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The use of compactly supported radial basis functions (CSRBF) has spread into the scientific
approximation community for their localization properties and their mathematical simplicity,
since they just depend on a single variable (radius) and, unless the radial basis is not compactly
supported, affect the results only on a neighbourhood (support) of the given center (Iske, 2004;
Fasshauer, 2007). However, the mathematical derivation of continuous functions for different
continuity requirements can be quite cumbersome (Wendland, 2005). In this paper, two new
families of CSRBFs are presented for which the continuity requirements are greatly simplified.
The first function family proposed consists of a combination of different inverse functions, sim-
ilar to inverse quadric functions, and is thus called inverse family. The second family is called
the rational family, in which the functions are obtained as a ratio of two polynomial functions.
The proposed functions are used on a meshfree finite element software which takes advantage
of their simplicity. The results seem to demonstrate the accuracy and convergence of the pro-
posed functions when compared to some CSRBFs presented on the subject literature(Menandro
et al., 2011).

Keywords: Compactly supported radial basis functions, Meshfree finite element methods, Least
squares methods, non-polynomial radial basis functions)
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MESHFREE FINITE ELEMENT TECHNIQUES USING NOVEL FAMILIES OF COMPACTLY SUPPORTED
RADIAL BASIS FUNCTIONS

1 INTRODUCTION

The use of compactly supported radial basis functions (CSRBF) has spread into the sci-
entific approximation community for their localization properties and their mathematical sim-
plicity, since they just depend on a single variable (radius) and, unless the radial basis is not
compactly supported, affect the results only on a neighbourhood (support) of the given center
(Iske, 2004; Fasshauer, 2007). For the past two decades the applications have sprung and re-
search has been promising on the use of polynomial radial basis functions (RBF) on compact
support. The mathematical derivation of such RBFs is, though, quite elaborate, as can be seen
on Wendland (2005), Hubert (2012) and Zhu (2012).

In this paper two novel classes of CSRBFs are presented, which can be used both for
approximation of unknown functions and for solution of differential equations, though here only
the latter is demonstrated. These two new classes take advantage on a very simple construction
rule that guarantees their continuity. A few of these functions are then tested against a few of
the well accepted literature functions.

First, a very thorough review of CSRBF literature is conducted, to justify the novelty claim.
Then the development of the novel classes is presented.

To test the new classes a two-dimensional heat conduction problem is solved by a meshfree
finite element software which uses a discrete least squares residual procedure (Menandro et al.,
2011) and a Lagrange multiplier boundary condition enforcement. The results are compared.

Finally, the proposed functions are established as two new classes, and some of the follow-
ing research challenges on the application of such CSRBFs are outlined.

2 RADIAL BASIS FUNCTIONS REVIEWED

Let Rt = {z € R,z > 0} be the set of non-negative numbers, and let f : R* — R be a
continuous function such that f(0) > 0. The radial basis function (RBF) R is the function such
that (Goldberg et al., 1999)

FAP =Ql)), (1)

where (P, Q) € R™ and ||.|| denotes the euclidean distance between P and Q, i.e.
r=[P-Qll=[P-Q)-(P-Q]”. )

If one chooses m points Q, for j = 1, m, m real coefficients a; can be found such that the
linear combination

g(P) = Zajf(HP - Q) 3)

interpolates the given function. Function ¢ can also be called a RBF (Goldberg et al., 1999),
though it is preferred linear combination of approximating RBFs.

Classical RBFs (Floater and Iske, 1996; Hickernell and Hon, 1999; de Boer et al., 2007),
which return non-zero values for r < oo, that is, with infinite support, are:
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Duchon’s Thin Plate splines,
f(r) = r*log(r), )
Hardy’s Multiquadrics function,
Fr)=(c+7*)"2 ()

Inverse Multiquadrics,

flr)=(+r%)712 6)
Gaussian,

fr)=e", (7)
Quadrics,

flr)=1+7% (®)

and Inverse Quadrics,

fr) = : ©)

