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Abstract. The Implicit Formulation of the Boundary Element Method (BEM) is used to deal with
physically non-linear 2D-problems in solids. An isotropic damage constitutive model, equipped
with a strain softening rule, is applied to increasingly narrow bandwidths, determined by mesh
refinement, showing the typical post-peak mesh-dependence behaviour. The Continuum Strong
Discontinuity Approach (CSDA), characterized by an introduction of discontinuous jumps in
the displacement field together with an equilibrium verification (using continuous constitutive
models) on the discontinuity line, is also applied to the implicit formulation of the BEM. By a
simple numerical example, it is shown that, beyond the mesh independence, the CSDA results
represent the limit result of zero localization bandwidth.

Keywords: Boundary Element Method, Strain Localization, Continuum Strong Discontinuity
Approach

CILAMCE 2015
Proceedings of the XXXVI Iberian Latin-American Congress on Computational Methods in Engineering
Ney Augusto Dumont (Editor), ABMEC, Rio de Janeiro, RJ, Brazil, November 22-25, 2015



Strain localization and CSDA in the BEM

1 INTRODUCTION

The first developments of boundary integral equations for the treatment of non-linear mate-
rial behaviour may be attributed to Swedlow and Cruse (1971), Mendelson (1973), Riccardella
(1973) and Mukherjee (1977). Later, Bui (1978) presented a corrected way to evaluate deriva-
tives of the singular integrals involving the inelastic fields, introducing new free terms. Those re-
sults were then applied to the Boundary Element Method (BEM) by Telles and Brebbia (1979).
They used an explicit formulation, where the increment of the initial fields explicitly appears in
the non-linear discretized equations and the equilibrium is achieved by a recursive procedure.
Considering the proportional relationship between rates of stress and elastic strain, Telles and
Carrer (1991) proposed an implicit formulation, where the initial field increments are written in
terms of total strain, resulting in an equilibrium matrix equation, which is linearised and incre-
mentally solved. In all above references, elastoplastic constitutive models were considered.

Some material behaviour, e.g., the quasi-brittle ones, requires the introduction of strain
softening laws for a correct representation. A direct way to do this is to consider a plasticity
model with yield limit degradation, as done by Lin et al. (2002) and Sladek et al. (2003). The
presence of strain softening results in a loss of objectiveness with respect to mesh refinements,
as the solution tends to an infinitely small localization bandwidth with zero energy dissipation
during failure. For that reason, in both works, a non-local procedure, based on the spatial
averaging of the plastic multiplier, was also introduced. They differ mainly by the boundary
stress evaluation: in the first work, constant functions are used to approximate initial fields
inside cells, while, in the second, a regularization of the hypersingular integral equation is
adopted. Another non-local plasticity model, based on a re-definition of the yield surface,
including a dependency on the Laplacian of the plastic multiplier, was applied to the implicit
formulation by Benallal et al. (2002). In that work, a complementary integral representation of
the plastic multiplier was discretized and solved together (in a coupled way) to the incremental
implicit equation.

An alternative (and perhaps more elegant) way to deal with material’s loss of strength, is the
adoption of constitutive models based on continuum damage mechanics (CDM). In the BEM
context, some works can be cited, such as Rajgelj et al. (1992), Herding and Kuhn (1996),
Garcia et al. (1999) and Botta et al. (2005). Specifically, in the last work, the damage model
presented by Comi and Perego (2001) was employed. As expected, they also reported mesh de-
pendence when this model is locally applied and an averaging procedure of some strain invari-
ants was introduced, regularizing the model. A more detailed discussion on such localization
problems is made by the same authors in a subsequent paper (Benallal et al., 2006).

The Continuum Strong Discontinuity Approach (CSDA), originally introduced by Simo et
al. (1993) and later deepened by Oliver (1996), is based on the introduction of discontinuous
jumps in the displacement field, which results in unbounded strain values at these points. A
continuum constitutive model, equipped with an appropriate softening law, is then applied to
characterize the dissipation effects on the discontinuity surface. From the continuity condi-
tion of the traction vector across this discontinuity surface, additional equations arrive and are
used to evaluate the current displacement jump components. Also, the bounded character of
the stress tensor (from its physical sense) leads to a re-interpretation of the hardening-softening
modulus of the continuum constitutive model, where the Dirac’s delta distribution, associated to
an infinitesimally small strain localization band, appears in the new expression. An analysis of
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the total amount of energy spent for the discontinuity formation, complements such expression
introducing, beyond other parameters, the material’s fracture energy. This methodology over-
comes the mesh dependence associated to strain localization and was applied to the implicit
formulation of the BEM by Manzoli and Venturini (2004, 2007) and Manzoli et al. (2009).

