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Abstract. Several relevant phenomena studied in scientific computing, like population spread-
ing with partial hold up of the population to guarantee territorial domain, chemical reactions
inducing adsorption processes and multiphase flow thorough porous media, Brownian motion
in the speckle light field, for instance, are modeled by diffusion with retention. A new and
general formulation of this problem was presented recently by Bevilacqua et. al., where the re-
sulting governing equation is a fourth order differential partial equation. The new parameters
associated to this higher order term need to be estimated, which leads to an inverse problem.
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In this work we shall consider the retention phenomena as a singular perturbation of the clas-
sical diffusion and rewrite the inverse problem as an optimization problem, taking into account
the usual shape functional given by squared residues between experimental data and predicted
values. Then, we derive the first and second order topological asymptotic expansion of this func-
tional. Numerical results obtained using first and second topological derivative are presented
and discussed.
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1 INTRODUCTION
The applicability of classical approach to the diffusional flux by Fick’s law can be sufficient

for many practical modelling purposes; however, these forms imply diffusion as a local or short
range effect, with systems describing the variation of relatively small concentrations. Due to
complexity of some processes, it is not enough simply manipulate diffusivity parameters, it is
necessary to complement the Fick’s law by including, for example, terms of higher order into
the classical modeling. This applies to some anomalous diffusion processes, which can be due
to adsorption processes, anisotropy, partial and temporal retention of particles and many others
physicochemical phenomena that need improvement of the analytical formulation due to side
effects not included in the classical diffusion modeling.

In Bevilacqua et al. (2011a) the authors present a modelling where a fourth order term arise
naturally when the flux distribution for the diffusional process is fractionated due to introduc-
tion of control parameter β. This parameter can not be absorbed either by diffusion coefficient
or by fourth order coefficient describing the retention, so that it characterizes a fraction of con-
centration which is able to diffuse. Many practical problems can be modeled by this equation,
nevertheless a formulation involving new terms also includes complementary coefficients to be
estimated. So, experimental specific techniques, together with an inverse analysis, can be useful
to determine them.

Inverse Problems belong to a very important multidisciplinary area of research with appli-
cations in industry, medicine, engineering and science. Although the definition of direct and
inverse problems may seem somewhat subjective, inverse problem are, in general, ill-posed
while direct ones are well posed in the sense of Hadamard (1902). In this work, we examine the
inverse problem given by the identification of the diffusion and retention parameters introduced
in the formulation proposed by Bevilacqua et al. (2011a). This matter has been studied by Silva
et al. (2013, 2014b,a).

As usual in inverse problem literature, we shall consider the associated minimization prob-
lem of a functional that measures the quadratic distance between measured data (from the
model) and simulated ones taking into account parameters artificially introduced in the model.
Different algorithms are generated according to the procedure chosen to generate the compar-
ison parameters and the computational cost criteria must be taken into account. Considering
the retention term as an infinitesimal singular perturbation of pure diffusion, we shall propose a
new algorithm taking into account the topological asymptotic expansion of the shape functional
to be minimized.

Topological derivative was introduced by Sokołowski and Zochowski (1999) and defined
as the first-order correction of the asymptotic expansion of a shape functional with respect to an
infinitesimal singular perturbation. This concept gives a theoretical justification for the bubble
method, formally considered by Eschenauer et al. (1994) and it has been successfully applied
to a large variety of problems, like topological optimization, inverse problems and image pro-
cessing, for instance. An account of which may be found in the recent monograph by Novotny
and Sokołowski (2013).

In the next section, it is straightly presented the formulation proposed by Bevilacqua et al.
(2011a) and formulated an inverse problem approaching topological derivative by an asymp-
totic expansion of functional. Section 3 consider a singularly perturbed problem by a small
parameter, showing that the topological derivative depends only of the solution of its partner
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unperturbed; moreover we derive the second order topological derivative for the functional in
two cases, one of them has known analytical solution and confirms the hypothesis of the previ-
ous section. In section 4 it is formulated a finite element approximation to solve numerically the
model. Scenarios obtained by numerical simulations are shown in section 5, comparing exact
and numerical solution of model, followed by a brief discussion of the results and suggestions
for further investigation.

2 PROBLEM FORMULATION

Anomalous diffusion process, where the mean squares variance grows slower (subdiffu-
sion) or faster (superdiffusion) than a Gaussian process, has been modeled by fractional differ-
ential equations. In this paper, however, we shall adopt the recent analytical formulation for
the simulation of the phenomena of diffusion with retention, introduced by Bevilacqua et al.
(2011a). In that paper, the authors started from a discrete mathematical formulation, introduc-
ing a parameter 0 < β ≤ 1 to represent a fraction able to diffuse from total concentration, thus
(1 − β) is the temporaly retained fraction, making the diffusion slower than for the classical
diffusion problem.