Due to the infinite support of the classical RBFs, any interpolation routine would behave
as a field problem, without localization characteristics, returning full matrices for inversion.
This is rather time consuming, and sparked the proposition of functions with local domain. The
proposed function should vanish for 7 greater than a given measure (from now on called support
radius or simply support). This function is called a Compactly Supported Radial Basis Function
(CSRBF), several of which can be found on the literature. The first CSRBFs to be mentioned
are those proposed by Buhmann (1998):

1 2 4.3 2
=+ r2—3r°+ 2rilog(r or 0<r<1,
f(r)= 3 3 9(r) - (10)

0 otherwise,
and

1, 19,2 _ 16,3 4165 1.6 2
=+ =t = 43t — =0+ 2 + 2rflog(r)  for 0 <r <1,
Fr) = 56 3 15 6 g(r) f ST (11

0 otherwise.

All CSRBFs present the characteristics of both equations above (10 and 11), in which the
behaviour is different if the radius is smaller or greater than the support radius (in this case
unity). It is easy to scale the functions such that the unity radius can represent accurately the
behaviour of any function within a given family. All CSRBFs described further will be evaluated
only for » < 1, vanishing for » > 1.
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Wendland (1995) proposed polynomial CSRBFs of minimal degree:

flr) =1 =r),

(12)
(13)
(14)
15)
(16)
7)
(18)
(19)
(20)
21

The continuity and positive definiteness of such functions, as proven in Wendland (1995,

1996, 2005), are shown at Table 1:

Table 1: Continuity and spatial dimensions of Wendland polynomial functions.

Function C™

Positive Definite

12
13
14
15
16
17
18
19
20
21

OO
02
04
CO
02
Cf4
06
OO
02
04

R
R
R
R3
R3
R3
R3
RS
RS
RS

The paper by de Boer et al. (2007, p.786) also mentions some CSRBFs proposed by Wend-
land (1996), the first of which are "thin plate like” functions:

fr)=@@—=r),

)
f(r)
f(r)

80 8
f(r)y=1+ ETQ — 4073 + 157% + 57"5 + 207%log(r),

1 —30r* — 10r° + 451" — 61° — 60r°log(r),
1 — 20r% 4 807 — 45r* — 16r° + 60r*log(r).

(22)
(23)

(24)
(25)

The paper written by Wong et al. (2002, p.84) also includes higher order Wendland func-
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tions:

flr)=(
fr)=(

—7)10(429r* + 4500 4 21072 + 50r + 5),
— 7)'(20487° 4 2697r* + 16441r* + 5661 + 108r + 9),

(26)
27

The continuity and positive definiteness of the functions above is shown at Table 2. There
are two possible C? continuous solutions for thin plate like functions that are positive definite

in R? space.

Table 2: Continuity and spatial dimensions of other Wendland functions.

Function C"

Positive Definite

22 O
23 ct
24 C?
25 C?
26 C®
27 ct0

RB
RS
R3
R3
RS
RB

Wu (1995), on the other hand, also proposed different minimal degree polynomials:

(28)
(29)
(30)
€19
(32)
(33)
(34)

for which Table 3 shows continuity and positive definiteness.

Some CSRBFs used in meshless finite element methods and on the Smooth Particle Hy-
drodynamics method (Belytschko et al., 1996) can also be mentioned, such as the exponential

(still f(r) =0forr > 1):

flr)=e /o), (35)
The cubic spline:
2 1
iy 3 Ar A for <z (36)
4 4 1 1
s—dr+4rr =33, for 5 <r <3,
CILAMCE 2015

Proceedings of the XXXVI Iberian Latin-American Congress on Computational Methods in Engineering
Ney Augusto Dumont (Editor), ABMEC, Rio de Janeiro, RJ, Brazil, November 22-25, 2015



MESHFREE FINITE ELEMENT TECHNIQUES USING NOVEL FAMILIES OF COMPACTLY SUPPORTED
RADIAL BASIS FUNCTIONS

Table 3: Continuity and spatial dimensions of Wu functions.

