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Abstract. This paper presents a fast-multipole implementation of the boundary element method
for problems with many millions of degrees of freedom. It can lower the number of operations
from O(N2) to O(N logN) in the iterative solution of a problem with N degrees of freedom.
The memory allocation is also very small, as there is no need to store large matrices such as
required by other numerical methods. The proposed implementation is based on a consistent
development of the conventional, collocation boundary element method (BEM), which leads to
a computationally less intensive (and conceptually more accurate) formulation for large-scale
2D and 3D problems of potential and elasticity. This formulation is especially advantageous
for problems that require complicated fundamental solutions and curved boundaries. A scheme
is used for expanding a generic fundamental solution about hierarchical levels of source and
field poles, which is particularly advantageous to make the fast multipole technique seamlessly
applicable to different fundamental solutions. The hierarchical tree of poles is built upon a topo-
logical concept of superelements inside superelements, which in part circumvents the need of
evaluating geometrical distances between elements. The formulation is assessed and validated
in terms of some simple, although very large, 2D potential problems with general geometry and
topology for constant, linear and quadratic elements. Since iterative solvers are not addressed
in this first step of numerical simulations, an isolated efficiency assessment of the implemented
fast multipole technique becomes possible.
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1 INTRODUCTION

The fast multipole method (FMM), as developed by Greengard and Rokhlin (1987), was elected
one of the top ten algorithms of the 20th century (Dongarra & Sullivan, 2000). Although it has
been initially conceived for particle simulation problems involving coulombic and gravitational
fields, it also turned out efficient in the solution of boundary integral equations (Nishimura,
2002). The FMM, combined with an iterative solver such as the GMRES, can speed up the
complete solution time of a problem with N unknowns from orderO(N2) toO(N logN), while
requiring computer storage that is only a small fraction of what would be allocated for a different
numerical method.

Liu (2009), who also claims that an overall reduction to O(N) may be possible, presents a
thorough description of the FMM as applied to different types of BEM problems. A short review
of the method is given by Liu et al. (2011), a comprehensive review is given by Nishimura
(2002) and a tutorial has been prepared by Liu & Nishimura (2006), to mention but a few key
references.

The present research work is part of the Ph.D and M.Sc. works of the two first authors
(Peixoto, 2014; Novelino, 2015), and is mainly concerned with the application of the FMM
to problems with generally curved boundaries, in a framework that is almost completely in-
dependent from the underlying fundamental solution. The basic concept of the FMM, with
the expansion of the fundamental solution about successive layers of source and field poles, is
described in a compact algorithm that is more straightforward to lay out and promises to be
more efficient than the ones available in the technical literature. This paper is a sequel of the
References (Dumont & Peixoto, 2014; Peixoto et al., 2015) and brings as main contribution
the implementation for curved boundary elements. Owing to space restrictions only the basic
aspects of the proposed implementations (Novelino, 2015) are described in the present paper,
with a more extensive manuscript being prepared for publication in the near future.

2 Proposed FM algorithm for a general, complex function

The following basic definitions are used in the present developments to represent a general
complex function f(z):

• z − z0 = difference between the source point z0 and the field point z.

• zck , k = 1, 2, ...nc: hierarchical levels of poles about which the fundamental solution will
be successively expanded for the field point z (then, by definition, zc0 ≡ z).

• zLl , l = 1, 2, ...nL : hierarchical levels of poles about which the fundamental solution will
be successively expanded for the source point z0 (by definition, zL0 ≡ z0).

The above definitions of a pole zck that is close (lower case c) to the field point z and of a pole
zLl that is local (upper case L) to the source point z0 follow the notation introduced by Liu
(2009). In the following developments, each close pole zck and each local pole zLl are actually
array representations of different hierarchical levels of poles, as illustrated in Fig. 1, where the
attached superscripts (here omitted, for simplicity) denote an individual pole in the array.
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The expression of a generic fundamental solution for 2D problems is initially expanded
about the close pole zcnc (of highest level, as developed next) using n terms:

f(z − z0) =
n∑
i=0

1

i!
(z − zcnc )iD(i)f(zcnc − z0) +O(z − zcnc )n+1 (1)

where D(0)f(z) = f(z) and D(i)f(z) = ∂if(z)/∂zi .