In this work, the isotropic damage model developed by Simo and Ju (1987) is used with
the implicit formulation of the BEM over finite regions of a specified 2D-domain, under small
displacements regime. Strain localization phenomena is verified by taking the dissipation zones
of increasingly smaller sizes. The CSDA, using the same constitutive model to represent the
discontinuity behaviour, is also worked with the implicit formulation. Little new aspects,
such as quadrilateral cells with embedded discontinuity and adoption of the cell’s geometry
parametrization functions to compose the strong kinematics regularization function, are intro-
duced when comparing to the original works of Manzoli and Venturini (2004, 2007) and Man-
zoli et al. (2009). In a simple numerical example, results show not only the mesh independence,
but also that the CSDA represents the limit situation when the localization bandwidth tends to
zZero.

The implementations were performed on top of and integrated with the open source soft-
ware INSANE (INteractive Structural ANalysis Environment), which is available under the
GNU General Public License at http.//www.insane.dees.ufmg.br/websvn.

The paper is divided in more seven sections. In the next section, the integral equations con-
sidering initial strain fields and appropriate to deal with standard physically non-linear problems
are presented. The numerical counterpart of such equations, re-arranged as required by the im-
plicit formulation, is given in Sec. 3. The CSDA is treated in Secs. 4 and 5, where, respectively,
theoretical and numerical aspects are depicted. Section 6 presents the isotropic damage consti-
tutive model adopted and the numerical example worked is described in Sec. 7. Concluding
remarks are presented in Sec. 8.

2 STANDARD INTEGRAL EQUATIONS

In quasi-static mechanics of continuous media with small displacements, any point in a
non-linear equilibrium path can be defined, independently of the constitutive model, as a com-
bination of two linear parts. Consider, for example, the uni-axial equilibrium paths presented in
Fig 1.

€ € € €° € €

Figure 1: Relations between the stress and strain for two distinct equilibrium paths.
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In both cases, for an arbitrary strain state €, the actual stress state which is given by a non-
linear constitutive model is represented by (¢). Additionally, a stress state evaluated using a
purely linear elastic relationship for the same arbitrary strain state is given by £, where E°
represents the initial elastic modulus. Also in both cases, the residual quantities € and o° are
defined as the difference between the actual and the purely elastic states. As is possible to note
in Fig. 1, and generalizing to a multi-axial solid domain, the total strain €;; and the actual stress
,j(€;;) can be given by

€j = €5 T € (1
Gij(€ij) = Ejpen — €p) = Efen — o3 @)

Thus, the non-linear integral equations in the BEM context are deduced considering the

existence of an initial strain field €7}, or a corresponding initial stress field o7, = E7; €7, with

E7, representing the linear elastic constitutive tensor. For the first option, the Somigliana’s

identity for displacements at internal points can be written as

(€)= / uts (€, X)t,(X)d0(X) — / £,(€, X)uy(X)dr (X)

r r (3)
+ [ € 300,X0d20X) + [ o7le. X)e5u (X)aX)

where u; and ¢; represents the displacement and the traction fields at the boundary I' and b; are
body forces in the domain 2. The terms uj;, ¢7; and o7, are Kelvin’s fundamental solutions,
representing respectively, at a field point X, displacements and tractions in direction j and
stress components jk due to a unit concentrated force applied at the collocation point £ acting
in direction i. Here, the collocation point is assumed to be internal, i.e., {£ € Q and & ¢ I'}.
Expressions for these fundamental solutions are presented in many literature texts, such as

Telles (1983), Gao and Davies (2002) and Aliabadi (2002).