Function C™ Positive Definite

28 ct R
29 C? R3
30 CO RS
31 ct R3
32 ct RS
33 C? R”
34 c° R?
or the quadric spline:
f(r)y=1-6r*+8r° — 3r. 37

There are also the so called Euclid’s Hat functions (Fasshauer, 2007; Schaback, 1995),
which can be obtained as in the references. Some of these functions are shown at Equations 38
to 42:

P (r)=1-—r, (38)
ho(r) = % (arccos(r) —rv1— 7’2) : (39)
Py(r) =1-— % (1 +4m)r —r%), (40)
Py(r) = %arccos(r) — %r@ —1)V1 — 12, (41)
Ps(r)=1-— 8—;2 ((3+2m +8)r — (34 2m)r’). (42)

Note that all ¢4 are strictly positive definite on R*, but all are only continuous without derivative
continuity (C?).

Quite a few functions were also developed as covariance functions for application on
geodesics. Some of them will be mentioned, such as those due to Gaspari and Cohn (1999), who
proposed CSRBFs to approximate the first three autoregressive covariance functions: Gaussian
and the second and third order Markov models (Moreaux, 2008). The actual description of such
functions is quite elaborate and will be left to the reader. Another kind of radial covariance
functions are those due to Gneiting (2002). Fasshauer (2007, p.91) describes those functions:

(+1)(+2+5) o @)

Tou(r) = (1 =) 1+ Ir — .

which are C? continuous and strictly positive definite and radial on R® provided I > (s + 5)/2.
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From all the literature reviewed, the only rational function mentioned was the Non-Uniform
Radial Rational B-Spline, proposed by Schaback (1995, p.12):

(

(85 — 72022 + 3528z — 378025

—960z° + 21602" + 19227) /85 for 0<r<1/2,
f(r) = (44)
4(x —1)5(162* + 962 + 15622 + 562 — 9)/(85z) for 1/2<r <1,

0 otherwise,
\

There are other functions proposed that are radial, positive definite, and do not vanish only
for a distance less than a support radius, but the functions presented here are, by far, the most
cited among them. As mentioned on the previous paragraph, none of them was assembled as an
inverse polynomial function or as a polynomials ratio. This sparked our interest in investigating
the properties of such functions.

3 NOVEL CLASSES OF FUNCTIONS

3.1 Inverse Functions

Inverse functions are composed by a linear combination of inverse polynomials. To facil-
itate the reference, the ”order” of the function will be the order of the dividing polynomial. In
this section different combinations will be attempted to assure continuity of the RBFs and their
derivatives at the center and at the support radius (hereupon fixed as one, for ease of writing,
without generality prejudice).

The inverse functions will always be constructed from the general formula:

1
In(r)=>_ c—s. (45)

First Inverse Function

The first inverse function to be proposed is:

C1 Co
1 = - —. 4
1(r) 1+r 2 (46)

To assure that the proposed function can serve well in the representation of continuous
functions at » = 1, the function will have to obey the following conditions: F'(0) = 1, and
F(1)=0.

c+ 2 =1,
b (47)

a4
2+2 0.
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As aresult the coefficients are found to be ¢y = —2 and ¢; = 2. Rewriting Eq. 46:
I(r) 2 1 (48)
r) = -1
! IL+r

0 1 r
Figure 1: Graphical Representation of function /;.

The second inverse function presents itself differently, since the continuity of the derivative
could either be enforced at the center or at the support radius. For the sake of brevity, its
derivation will not be undertaken here.

Third Inverse Function

The third proposed inverse function, which will be one of our test functions, is:

C3 C2 & Co
= —. 49
1+r3+1+r2+1+r+2 (49)

I3(r)

Once more, to assure that the proposed function can serve well in the representation of
continuous functions at = 1, the function will have to obey the following conditions: I3(0) =
1, I3(1) = 0, and two extra conditions regarding the first derivative, which should vanish for
bothr = 0and r = 1.

The first derivative of I is:

% _ 3car? B 2¢cor B C1 (50)
dr (14732 (1+72)2 (1+7r)?