The truncated form of Eq. (1) is conveniently written as

f(z − z0) =
n+1∑
i=1

1

(i− 1)!
Pi(z − zcnc )Qi(zcnc − z0) (2)

for truncation order O(z − zcnc )n+1 and with the arrays of functions P (z) and Q(z) defined for
a generic argument z as

P (z) = [ 1 z z2 z3 · · · zn+1 ] (3)

Q(z) = [ f(z) ∂f(z)
∂z

∂f2(z)
∂z2

∂f3(z)
∂z3

· · · ∂fn+1(z)
∂zn+1

] (4)

As a matter of illustration, one may want to evaluate in the scheme on the upper left of Fig.
1 the influence f (z(ξ)− z4

0) of a source attached to the nodal point numbered as z4
0 on a certain

point z(ξ) along a given boundary segment. This might be done either directly or, in the present
context, via an expansion of z(ξ) about the pole zc such as in Eq. (2). The evaluation for the
influence of N = 6 source points z1

0 · · · z6
0 on N = 6 field segments z(ξ) is represented on the

upper left of Fig. 1. The numerical effort for the complete evaluation of
∫

Γf
f (z(ξ)− z0) dΓ

along Γf , as indicated in the figure, for all source points is then proportional to N2 evaluations
of the type f(z− z0) ≡ Q1(z− z0). However, the evaluation in terms of Eq. (2) – dash lines for
Q(z) and solid green lines for P (z) – requires an effort proportional to (n+ 1)N evaluations of
Pi(z) plus (n+ 1)N evaluations of Qi(z), where n is the number of expansion terms:

∫
Γf

f (z(ξ)− z0) dΓ =
n+1∑
i=1

1

(i− 1)!
Qi(zcnc − z0)

∫
Γf

Pi(z − zcnc )dΓ, (5)

keeping in mind that the evaluation of a function Qi(z) (which involves transcendental func-
tions, in general) may require by far more computational effort than the evaluation of Pi(z),
which is just a binomial. However, the above illustration is just an ideal case for zc far from the
source points and close to the field boundary segment Γf , which does not happens in practice.

For the sake of generality, let the derivatives D(i)f(zcnc − z0) be also expanded for the
source point z0 about the local point zLnL (of highest level, as to be also shown subsequently)
using m terms:

D(i)f(zcnc − z0) =
m∑
j=0

1

j!
(zLnL − z0)jD(i+j)f(zcnc − zLnL ) +O(zLnL − z0)m+1 (6)
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Substituting for D(i)f(zcnc − z0) in Eq. (1) according to above, it results

f(z − z0) =
n∑
i=0

1
i!
(z − zcnc )i

m∑
j=0

1
j!

(zLnL − z0)jD(i+j)f(zcnc − zLnL )

+ O(z − zcnc )n+1 +O(zLnL − z0)m+1

(7)

As given in this equation, it is in principle indifferent which expansion is carried out first. The
indicated sum of order of errors stresses the relevancy of the distances between the respective
points of expansion for the accuracy of the problem. This accuracy can be assessed case by
case, but in general the higher derivatives of the fundamental solution tend rapidly to zero
when evaluated for large arguments, and the truncation errors turn out to be proportional to
|(z − zcnc )/(z − z0) |n+1 and |(zLnL − z0)/(z − z0) |m+1.

The truncated form of Eq. (7) is conveniently written as

f(z − z0) =
n+1∑
i=1

1

(i− 1)!
Pi(z − zcnc )

m+1∑
j=1

1

(j − 1)!
Pj(zLnL − z0)Qi+j−1(zcnc − zLnL) (8)

for truncation order given by max
(
|(z − zcnc )/(z − z0) |n+1, |(zLnL − z0)/(z − z0) |m+1).

Equation (2) is undoubtedly more economical than Eq. (8) and is in fact the simplest and
fastest way of evaluating a function such as in Eq. (5). However, Eq. (8) is given as the starting
point for a general procedure that leads to a computationally fast and economical evaluation
of a given fundamental solution f(z − z0) for a very large number of source points z0 and of
field points z by means of an approximate expression that can be as accurate as required. The
expansion about successive levels of poles is dealt with in the next section.