If the collocation point is located in domain’s boundary, the fundamental solutions’ second-
order tensors introduce a weakly and a strongly singular character, respectively for the first and
second integrals in Eq. (3). Thus, the correct evaluation of the boundary displacement integral
equation requires, in this case, a limit process considering a radius of exclusion around the
singular point, leading to the following expression:

5 (€)us (€) = / ul, (6, X)t;(X)dI (X) — ][ £,(€, Xy (X)dl(X)

T T (4)
" / (6, )b, (X)dAUX) + / 07,0 (€. X)e0, (X)dX)

where ¢;;(&) is a function of the boundary’s geometry around the collocation point and the
elastic properties of the material. It is also important to emphasize that the second integral
exists only in the Cauchy’s Principal Value (CPV) sense, as indicated by the crossed integral
symbol.
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Furthermore, internal strains can be obtained by taking the symmetric part of the gradient
of Eq. (3), related to the collocation point, resulting in

(€)= / o (€, X) 1 (X)dD(X) — / £ (€, X (X)dT(X)

+ [ uile XmIDX) + f (€ Xt (X)a(X) ®

+ Fiaen(§)

where the last domain integral have a strongly singular kernel when the collocation and field
pomts coincide and, again, its evaluation exists only in the CPV sense. Tensors u;, {7, and

0}, are respectively obtained by taking the gradients of fundamental solutions u;;, t7; and o7,
while FF5, is the free term, which existence was firstly verified by Bui (1978).

3 NON-LINEAR IMPLICIT FORMULATION OF THE BEM

Absence of body forces will be considered from now on. Taking the discretization of
domain’s boundary and the part of the domain where initial fields are present, as usual in the
BEM, Eq. (4) assumes the following form after its application to all boundary collocation points
and re-arrangement of boundary prescribed conditions in the same vector:

[Al{z} = [BHy} + [Qeo]{€°} (6)

where {z} and {y} are, respectively, the boundary unknowns and prescribed displacement or
traction components, {e°} represents the initial strain components and matrices [A], [B] and
[Q.-] hold the integration coefficients.

Also, by applying Eq. (5) to all internal collocation points, a matrix equation can be written
as

{e} = [ANa} + [BHy} + [Qel{e’} )

where {e} represents a vector with internal collocation points strain components and matrices
[A€], [B¢] and [Q%] are also assembled with integration coefficients.

The Implicit Formulation of the BEM begins by solving Eq. (6) for {z}, i.e.,

{z} = [N{y} + [Me]{e"} (8)
where

[N] = [A71][B]
[Meo] = [A7][Qee]

Then, by applying Eq. (8) to Eq. (7), the following result is obtained:
{e} = IN Uy} + [MEHe} (10)
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where

[N] = [A[AT][B] + [B]

(M) = [ANAT[Qee] + Q2] (11)

Taking Eq. (2) into account, Eq. (10) is clearly non-linear, requiring incremental-iterative
procedures for its evaluation. Thus, considering the i-th increment of the prescribed loads {y},
this equation is rewritten as

{e}' = NNy} + M} (12)
where the load factor A\ is a cumulative scalar quantity which defines the external load incre-

ment. Its value is defined by the control method employed.

From Eq. (12), an equilibrium condition vector {Q}’ can be defined with the introduction
of the matrix form of Eq. (2), i.e.,

{QY = NNy} + M) ({e}' — [E7]{o(e)}) — {e}' = {0} (13)

where [E°] is a quasi-diagonal matrix representing the linear elastic constitutive relationship
and {G(e)} is the appropriate stress vector, corresponding to the strain state, in the constitutive
model chosen.

Now, by considering the j-th Newton’s iteration within the i-th increment, an additive cor-
rection can be defined as

00 = 05— 0j (14)
and Eq. (13) is conveniently rewritten as
{QY; = NINT{y} + M) ({e); — [E17Ha(e)};) — {e}; = {0} (15)

Solutions for Eq. (13) are essentially the Implicit BEM Formulation introduced by Telles
and Carrer (1991). In this work a solution strategy that permits de usage of different control
methods and an unified constitutive modelling framework, described in Anacleto et al. (2013),
was adopted.