The system of equations obtained by substituting the conditions at the proposed function
is:

.

stceta+F =1

&1 C2 a co —
2+2+2+2_O’

&Y
Clzou
| omog

Which results ¢cg = —2,¢; =0, cog = 6, c3 = —4.
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The final expression of I3(r) is:

4 n 6
14+¢3  1+72

I(r) = ~ 1. (52)

Function /3 is shown at Figure 2, along with its first derivative.

F(rw — 15

OWI T

dr
Figure 2: Graphical representation of function /5.

Fourth Inverse Function

The next inverse function proposed is:

Cq C3 Co C1 Co
— —. 53
1+T4+1+T3+1+T2+1+7’+2 (33)

I4(r)

As before, to assure that the proposed function can serve well in the representation of
continuous functions, the function will have to obey five conditions: I4(0) = 1, I4(1) = 0,
%ﬁ* }r:o =0, % ‘r:l = 0, and another condition that will have to be established in order to
obtain the coefficients. This fifth condition, with respect to the second derivative of I, can

either be:

>2I1¢
=0 54
|, = (54)
or
13
—2 =0 55
| (55)

The derivatives of I, can be obtained:

a, deyr? B 3csr? 200 56)
dr (42 (1432 (1422 (147)%
and
a2 2 5¢0 2r — 4r? 1—3r? 2
Ly 0437" or T r 3r (57)

———— — 33—z — 2C +c .
dr? (T+rH3 "2 +3)3 TP 4+2)3 0 (143
When the curvature of the function vanishes either at the support radius (r = 1) the obtained
equation is equivalent to the one already enforced for the first derivative. Therefore, there is no
need to impose this condition to the function, or to add superscript C' or S.
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For the first condition, of null curvature at the origin (r = 0), the system of equations
obtained is:

C4+03+02+01+%O: ,
4 =3 c2 c1L o
2+2+2+2+2_07

cp =0, (58)
_64_%_{%_%:0’
L —202 + 261 = 0,
and the result of the system: ¢y = —2,c¢; = 0,c2 = 0,c3 = 8,¢4 = —6.

The final expression for 7,(7) is:

6 8

I = —
=T e

—1. (59)

Function I, is shown at Figure 3, along with its first and second derivatives. This function
will also be tested against some of the well known CSRBFs.

F(r),
N [4
dly
1 — dr
O 1 r

Figure 3: Graphical representation of function /,.

Higher order inverse functions could easily be obtained, but this would unnecessarily in-
crease the size of this paper. The reader is invited to more complete presentations in future
publications.

On the next subsection, another family of functions is proposed.

3.2 Rational Functions

A rational function as proposed here is obtained by dividing two polynomials, the denom-
inator being of the same order or one order higher than the numerator. Next the procedure for
obtaining the coefficients shall be detailed.

M
1=0

=S o
Z]’:o djr?

n;r’

Rasnr = (60)
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and
M
_ 1=0
Ryyps1 = Wdr (61)

=0

The first of these functions, for M/ = 1, will be a continuous function, and can be set equal
to the /; of Eq. 48.

The test functions proposed will be function R3,3 and R34, which will be obtained next.
Rational function of type 3/3

Defining the rational function of type 3/3, constructed by the ratio of two cubic polynomi-
als:

no + mir + nar? + ngrd

Boys(r) = G ar T dor? £ dr® 62)
The conditions for the function at » = 0 and at » = 1 are obtained after the derivatives.

For r = 1:
R3/3(1) =0 = ng+mny +ny +ng = 0; (63)
Rg/s(l) =0 =n1+2ns+3n3 =0; (64)
Rg/g(l) =0 = 2ny+6ng =0; (65)

and for r = 0:
R3/3(0) =1 = ng = dy; (66)
3/3(0) =0 =n =dy; (67)
Rg/g(O) =0 =ny =ds. (68)

Solving the above system of equations, it is obtained, from Eq. 63 (using Eq. 66), Eq. 64,
and Eq. 65, n3g = —djy, ny = 3dy and n; = —3dy. Thus results that, from Eq. 67, d; = —3d,,
and, from Eq. 68, dy = 3d,.

F(r)
—— Ryy3
dR3/3
dr
1+——
@) 1 r

Figure 4: Graphical representation of function 3 /3.