2.1 Expansion of Pi(z − zck) and Pj(zLnl − z0) about successive poles

The next developments are illustrated on the upper right of Fig. 1 and shall lead to the complete
generalization of the fast multipole technique. This figure shows three levels of close poles (with
four, two and one poles on each level) and two levels of local poles (with two and one poles on
each level). This generalization is at least in part required because, for a closed boundary, z1

c3

may be sufficiently far only from a certain subboundary of Γs. Then, hierarchical level of poles
must be implemented, which are sufficiently far from certain subboundaries while building up
the contribution for higher-order poles.

The superscripts nc and nL in Eq. (8) turn out to be the highest levels of field and source
poles for an expansion to be carried out hierarchically about successive layers of poles. More-
over, the binomials Pi(·) introduced in Eq. (8) are actually to be directly evaluated according
to their definition in Eq. (3) only when the argument refers to a coordinate difference for two
consecutive levels of poles, such as zck−1 − zck , k = 1, · · · , nc in the definition of Pi(z − zck),
or zLl − zLl−1 , l = 1, · · · , nL in the definition of Pj(zLnL − z0). When the argument of Pi(·)
refers to poles that are not on consecutive layers, it is expanded in terms of a lower-level pole
zcl−1 exactly as

Pi(z − zcl) =
i∑

j=1

Cj,i+1−jPj(z − zcl−1)Pi+1−j(zcl−1 − zcl) (9)
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Figure 1: Schematic representations of expansions about field and source poles.

where

Cij =

 1 if i = 1 or j = 1

Ci−1,j + Ci,j−1 else
(10)

In Eq. (9), Pi+1−j(zcl−1 − zcl) is defined as in Eq. (3), since it refers to two consecutive
poles. On the other hand, Pj(z − zcl−1) is recursively evaluated according to the same Eq. (9)
until the lowest level Pj (z − zc1) is arrived at and Eq. (3) becomes directly applicable. With
this recursive approach, the binomials Pi(z − zcnk ) in Eq. (8) – and, similarly, Pj(zLnl − z0) –
are ultimately expressed in terms of arguments given as differences of poles on two consecutive
levels.

As shown, f(z − z0) is expanded in terms of successive arrays of source poles zLl as
well as field poles zck . The indicated poles zLl and zck are representative of arrays of poles
corresponding to hierarchical expansion levels l and k. The expansion ends up with a series of
products of binomials Pi(z−zcnk ) and Pi(z0−zLnl ), which are independent from the complexity
of a problem’s fundamental solution, multiplied by functions Qi(zLnl − zcnk ) that, although
eventually cumbersome to obtain numerically, refer to the least number of higher-order pairs of
pole arrays zLnl − zcnk . In the illustration on the upper right of Fig. 1, there is only one pair of
poles z1

L2 − z1
c3 for which, in the case, Qi(z

1
L2 − z1

c3) needs to be evaluated.
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The definition of the functions Pi(z) and Qi(z) follows closely the definitions (3.12) of
I and O by Liu (2009), although without the factorials that are present there. Observe the
mnemonic appeal of P (for polynomials, actually binomials) and Q [for quotients, as in the
case of the expansion of a logarithm – the simplest fundamental solution conceivable (Dumont
& Peixoto, 2014; Peixoto et al., 2015)]. Although these latter functions may be computationally
intensive to evaluate, they are only needed for the array of poles represented by zLl interacting
with the array of poles represented by zck . Then, the evaluation of Qi(zLnl − zcnk ) ends up,
depending on the numerical implementation, orders of magnitude less intensive than the direct
evaluation of f(z− z0) for all source and field points – and this is the basis of the fast multipole
method.

The hierarchical expansions described above are next implemented in a boundary element
code. It has turned out that the hierarchical development of source poles is not of advantage, at
least as implemented by the authors (Novelino, 2015), so that the scheme shown on the lower
left of Fig. 1 is the actual procedure to be assessed in the numerical examples.