3.1 Integrals treatment

The regular integrals in Eqs. (4) and (5) are solved by conventional Gaussian quadrature.
The boundary and domain weakly singular integrals, involving the kernels containing u;; and
;1> are solved using the methods presented respectively in Huang and Cruse (1993) and Lachat
and Watson (1976). For evaluation of the boundary strongly singular integral in Eq. (4), the
methodology described in Guiggiani and Casalini (1987) was employed, while for the domain

strongly singular integral of Eq. (5), the procedure from Gao and Davies (2000) was adopted.

The initial strain field was approximated by constant values inside internal cells, in such a
way that boundary recovery techniques or hyper-singular integrals evaluations were avoided.
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4 THE CONTINUUM STRONG DISCONTINUITY APPROACH

Theoretical remarks of the CSDA are presented in this section. Only the essential fea-
tures, necessary to a well understanding of this paper scope, are presented. A more complete
description of the strong discontinuity analysis can be found in Oliver (1996).

4.1 Strong Discontinuity Kinematics

D=0 Ut

(a)

Figure 2: Solid with discontinuity surface

Referring to Fig. 2a, the displacement vector field can be written as
uw (X, 1) = w (X, t) + Hs(X) [wi] (X, 1) (16)

where u;(X, t) is the regular part of the displacement field and [u;](X, ) are continuous func-
tions over the solid domain that represent the displacement jump in the discontinuity surface S,
supported by the Heaviside function Hs(X) (Hs =1VX € QT and Hs =0VX € Q7).

As usual, the corresponding strain field can be obtained from Eq. (16) by taking the sym-
metric part of the gradient in such a way that
- _ HS 55
€ = 5 (Ui +0) + = ([uagl + [wga]) +5 (Twilng + [uy]ni)
i 17)

(b | —

_ s
=& + 5 ([uiln; + [uy]ni)
where €;; is the regular part of the strain field exhibiting, at most, bounded discontinuities across
S, while s is the Dirac’s line delta-function over §. The components n; refer to the unitary

vector, normal to the discontinuity surface.

As detailed by Oliver (1996), the imposition of essential boundary conditions cannot be
done just on one of the fields u; or [u;], and a reformulation of the kinematics needs to be per-
formed. Such reformulation begins with the assumption of an additional arbitrary sub-domain
2, C Q surrounding S as presented in Fig. 2b. It is assumed that the boundary I',,, where the
essential boundary conditions are imposed, is outside €, (I, N Q;, = 0).

Then, one can define a continuous function ¢(X) which is completely arbitrary except for
the following two conditions:
e(X) =0,vX € Q7\Q,

p(X) =1,vX € Q\Qf (18)
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where a\b means a excluding b.

Equation (16) can now be rewritten as

Uz(Xv t) = ?Lz(X’ t) + QOLX) [[uz]] (X7 t)1+\[HS(X) - SO(X)} [[uzﬂ (X7 t)

i(X,1) ME(X) (19)
= 4,(X, t) + M5(X)[w](X, 1)

where 1;(X, t) are continuous functions and M (X) takes zero value everywhere in (), except
in Qh.

Hence, the kinematic description of the displacement field is made now, according to Eq.
(19), in terms of the regular part @(X, ¢) plus the term M%(X)[u;](X, t), which contains the
jump and whose support is {2,. Thus, the essential boundary conditions can be applied exclu-
sively on the term @(X, t).

Now, taking the symmetric part of the gradient of Eq. (19), the total strain field assumes
the form

1,. . ME 1 Ss
€ij = 5(%;‘ + ;) + T(ﬂuz‘,jﬂ + [ugal) — 5(90,1‘[[%']] + @ lu]) +3([[Ui]]nj + [ui]ni)
B 20)
s
= ¢€ij — €+ g(ﬂui]]nj + [ui]ni)

where €;; is a regular part, e;’} have non-zero values only inside the sub-domain €2, and the last
term is limited to the discontinuity line S.

4.2 Discontinuity interface equilibrium

In the CSDA, an appropriate (continuum) constitutive model is used to describe the dissi-
pation process on points over the discontinuity surface S. The constitutive equation, relating
stress to the total strain, of a such model is generically represented here by

a3 (ei) = o7 (€, [l [uig]) 21)
where ¢;; is given by Eq. (20) and the dependence on ¢(X) and n; were avoided by the ar-

bitrariness of the first and by considering the material character of the discontinuity, i.e., once
initiated, its orientation remains fixed.