Therefore:
1—3r+3r2 73
1—3r+3r2+r3

R3/3(T’) = (69)
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where d3 was arbitrarily set to unity (ds = 1).

The continuity of third derivatives cannot be guaranteed either at O or at 1. Figure 4 presents
this function and its derivatives.

Rational function of type 3/4

Defining the rational function of type 3/4, constructed by dividing a cubic polynomial by a
fourth order polynomial:

ng + nr + n2T2 + n3r3

R = :
3/4(T) d() + dlr + d2T2 + d37“3 + d47"4

(70)

The conditions for the function at » = 0 and at » = 1 are obtained after the derivatives.

Forr = 1:

R3/4(1) =0 = ng+mny +ny +ng = 0; (71)
3/4(1) =0 = ny+2ny+3n3 =0; (72)
1 (1) =0 = 20y +6ny=0;(i —6) % (6 + 21 %i — 15%%) xr(2xi —4)  (73)
and for r = O:
R3/4(0) =1 = ng = dp; (74)
5400 =0 =ni =dy; (75)
g/4(0) =0 = ny=dy; (76)
1,(0)=0 = ny = ds. (77)

Solving the above system of equations, it is obtained, from Eq. 71 (using Eq. 74), Eq. 72,
and Eq. 73, ng = —dy, no = 3dy and ny = —3dy. Thus results that, from Eq. 75, d; = —3d,
from Eq. 76, dy = 3dy, and, from Eq. 77, d3 = —d,.

F(r), Ry
dR3 /4

dr

1
O 1 r

Figure 5: Graphical representation of function R3 /4.

Therefore:

 1=3r+32 -1
S 1=3r+3r2—r3 41y

R3/4(7“) (78)

where d, was arbitrarily set to unity (dy = 1).

The continuity of the third derivative cannot be guaranteed at 1, or of fourth derivative for
either the center or the support radius. Figure 5 presents this function and its derivatives.
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3.3 Summary of Proposed functions

Although only the derivation of the first function and of the ones used is presented, it is
though that a more complete set should be presented. To summarize the proposed functions Ta-
bles 4 and 5 are presented. In these tables the continuity properties are given for each function.

Table 4: Inverse functions and continuity.

Function Continuity Observation
L(r)=1%-1 O

If(r) = 2= — 1 c? Center
L(r)=—ti+ 15— 1 c? Support
I3(r) = _1-:-11”3 + 1f7"2 -1 c!

L(r) = g+ o — 1 c?

I§(r) = _1ET5 + 1}::.4 -1 C? Center
I5(r) = 1+7r5 - 1-2::*4 + 1-15;3 —1 c? Support

Center - The next higher derivative is continuous at the center (r = 0).

Support - The next higher derivative is continuous at the support radius (r = 1).

4 RESULTS

In order to investigate the behaviour of these novel kinds of proposed functions, the so-
lution of a simple heat conduction problem is attempted with a simple least squares meshfree
finite element code (Menandro et al., 2011) using some of the classic CSRBFs and some of the
proposed CSRBFs.

The problem to be solved is an L-shaped plate (1 x 1) with prescribed temperature functions
on two sides and vanishing heat flux on the other faces.

Figure 6: Test problem - L-shaped heat conduction.

Figure 6 shows the sample problem tested. Prescribed temperature 77 (y) = 6.5 — 3.5y, at
face 1, is linearly distributed along the face and evaluates to 77 = 6.5°C' at the bottom side and
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Table 5: Rational functions and continuity.

Function Continuity Observation
Rip(r) = 1 CO

Ryjpa(r) = 2,22;%:,,2 C° Center
Ropa(r) = £330 c?

Ryy3(r) = % ok Center
Ryy3(r) = =i c?

Rya(r) = % C? Center
Rayalr) = ll:frTﬁ6rT22—_f:33j2r:4 c?

Ryys(r) = 15;?;2@@%:1:?7,5 c? Center
Rsjs(r) = e iomams O

Center - The next higher derivative is continuous at the center (r = 0).

T, = 3.0°C' at the top. Face 2 also presents linearly varying prescribed temperature, from seven
to fourteen degrees Celsius, T5(y) = 14.0y.