3 Numerical implementation

For a potential problem, the double-layer potential matrix H and the single-layer potential ma-
trix G of the conventional boundary element method are given for the compatibility equation

Hd = Gt (11)

(domain sources not considered, for simplicity) of the nodal potentials d and the boundary nodal
flux attributes t in terms of the boundary integrals (Novelino, 2015)

Hsf =

∫
Γ

q∗ks(z − z0)ηk(z) uf (z) dΓ(z),

Gs` =

∫
Γ

u∗s(z − z0)t`(z) dΓ(z),

(12)

where q∗ks(z − z0) and u∗s(z − z0) are the complex expressions of the flux and potential fun-
damental solutions of the potential problem – which have global support – and Γ(z) is the
integration boundary. The subscript s refers to a given source node (at which the unit point
source of the singular fundamental solution is applied) and the subscripts f (which stands for
field) and ` (also a field reference) indicate the nodes to which the potential-interpolation func-
tion uf (z(ξ)) and the flux-interpolation function t`(z(ξ)) are referred. In the above equation
and in the following, repeated indices mean summation, for k = 1 · · ·D, where D = 2 or
3, depending on whether one is dealing with a 2D or a 3D potential problem. The Cartesian
components of the unity outward vector to Γ(z) are denoted by ηk(z) and uf (z) formally comes
from the piecewise (with local support) interpolation of the potential u(z) along the boundary:
u(z) = uf (z)df , where df are the nodal potentials. In an usual isoparametric representation,
displacement and geometry are represented identically for each one of their Cartesian com-
ponents, so that uf (z) ≡ uf (z(ξ)) are actually approximated by polynomial shape functions
Nf (ξ), for a given boundary segment, with ξ ∈ (0, 1) or ξ ∈ (−1, 1), depending on the pre-
ferred parametric representation. For z → z0, strong and weak singularities must be taken
care of in the evaluation of H and G. However, this issue can be disregarded in the present
developments, which are actually only concerned with what occurs when z and z0 are very far
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from each other. The Jacobian used in the definition of ηj(z) cancels out with the Jacobian of
dΓ(z) = |J(z)| dξ, in terms of the parametric variable ξ. Then, expanding q∗ks(z−z0) according
to Eq. (8) ends up with the evaluation of a polynomial integral corresponding to the first of Eqs.
(12).

For the single-layer potential matrix G, it is proposed that the usual interpolation polyno-
mials t` of boundary normal flux in Eq. (12) be replaced according to

t` ← t`|J |(at `)/|J | (13)

where |J |(at `) is the value of the Jacobian at the field point characterized by the subscript `
(Dumont, 2010; Dumont & Aguilar, 2012). Nothing changes formally in the developments of
the BEM, except that the numerical integration of the matrix G becomes much easier and actu-
ally more consistent as compared to proposed implementations given in the technical literature
(Brebbia et al., 1984). In fact, |J | cancels out in the product t`dΓ in Eq. (12) for t` defined
as suggested, and the integrand of G, in the frame of a fast multipole implementation, also be-
comes a polynomial independently from the assumed kernel u∗s. In a practical implementation,
the functions t`(z(ξ)) are replaced with the same shape functions N`(ξ) used to represent po-
tentials, although the context differs conceptually, as G in general becomes a rectangular matrix
(for elements other than constant elements, ` spans a larger number of nodes than f ).

As proposed, let z = Nf (ξ)zf be the complex geometric representation of a boundary
segment, for a 2D implementation, expressed in terms of the nodal points zf and the shape
functions Nf (ξ), which are also used to interpolate potentials as well as normal fluxes, as de-
scribed above. Then, the only integrations that need to be carried out for a given boundary
segment Γseg in the evaluation of the matrices of Eq. (12) in the framework of the fast multipole
developments represented by Eq. (8) are for terms H̃jf and G̃j` that are parts of H and G,
defined similarly to Eq. (5) as