Domain points outside of S are considered in this work to stay in a linear elastic regime.
Thus, the constitutive relation for these points can be written as
S o _ ~ P
05 (€i5) = Efjkﬁkl = Efjkl [Ekl — ey ([ual, [[“u]m (22)
The equilibrium condition requires continuity of the traction vector on S, i.e.,

o1 n; = oSn, (23)

or, by applying Egs. (21) and (22),

Ji= Eiojkl [gkl — €y ([uil, [[Uzg]m - Ufj(eij) n; =0 24)
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4.3 Regularized constitutive model

In the BEM context, the numerical solution of Eq. (24) is made by adoption of internal cells
with embedded discontinuity and furnishes the displacement jump components, [u;], required
for the evaluation of 62’}. As will be clear in Sec. 5, these jump components are considered
constants inside a cell, resulting in a null gradient tensor. Thus, for a given €;; and considering
Eq. (20) , Eq. (24) has as only unknown variables the components [u;], i.e., f; = f;([w;]) = 0.

A regularized constitutive model, relating stress to regular strain (€;;), can then be defined
from Eq. (22):
L a NS [~ . o [a
Gij(€ij) = %'\ (Ez‘j - 62@([[“1‘]](%))) = B} (én — €fy) (25)

where [u;](€;;) represents the solution of Eq. (24).

S NUMERICAL ASPECTS

From the similarities between Eqs. (2) and (25), integral equations concerning disconti-
nuity surfaces in the domain can be obtained, resulting in expressions of the same forms as
presented in Sec. 2, considering only the substitution of terms depicted in Table 1. A more
formal demonstration can be found in Manzoli and Venturini (2004).

Table 1: Correspondent terms for integral equations

Standard Integral IE with discontinuity

Equations surface
U; U
€ij € ij
€] 6;’}

For that reason, the numerical treatment detailed in Sec. 3 can also be used for problems
involving strong discontinuities, if the regularized constitutive model is employed. Additional
numerical aspects regarding internal cells with embedded discontinuity, evaluation of displace-
ment jumps and the regularized constitutive model tangent operator are presented next.

5.1 Cells with embedded discontinuity

From conditions of Eq. (18), strong discontinuity dissipative effects are restricted to the
sub-domain 2, defined in Fig. 2b, and only this region needs to be discretized by cells, as
illustrated in Fig. 3a.

For each internal cell with embedded discontinuity, typically represented in Fig. 3b, only
one collocation point is adopted and the field e;’} is considered constant inside the entire cell
domain, i.e., for X € ),

e1(X) €
en(X) ¢ = Qe o =1} (26)
€55(X) €5
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O =9, uQ;

Q. = Q[_ @] Qj—
(a) Boundary and domain discretization (b) Cell with embedded discontinuity

Figure 3: BEM discretization of a solid with discontinuity surface

However, the geometry of each cell is parametrized by conventional linear shape functions
defined by natural coordinates 7;, i.e.,

Xj(m,m2) & M* (i, n2) X5 (27)

where index « refer to vertices points (numbered from 1 to 4 in Fig. 3b).

Thus, in a cell with embedded discontinuity, one can distinguish an internal collocation
point and a set of geometric interpolation points. Other important attributes are the orientation
of the discontinuity line (given by its normal vector) and a small valued parameter, k, used for
the regularization of the Dirac’s delta distribution.

The geometric interpolation functions can also be used to define the function ¢(X) inside
the cell, since the conditions of Eq. (18) are fulfilled by the choice:

(X (1)) =Y M (1, mo) (28)

where the summation is taken over the interpolation functions associated to the geometric ver-
tices located at 2 side of the cell. For example, in Fig. 3b, a™ = 2,3, 4.