To compare the accuracy and convergence of the proposed functions the solution is obtained
for Wendland functions of C? and C* continuity which are positive definite on R? (Eq. 16
and 17), Wu functions of the same characteristics (Eq. 29 and 31), and four of the proposed
functions. The two inverse functions are the /5 (Eq. 52) and I, functions (Eq. 59). The first is
a C'!' continuous function and the second a C? continuous function. The two rational functions
used are the 73,3 (Eq. 69) and R3/, functions (Eq. 78). The first is a C? continuous function
and the second is also continuous, with continuous first and second derivatives, but also has a
continuous third derivative at r = 0.

Figure 7: Cloud of 21 points.

The problem is modelled using clouds of squarely distributed function center points, using
21, 40, 65, 96, 133, 176, 225, and 280 functions. As can be seen at Fig. 7, for 21 points
there are 5 points on face 1: for the other point clouds there are, respectively, 7, 9, 11, 13, 15,
17, and 19 points on face 1. The discrete least squares procedure (Menandro et al., 2011) is
performed using 936 squarely distributed evaluation points (35 points on face 1). The boundary
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conditions are enforced at 31 boundary points, eleven of them for the prescribed temperature
faces (Dirichlet conditions) and 21 for the Neumann prescribed heat flux (adiabatic) conditions.
The Boundary conditions are enforced through a Lagrange multiplier procedure on the resulting
system of equations. After the calculation is performed for each function, the normalized root
mean squared error is estimated as the root mean residue of the differential equation, summed
over all the evaluation points, and normalized by the amplitude of the calculated response.

Table 6: Root mean square residue error for Wendland and Wu functions

Functions Wendland C? PD3 Wendland C* PD?* Wu C? PD? WuC* PD?

21 109.347000 935.325000 104.332000  389.509000
40 25.288000 149.411000 10.193800 50.113200
65 2.848650 3.017790 2.456160 2.573300
96 2.442350 2.342090 2.200940 2.546230
133 2.242170 2.002040 1.929780 1.628330
176 2.088630 1.828500 1.777020 1.621540
225 2.004730 1.738950 1.694630 1.601460
280 1.923930 1.703340 1.622820 1.699910

The results for the functions proposed by Wendland (1995) and Wu (1995) are shown at
Table 6. The slight divergence for the later function, Wu C* P D3, for 280 approximating func-
tions should be observed. This could be interpreted as a limit for the discrete least squares
procedure (in other problems, as the number of evaluation points increases this apparent diver-
gence disappears).

Table 7: Root mean square residue error for the novel functions

Functions I3 I Rs3/3 R34
21 5644.400000 5.814340 43.348500 38.650000
40 11.256400  4.742550 2.416280  3.873640
65 2297720  3.257690 1.463530  2.556680
96 2.228320 1.396630 1.156910  1.190820
133 1.577010 1.327770  0.981073  1.250140
176 1.499410 1.317880 0.931537  1.208960
225 1.448520 1.293130 0.947840  1.729350
280 1.399820 1.258720 0.941966  2.132290

The results for the proposed functions are shown at Table 7. Again, the apparent divergent
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behaviour is observed for both Rational functions (both functions R3/3 and R34 present higher
error for 225 and 280 approximating RBFs than for 176 functions, though for the first the residue
error seems to continue to decrease).

Both results shown at Tables 6 and 7 are presented at Fig. 8. The residue error values are
plotted against the number of approximating functions using logarithmic scales in an attempt to
capture the convergence rates of the chosen method for each of the tested functions.
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Figure 8: Root mean squared error of residue for the test problem.

The convergence rate is calculated by linear regression for each of the tested functions
assuming a negative power law for the error function:

e(Ngrpr) = A(Ngpp) ™7, (79)

where A is a mathematical parameter corresponding to a possible solution with one approxi-
mating function, B is the convergence rate, € is the normalized root mean squared residue error,
and Ngpp is the number of Radial Basis Functions.

The calculated parameters for the given data are shown at Table 8.