H̃jf =

∫
Γseg

Pj (z − zc) z′Nf (ξ) dΓ =

∫ 1

0

Pj (Nk(ξ)zk − zc)N ′l(ξ)zlNf (ξ) dξ

G̃j` =

∫
Γseg

Pj (z − zc)N`(ξ) dΓ =

∫ 1

0

Pj (Nk(ξ)zk − zc)N`(ξ) dξ,

(14)

where, recalling, repeated indices mean summation, in this case covering all shape functions
Nk(ξ) of a boundary segment representation, and a prime (′) means derivative with respect to
ξ. Since the Jacobian inherent to dΓ in the above integrals cancels out and the integrands are
polynomials, it is irrelevant whether ξ ∈ (0, 1), as indicated, or ξ ∈ (−1, 1) is used as the
normalized interval. In the first row of the above equation, the term N ′l(ξ)zl comes from the
complex representation of ηk(z) along the boundary segment. The subscript j refers to the num-
ber of terms in the adopted expansion of Eq. (9), whereas f and ` refer to each of the boundary
element nodes. In the present implementation for 2D problems (Novelino, 2015), either linear,
quadratic or cubic boundary elements are represented in the same code. Constant elements are
considered in a separate implementation. The main feature of the proposed implementation of
the FMM is that the arrays H̃jf and G̃j` given above become ultimately expressed as polynomi-
als of the differences of the nodal coordinates of the boundary segment to the most immediate
pole,

∆i = zi − zc, with i = 1 . . . oe + 1, (15)
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where oe = 1, 2, 3 for linear, quadratic or cubic boundary elements. As an illustration for
quadratic elements (3 nodes),

H̃jf =

j+1∑
k=1

k∑
l=1

Afjkl∆
j−k+1
1 ∆k−l

2 ∆l−1
3 , G̃j` =

j+1∑
k=1

k∑
l=1

B`jkl∆
j−k+1
1 ∆k−l

2 ∆l−1
3 , (16)

where the polynomial coefficients Afjkl ≡ Afjlk and B`jkl ≡ B`jlk can in principle be previ-
ously evaluated for each node f or ` and each series term j they refer to (Dumont & Peixoto,
2014; Peixoto, 2014; Novelino, 2015) and stored. The coefficients B`jkl for up to 3 terms, for
instance, are given by Dumont & Peixoto (2014).

An alternative, simpler procedure has turned out to be the symbolic evaluation of the poly-
nomial terms of Eq. (14) using MapleTM for as many terms as desired, and the subsequent
storage as pre-assigned polynomial functions of ∆i in the implemented C++ code (Novelino,
2015). There is also the possibility of evaluating the indicated integrals in Eq. (14) exactly by
using Gauss-Legendre quadrature, which may become a faster procedure. However, the code
would only be efficient by using different numbers of integration points for different terms of
the series expansion. This is being currently assessed.

The expression of the array Q(z) in Eq. (4) is given in the technical literature for the
most common fundamental solutions (Liu, 2009) and need not be reproduced here. However,
as an illustration, the Westergaard stress function for a rotated, elliptic semicrack (Dumont &
Mamani, 2011) may be developed as

Q(Z) =
−1

2π

[
πZ
2

+ 1− (1− Z2)F FZ + 1
Z

+ π
2

F−1/Z2

1−Z2

3ZF−(5Z2−2)/Z3

(1−Z2)2

]
, (17)

where F = ln
(
−
(
1 +
√

1− Z2
)
/Z
)
/
√

1− Z2 and Z = ze−θ
√
−1/a for the semicrack

length a and inclination θ.

4 A unified algorithm for hierarchical mesh refinement

Figure 2 shows the schemes of three different elements considered in the present algorithm, as
taken out of a general 2D mesh corresponding to a given level of refinement. The algorithm is
also implemented for constant elements. A corresponding algorithm has also been implemented
for 3D problems (Dumont & Aguilar, 2011). The input data for the hierarchical mesh refinement

1 3 2


1

2

3

4
5


1

2 3

4

5
6

7

a) linear element b) quadratic element c) cubic element

Figure 2: Schemes for splitting a general element into two sub-elements.

are:

• oe = either 1, 2 or 3, which defines the element type (te = 2, 3 or 4).

• nee: Initial number of elements of the initial level.

• nne: Number of nodes of the initial level.
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• nv: Number of additional levels of mesh refinement (nv = 1, for example, indicates that
the structure will be refined once).

• Table Coord [ ], with nee node coordinate entries in the format [x, y], which are the initial
nodes of the mesh structure to be refined. This table is successively expanded, as new
nodes are added during the mesh refinement.