5.2 Evaluation of displacement jumps

The displacement jump inside a cell with embedded discontinuity is obtained from the
numerical solution of Eq. (24), i.e., the interface equilibrium equation. To do this, more two
assumptions need to be made. The first one is to consider the functions [u;](X) as constants
inside the cell domain, i.e.,

[0 ~ {lu] ]} = {1} for Xeo, )
[ui](X) =0 for X €4

The second assumption is the regularization of of the Dirac’s delta distribution by the small
valued parameter £k, i.e.,

1
0s ~ — for X
S 2 or eS (30)
ds=0 for X e Q\S
CILAMCE 2015

Proceedings of the XXXVI Iberian Latin-American Congress on Computational Methods in Engineering
Ney Augusto Dumont (Editor), ABMEC, Rio de Janeiro, RJ, Brazil, November 22-25, 2015



R. Peixoto, G. Ribeiro, R. Pitangueira, S. Penna

Using Egs. (29) and (30), the vector of Eq. (26) can be written in terms of the displacement
jump:

Efic ¥51 0 [[ ]]

(& ul
{e"P=qe =1 0 ¢ = [Vpl{[u]} @31

c 1 1 [[UZ

efé 5¥2 3¢,
where, from Eqgs. (27) and (28),
o Oy, (aMa >—1 A (6M°‘ )—1( d { D

im el (S ) 2= (Sxr) (| oM 32
7 Oy 0X, Onp, ony, ony, onp, Z G2

at

Thus, using Egs. (30) and (31), the following matrix form of Eq. (24) is obtained:

{f} = NP ([E"Hey -2 [VSD]{[[U]]}—{US({éc}—[VSO]{[[U]]H%[NC]{[[U]]})}) = {0} (33)

where,

T T
_ ni 0 no ny 0 3ng
[N] = ;o [N = (34)
0 ny m 0 ny sm

N |[—

Finally, Eq. (33) is solved by Newton’s iterative method, noting that its linearised form, for
a known {é°}, is given by

N[}

{f}j1+ m{a[[u]]}j ~ {0} (35)
where,
aa{i} =N - (B - aaijl %[NC]—[W] (36)
{[ul} ;- .

5.3 Regularized constitutive model

The matrix form of the regularized constitutive model, Eq. (25), for an internal cell is given
by

{o(e)} = [E°J({e} = [Vel{lul}) = [E°]({e} — {e7°}) 37

Also, the tangent operator associated to this regularized constitutive model and necessary
for the solution of implicit BEM formulation’s equilibrium condition vector of Eq. (13), can be
obtained from Eq. (37), i.e,

) =11~ wa| 2] e (1 - [7])) G8)
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6 ISOTROPIC DAMAGE CONSTITUTIVE MODEL

The isotropic damage (continuum) constitutive model proposed by Simo and Ju (1987) is
used in this work to represent damage dissipation in finite regions of a solid domain and the
discontinuity line behaviour in the CSDA. Such constitutive model can be briefly stated by the
next expressions:

Constitutive equation: 0y = (1 — D) El e = Eijriep; (39a)
Damage variable: D = D(r) =1 — M D e [0,1]; (39b)
T
. . L 7€ [15,00),
Internal variable evolution law: 7 = A, f, (39¢)
To = 7"|t:0 = \/_E;
F(oij,q) =7, —q = aijEfj’,;llakl — q (stress space)
Damage criterion: or (39d)
Flej,r)=1.—1 =, /€ B e — 7 (strain space);
Loading-unloading conditions: F' < 0, A >0, A = 0, AN =0 (39¢)
€ 10,7,),
Hardening rule: ¢ = H(r)r, (H =¢'(r) <0), {q‘ 0,7 (39f)
qdit=0 = To

where o0;; in Eq. (39a) represents directly the actual stress 0,5, from Eq. (2), for finite bands
with damage or afj, from Eq. (21), for the CSDA, Ejj; = (1— D)Ef] 4 18 the secant constitutive
tensor, q is the stress-like internal variable, while r is the strain-like internal variable. The value
r, 18 the threshold that determines the initial elastic domain, which can be characterized in terms

of the uniaxial elastic strength f; and the elastic modulus F - see Eq. (39c¢).

A tangent counterpart of the relation presented in Eq. 39a can be written as

. ) 1 _
Oij = Efjklekﬁ Efjkl = Eiju + ﬁmijnkl (40)
where
1 oD ¢ H
H or r2 r (41)
oF 1

i = N 42
T aeij T. zgklekl ( )

An exponential damage law compatible with the strong discontinuity regime, according to
Manzoli et al. (2009), was employed in this work for both cases: damage in finite regions and
the strong discontinuity approach. Such expression is given by

12
D) =1- %e“?) ot (44)
where G is the fracture energy and £ is the same regularization parameter for Dirac’s delta
function distribution used to state the discontinuity interface equilibrium condition.
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7 NUMERICAL EXAMPLE

A simple traction example, with geometry, material properties, boundary conditions and
loads presented in Fig. 4, is analysed here.

