonlinear incremental
buckling analysis and full nonlinear analysis are close to each other.

Inaccurate critical loads and buckling modes were obtained when employing the linear
buckling analysis. This is mainly due to the assumption that pre-buckling displacements are
sufficiently small so that the shape of the stress distribution remains unchanged and only the
stress levels change with a factor, which is clearly not the case. It is also shown in the
calculated equivalent von Mises stresses that an internal redistribution of stresses happens and
cannot be disregarded.

In the example presented in this paper, taking the effect of including the stresses only and
neglecting the effect of displacements in formulation of the geometric stiffness matrix led to a
slower convergence than taking the effect of these displacements in the nonlinear incremental
buckling analysis.

The loss of stiffness appreciated in the elastic and the elastoplastic cases, due to
geometric and material nonlinearities, causes a significant reduction of the critical load
compared to the linear model. Therefore, the critical load predicted by the linear buckling
analysis is usually overestimated.

The results obtained in the elastoplastic cases show that when the deformable elements of
the compressed arch enter into the elasto-plastic regime, the corresponding loss of stiffness
usually causes a considerable reduction of the loading capacity of the structure, since after
yielding an increase in the deformation causes a decrease of the load.

Isoparametric bidimensional elements permit to take advantage of the Total Lagrangian
approach resulting in an uncomplicated formulation and unrestricted magnitude of
displacements and rotations, characteristic of geometric nonlinear problems.
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