• Table Inc [k] [ ], where k = 1 refers to the initial, first level local-to-global nodal inci-
dence of the input mesh and the second entry are nee arrays, each one with te global node
numbers of the elements. Arrays Inc [k] [ ], for k = 2 . . . nv + 1, will be generated as a
result of the mesh refinement.

The output data are a generalization of the input data, which now refer to nv + 1 levels of
refinement:

• nel [k = 1 . . . nv + 1]Number of elements on each one of the nv + 1 levels.

• nnl [k = 1 . . . nv + 1]Number of nodes on each one of the nv + 1 levels.

• Table Coord [ ]with nnl[nv + 1] node coordinate entries, which correspond to the input
values plus the coordinates of the generated nodes.

• A table Inc [k = 1 . . . nv + 1] [ ]with nv + 1 levels of arrays of local-to-global node inci-
dences. The second entry are nel [k = 1 . . . nv + 1] arrays, each one with te global node
numbers of the elements.

The algorithm, which is not shown in the present short paper, generates nv + 1 levels of
refined meshes, including the initial one, which is referred to as level 1. The number of elements
on any level is two times the number of elements of the preceding level. However, the number
of nodes is not known in advance and is evaluated inside the procedure.

5 A unified algorithm for pole expansions

In the conventional BEM, as given in Eq. (11), the fundamental solutions q∗js(z−z0) and u∗s(z−
z0) shown in Eq. (12), which have global support, can in principle be expanded according to
Eqs. (8) and (9) about arbitrary (but feasible, depending on the mesh discretization) numbers of
source poles zLl as well as of field poles zck . In the proposed FMM algorithm, a pole expansion
is combined with the mesh refinement introduced (but not detailed) in the previous Section, in
such a way that the element (be it linear, quadratic or cubic) dictates the expansion. The scheme
is applicable to constant elements, although in a separate, simpler, code, and this is shown in
Fig. 3 to illustrate that a pole expansion can be undertaken either at each mesh split (a), at every
two mesh splits (b), or at every four mesh splits (c) and so on, generating in the illustration
either two, four or eight children poles.

The complete code combines the algorithm of Section 4 with the compact, self-recurring
expansions of Eqs. (8) and (9) and is too convoluted to be shown here (Novelino, 2015). Given
an initial, rough, mesh configuration, as illustrated in Fig. 4, field as well as source pole expan-
sions can be undertaken along with the process of dyadic refinement of the mesh, as illustrated
in Fig. 2, so that, for known values of d and t in Eq. (11), line multiplications (for instance, the
multiplication Hsd of a given line s of matrix H corresponding to a source node) are carried
out in a faster way that requires usually only log(N) instead of N operations, where N is the
vector dimension of d. It is worth noticing that, since the outermost loop in the implemented
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algorithm refers to the boundary elements to which the field poles are attached, all line mul-
tiplications Hsd, s = 1 . . . N , are evaluated concomitantly. Moreover, the predicted number
of operations log(N) for each source point i = 1 . . . N is arrived at rather experimentally than
theoretically, in the present developments, and happens to coincide with the literature results.
In fact, this has been corroborated for all 2D numerical experiments carried out so far and as
illustrated in Sections 7 and 8.
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Figure 3: Schematic pole expansions using numbers of children poles nc = 2, 4 or 8 (constant elements).

Basic entries of the developed FMM algorithm are, for a given mesh and a given boundary
element type, the numbers of field and source poles as well as the numbers of children poles
to be used at each expansion, according to Fig. 3. The code developed so far by the authors
is still a long way from being considered an accomplished work. Our goal is to rethink and
carefully assess every step towards the development of a complete FMM procedure applicable
to generally curved elements and for general underlying fundamental solutions.