- _’
: —>
: ’
E = 100M Pa = ‘ |, g
v=0.0 | S ; > E
ft =1.0MPa — d —» =
Gy =0.02N/mm I ¢ > —
width = 1mm ~ H | I
| w S
e —>
: o
—~— —>
A
: ;
[ =1mm

Figure 4: Simple traction example; problem statement

Three different meshes, as shown in Fig. 5, are used to represent increasingly narrow
bandwidths of strain localization, where the continuum isotropic damage constitutive model is
applied without any introduction of discontinuities in the displacement field. Constant approx-
imation of the initial strains, eg’j, is considered inside the internal cells. The same meshes are
re-analysed with the CSDA, by the application of cells with embedded strong discontinuity.
Linear boundary elements were employed in both cases. Also, for Eq. (44), k = 0.01lmm was

adopted.

"

(a) Mesh 01 (w = 0.20mm) (b) Mesh 02 (w = 0.10mm) (c) Mesh 03 (w = 0.05mm)

Figure 5: Simple traction example; meshes

Actually, for the CSDA analysis, a propagation algorithm was used, where a cell is activated
as the elastic limit is firstly exceeded in an adjacent cell. Thus, it is only necessary to previously
specify the discontinuity’s beginning point (represented by point A in Fig. 4). The discontinuity
line orientation inside the cell is obtained by taking its normal parallel to the first principal stress
direction at its initiation time. Some results are presented in Fig. 6.

In Fig. 6a, an equilibrium path, represented by the cumulative load factor in function of
the loaded edge displacement is presented for the three meshes. Mesh independence is ob-
served, as expected for the CSDA. The displacement jump effect is shown in Fig. 6b, where the
longitudinal displacements along the lower edge, after 20% of the analysis, are plotted.
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Figure 6: Results for simple traction example with strong discontinuity approach.

The equilibrium paths obtained for the continuum case are presented in Fig. 7. The mesh
dependence for the post-peak behaviour is verified, with more accentuated decreasing curves as
small is the localization bandwidth.

1““\““‘\““‘\““‘\““‘7
+Mesh01;
——Mesh 03 | |
— CSDA |

0.6

|

Load Factor

0.4]

|

0 02 04 06 08
Loaded edge displacement (mm)

Figure 7: Results for simple traction example with continuum constitutive model.

The CSDA results are also re-plotted in Fig. 7, showing that they represent the limit case of
a zero width localization band if the same continuum constitutive model is used in finite regions
of the domain and to represent the discontinuity behaviour.

8 CONCLUDING REMARKS

The implicit formulation of the BEM was applied for solution of two dimensional solid me-
chanics non-linear problems. For material behaviour, an isotropic damage constitutive model,
with an exponential damage evolution law, was considered. Strain localization phenomena was
addressed by confining the dissipative effects to increasingly narrow bandwidths. As expected,
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for a smaller localization bandwidth, a faster strength reduction was observed. For that rea-
son, the treatment of discontinuities in the kinematic fields by continuum constitutive models,
frequently requires the adoption of a regularizing technique.

Then, the CSDA, which consists in the application of discontinuous displacement fields to
continuum constitutive models (compatible with the condition of traction continuity across the
discontinuous surface), was also applied to implicit BEM formulation, following the ideas of
Manzoli and Venturini (2004, 2007) and Manzoli et al. (2009). For the authors’ knowledge,
these are the only works available in literature that deals with CSDA together with the BEM. In
this sense, the present work brings some little innovative aspects such as:

1. usage of quadrilateral internal cells with embedded discontinuity;

ii. adoption of the cell’s geometry parametrization (shape) functions to construct the kinemat-
ics regularizing function ¢(X) - see Eq. (28) - in a similar way as done in Finite Element
Method treatment of the CSDA (e.g., Oliver (1996)).

The results obtained with the CSDA showed mesh independence behaviour and, as pre-
dicted by the theory, correspond to the limit situation of inelastic strain localization, when the
localization bandwidth tends to zero.
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