As can be observed at Table 8, the first parameter seems to diverge for the given results,
which can be accounted for an incapacity of the given cloud point set to accurately approximate
the solution response. The only exception is for the I, function, and is observable at Fig. 8
and on the temperature plot for this approximation (Fig. 9). Even though the temperature
distribution is not strictly correct, it is a fair approximation, as the error is only 5.81434% of the
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Table 8: Convergence parameters for the tested functions.

Functions A B
Wendland C? PD? 166261 =+ 6.833e+04 2.40605 + 0.1338
Wendland C* PD3  8.45537e+06 + 3.647¢+06 2.99177 4+ 0.1416

Wu C? PD? 4.97436e+06 + 3.349¢e+06  3.53832 £ 0.2218
Wu C* PD? 8.02762e+06 £ 2.482e+06  3.26264 £ 0.1017
I3 2.36171e+13 £ 3.665e+13  7.27721 £+ 0.5153
I, 49.7368 + 16.04 0.686288 £ 0.0875
Rs3/3 1.77246e4+07 + 2.971e+07  4.24469 £+ 0.5537
R34 805738 £+ 1.183e+06 3.26694 £ 0.4827

temperature amplitude (Table 7). With respect to the convergence rate B, it is observed that the
values for the proposed functions are not quite distant from those for well accepted CSRBFs.

If the initial incapacity for interpolation is not taken into the convergence calculations, as
well as the latter apparent divergence, the convergence parameters could be calculated for 65,
96, 133, and 176 approximating RBFs. This is the linear part of Fig. 8. This results are shown
at Table 9

Table 9: Recomputed convergence parameters for the tested functions.

Functions A B
Wendland C? PD? 10.5319 + 1.261 0.315679 + 0.02589
Wendland C* PD?  26.9038 + 6.109 0.527704 + 0.04976

Wu C? PD? 9.79107 £ 0.7795 0.330088 £ 0.01723
Wu C* PD? 23.4412 £21.06  0.517928 £+ 0.1968
I3 16.448 £10.78  0.462232 £ 0.1431
Iy 459.455 £ 801.3 1.20035 £ 0.3966

Rs3/3 11.0368 +2.985  0.487898 £ 0.05913
R34 118.839 £ 194.1  0.937765 + 0.3666

For the new values of the convergence parameters it is observed that the /3 and R3/3 func-
tions produce very similar convergence functions ¢ as those for Wendland or Wu functions. For
the other two proposed test functions, the convergence rate also has a similar order of magni-
tude, but the first parameter increases due to the specific characteristics of the results. It should
be noted that the standard deviation is higher than the computed value, for both I, and R34
functions. This occurs due to the small number of sample analyses utilized and, to a certain
extent, can also be observed for the Wu C* PD? function, where the standard deviation is of
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Heat Conduction, for 21 functions, using Menandro 14
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Figure 9: Temperature plot for test problem, with 21 I, approximating functions.

the same order of magnitude as the value of the A parameter.

Finally, a temperature plot for 225 I, points is shown at Fig. 10, showing the convergence
of the proposed solution to the correct solution.

S FINAL REMARKS

The proposed sets of functions, when compared to two well accepted CSRBF kinds, present
similar convergence parameters. The convergence rates are, in general, higher than those ob-
tained for the tested classical functions. These results confirm the initial hypothesis that the
proposed classes of CSRBFs can be used to correctly approximate the solution of differential
equations: not only the estimated error for most of the analyses performed was similar, but the
convergence rate also returns comparable values.

These results confirm that the proposed functions perform well for the solution of differ-
ential equations by a discrete least squares evaluation, as long as the number of approximation
functions is sufficient (for a squarely distributed function center cloud) and the number of least
squares discrete evaluation points is enough to capture the peculiarities of the specific point
cloud.

The results also demand more work on the mathematical properties of the proposed classes
of functions, such as the complete definition of their positive definiteness dimensionality, for
this is an essential property towards a completeness of solution and mathematical convergence
proof.
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Heat Conduction, for 225 functions, using Menandro 14
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Figure 10: Temperature plot for test problem, with 225 [, approximating functions.
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