The complete analysis of a problem in the frame of a FMM procedure presupposes the
implementation of a direct solver (GMRES, for instance) and the use of a robust preconditioner.
In order to efficiently assess the performance of the proposed FMM algorithm, the complete
solution of a problem has been postponed to our last step of developments (when most possibly
a well-proven solver – such as the one given by Liu (2009) – will be adopted). Moreover, the
geometric distance between source and field points is at the moment replaced by the topological
distance obtained in the mesh refinement introduced in Section 4 and used as illustrated in Fig.
3. This is not correct for domains that are too irregular. There is already a work in progress to
insert a given problem’s domain in a mesh of hierarchical squares, making use of developments
done for a 3D BEM implementation (Dumont & Aguilar, 2011). This concept is not far from the
developments of the technical literature (Liu, 2009), only that we work with Boolean algebra
rather than with geometric distances to evaluate how far two poles are from each other. A
possibly more advantageous approach would arise from the combination of geometrical and
topological distances.

Our initial assessments have shown that, for the solution of Eq. (11), the expansion of the
source poles does not contribute to the efficiency of the proposed FMM algorithm (Novelino,
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2015). As a result, the following numerical assessments only consider expansion of the field
poles.

6 Brief outline of the implemented FM algorithm

Let k0 = 1 be the first refinement level for the hierarchical calculations. Referring to the
definitions given in Section 4, the following algorithm is implemented, as a brief outline from
the developments by Novelino (2015).

FMM algorithm For ie = 1, · · · , nel[k0] :

• Create the first adjacency structure for the macroelement ie by calling the routine

Routine adjacencies 0(k0, ie)

• Call the recursive procedure

Routine adjacencies(k0, ie),

which creates the adjacency structure on all subsequent levels and carries out all nec-
essary geometric calculations, which now include the fast-multipole developments.

After returning from the above procedure, which is recursive for successive levels
k = 2, · · · , nv + 1, all geometric data related to the boundary elements obtained
from the successive splitting of the macroelement ie will be made available. This
includes the construction of the arrays of finite parts as well as of discontinuous
terms of the matrix H.

• Call the recursive procedure that generates the data related to the source point and leads to
all necessary numerical evaluations. This procedure checks for adjacency of ie s (element
to which a source node is attached) and ie on successive refinement levels. If there is no
adjacency on a certain level, all evaluations are carried out using the fast-multipole tech-
nique. If the finest mesh refinement is reached, evaluations are carried out conventionally.
This is done in the frame of the following routine, which is recursive and keeps calling
itself for increasingly refined levels:

For ie s = 1, · · · , nel[k0] : call Routine source(k0, ie s, ie)

• Conclude the evaluations for the diagonal coefficients of H.

7 A basic assessment for constant elements

Although the proposed algorithm is for general curved elements, the simplicity of the constant
element enables the assessment of the basic features of the algorithms introduced in Sections 3
– 6. The problem to be considered is the simplest case of linear potential in a square domain,
as shown on the left of Fig. 4, whose edges are progressively discretized with up to 224 =
16, 777, 216 constant elements, as indicated in the horizontal axis of the graph on the left of
Fig. 5. This graph gives the execution time for the evaluation of Eq. (11) for the prescribed
analytical values of potentials d and normal gradients t, as implemented in a C++ code and
running on a desktop computer (i7-4770 CPU 3.4GHz, 16GB RAM in Windows R© 7). For the
sake of comparison, the execution time required for evaluating Eq. (11) in the frame of the
conventional BEM is also plotted and shown to be proportional to N2 (dash-dot line). The
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plotted execution times of Eq. (11) are for the field poles successively expanded with number
of children nc = 2 (first illustration of Fig. 3) and the number n of terms in the series of Eq. (8)
equal to 5, 9 or 13. The time results are in all cases quite the same and shown to be proportional
to N logN (dash line). The highest computational time for the fast multipole implementations
was not larger than 15 minutes.
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Figure 4: Regular square and deformed quadrilateral domains used for the numerical assessments of Sec-
tions 7 and 8.

The graph on the right of Fig. 5 shows the Euclidean error norm ε = |Hd−Gt|/|Gt|
for evaluations carried out combining different nc = 2, 4, 8 (Fig. 3) and different numbers
n = 5, 7, 9, 11, 13 of expansion terms, also comparing with results of the CBEM. The accuracy
tends to increase with nc mainly because the number of adjacent elements to a given element
– for which no series expansion is carried out – also increases with nc. Although the accuracy
always increases with n, there is also always a threshold for the mesh refinement.
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and accuracy results (right) for different numbers of children poles and expansion terms.
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8 Some results for curved elements

The deformed quadrilateral on the right of Fig. 4 is built up with eight quadratic macroelements,
which then undergo successive splitting (always approximating the original geometry) in terms
of either constant, linear of quadratic elements with up to 220 = 1, 048, 576 degrees of freedom
for a potential problem analysis. This irregularly-shaped domain is submitted to a potential
field x2 − y2, with corresponding nodal potentials d and normal gradients t evaluated for the
numerical analysis using Eq. (11) in terms of FMM expansions. Owing to the polynomial
characteristics of the applied potential together with the large domain size and the irregular
boundary, the proposed problem actually poses a good challenge for the numerical simulation.

Figure 6 shows the computational times required for the different element types and differ-
ent cases of either 5, 9 or 13 expansion terms. The graphs are for numbers of children nc, as
given in Fig. 3, equal to either two (left) or four (right). The running times are all proportional
to N logN . The expansions with nc = 4 required in general 50% more time than for nc = 2.
The most time expensive case of all did not require more than 15 minutes to run. For compari-
son, running times for the evaluations in terms of the conventional BEM (solid circles) are also
shown for up to 215 = 32, 768 degrees of freedom, which are all proportional to N2.
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Figure 6: Execution times for the deformed quadrilateral of Fig. 4 with nc = 2 (left) and nc = 4 (right)
children pole expansions.

A convergence analysis using the same Euclidean norm of the previous example is shown
in Fig. 7 for all cases discussed with regard to Fig. 6 and also using the results from the con-
ventional BEM as target values. The convergence pattern is the same of the previous example,
although not as regular. Although both discretization and expansion errors have shown to be
small from the very beginning, there is also an accuracy threshold indicating that it is not worth
refining the mesh any further. The results with n = 5 expansion terms do not improve with
mesh refinement, and the results deteriorate – independently from whether nc = 2 or nc = 4
– from constant to linear to quadratic elements most probably due to the boundary-layer effect.
The results with n = 9 expansion terms show a significant improvement. However, at least for
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the present numerical example, the results using quadratic elements and nc = 2 have turned out
to be very accurate at a relatively low cost for n = 13 expansion terms.
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Figure 7: Accuracy results for the deformed quadrilateral of Fig. 4 with nc = 2 (left) and nc = 4 (right)
children pole expansions.

9 Concluding remarks

This paper significantly advances the developments by Dumont & Peixoto (2014) and Peixoto et
al. (2015) and synthesizes some of the achievements obtained by Peixoto (2014) and Novelino
(2015). Owing to space restrictions, only the basic features of the proposed developments
could be presented. They are the compact expression of the expansion of a general fundamental
solution about successive levels of source and field poles, as given in Eq. (8), and the pre-
integrations represented in Eq. (14) and in part illustrated in Eq. (16) for quadratic elements
considered in the frame of a consistent BEM formulation (Dumont, 2010). As implemented
by Novelino (2015), an alternative, simpler procedure seems to be the symbolic evaluation
of the polynomial terms of Eq. (14) using MapleTM for as many terms as desired, and the
subsequent storage as pre-assigned polynomial functions in the implemented C++ code. The still
preliminary examples for constant and linear elements as well as for high-order, curved elements
attest the possibilities of analysis that are being achieved. The combination with the expedite
BEM (Dumont & Aguilar, 2012) in order to further accelerate the whole computational process
and the use of a mesh with hierarchical squares (Dumont & Aguilar, 2011) to evaluate pole
distances in terms of Boolean algebra are some of the implementations in progress. There are
some conceptual differences between the conventional and the expedite BEM, as for instance
the fact that the matrix H is used in Eq. (11) whereas its transpose appears in the hybrid BEMs,
which lead to implementation peculiarities still to be explored.

The proposed FMM must be ultimately inserted into an iterative solver. This is not the
authors’ concern at the moment, since the use of a GMRES solver, for instance, together with
the identification of the best pre-conditioner, seems to be well established in the technical liter-
ature (Liu, 2009). Thus, the proposed systematic assessment takes apart the issues related to a
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plain FMM procedure from the issues related to an iterative solver particularly with respect to
execution time and may lead to a more efficient codification of the introduced algorithms.
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