Considering symmetric distribution, each neighboring cells (n − 1) and (n + 1) is loaded
with a fraction β/2 of the concentration p in the cell n at each time step. Thus, the redistribution
of contents of each cells is governed by the algebraic expressions

ptn = (1− β)pt−1
n +

1

2
βpt−1

n−1 +
1

2
βpt−1

n+1, (1)

pt+1
n = (1− β)ptn +

1

2
βptn−1 +

1

2
βptn+1. (2)

After a carefully manipulation of these equations, the difference terms are:

∆pt+∆t
n

∆t
= β

(
1

2

L2
0

T0

∆2pn
∆x2

+
O(∆x2)

∆x2
− (1− β)

1

4

L4
1

T0

∆4pn
∆x4

)t−∆t

, (3)

where T0, L0 and L1 are scale factors. Calling the constants K2 =
L2
0

2T0
and K4 =

L4
1

4T0
and

assuming the p(x, t) sufficiently smooth, we can take the limit as ∆t 7→ 0 and ∆x 7→ 0, getting:

∂p

∂t
= βK2

∂2p

∂x2
− β(1− β)K4

∂4p

∂x4
, 0 < x < L, t > 0. (4)

Note that if β = 1, the problem is reduced to the classical Gaussian distribution; it is
because the structure contained in the standard diffusion equation is totally preserved. The
negative term corresponds to non-Fickian part that characterizes the retention effect. In general,
the Eq.(4) involves parameters of different orders of magnitudeK4 = O(10−2K2) = O(10−4β),
as we can see inBevilacqua et al. (2011a,b), for example, and the retention term is significantly
lower than the diffusive coefficient.

In this work, due to the parameters magnitude differences, we consider the retention term
as a small perturbation of the pure diffusion, and we rewrite the problem (4) in a context of sin-
gularly perturbed problems. The perturbed problem (Problem (Pε)) consists of finding pε(x, t),
defined on x ∈ (0, L) and t > 0, which satisfy the following problem:

∂pε
∂t

= D
∂2pε
∂x2
− ε∂

4pε
∂x4

, (5)
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with initial-boundary conditions given by

pε(0, t) = a0, pε(L, t) = aL,

∂2pε
∂x2

∣∣∣∣
x=0

=
∂2pε
∂x2

∣∣∣∣
x=L

= 0, (6)

pε(x, 0) = f(x),

whereD = βK2 and ε = β(1−β)K4 are constant parameters associated to diffusion and reten-
tion, respectively, f(x) a given initial function, a0 and aL are constants that satisfies the com-
patibility conditions, i.e. a0 = f(0) and aL = f(L). For the unperturbed problem (Problem
(P )) we discarded the retention term and obtain a simple diffusion problem, consists of finding
p0(x, t) which satisfy the problem:

∂p0

∂t
= D

∂2p0

∂x2
, (7)

with the same initial-boundary conditions like those defined in (6).

2.1 Inverse problem

The characterization of the complete inverse problem consists in determining both D and ε
simultaneously. However, for a sake of simplicity, let us assume in this paper that the diffusion
parameter D is previously known.

Thus, the aim of this work is to reconstruct the retention parameter ε taking into account
a set of N measurements pexp = {p1

exp, ..., p
N
exp} and a set of N noisy predicted values pε =

{p1
ε, ..., p

N
ε }, from Problem (5 - 6). As usually adopted in topological derivative approach for

inverse problems, we shall consider the minimization of an associated shape functional. A very
natural suitable choice is the quadratic distance between pexp and pε:

Min Ψ(ε) =
N∑
i=1

(piexp − piε)2. (8)

Here, we shall consider the asymptotic expansion of functional (8). This approach has several
advantages, mainly in the computational cost point of view. In fact, as will be demonstrated in
the next section, topological derivative depends only on the solution of the unperturbed problem,
i.e., given the solution of the Eq. (7), it is possible get an estimate for ε.

In more general cases, topological derivative depends on the solutions original and adjunct
unperturbed problems (Novotny and Sokołowski, 2013). On the other hand, second order topo-
logical derivative has non local terms (Rocha de Faria and Novotny, 2009) resulting in higher
computational cost. However, in this particular case, where we are considering the fourth order
PDE model given by Bevilacqua et al. (2011a), the second order topological derivative depends
only the unperturbed problems, i.e., problems associated to pure diffusion models, as will be-
come clear in next sections.

3 TOPOLOGICAL DERIVATIVE

Singularly perturbed problems occur when the model is disturbed by a infinitesimal pa-
rameter ε, which degenerates not smoothly to original problem as ε → 0. Nucleation of holes,
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creation of inclusions in the domain, insertion of source terms or perturbation in the main term
of the PDE are examples of singularly perturbed problems, which have important applications
as topology optimization, image processing and inverse problems, for instance.

In the last fifteen years topological derivative (Sokołowski and Zochowski, 1999) has been
proven an effective tool for dealing with these kind of problems (Novotny and Sokołowski,
2013). In fact, topological derivative gives the topological asymptotic expansion of a shape
functional with respect to a singularly infinitesimal perturbation. The most remarkable fact
about first order topological derivative is that this term depends only on the unperturbed problem
and, consequently, its computational cost is very low. In fact, it is necessary to solve just one
problem (or two problems, in the case of the adjunct methodology) to estimate the minimum of
the functional about a singular infinitesimal perturbation.

Let us consider a singularly perturbed problem by a small parameter ε, whose solution is
denoted by pε. We are denoting by Ψε(pε) a shape function associated to the perturbed problem.
Analogously, consider the unperturbed problem (ε = 0), where the solution is denoted by p0 and
the corresponding shape functional is Ψ(p0). Suppose Ψε(pε) admits the following topological
asymptotic expansion

Ψε(pε) = Ψ(p0) + γ1(ε)T + γ2(ε)T 2 + o(γ2), (9)

where γ1(ε), γ2(ε) (called first and second correction functions of Ψε, respectively) are positive.
Further, γ2/γ1 → 0 and o(γ2)/γ2 → 0 as ε → 0. In this case, the functions T and T 2 are
called the first and second order topological derivative (Rocha de Faria and Novotny, 2009),
respectively.

Next, let us consider the model given by Eq. (5) as a singularly perturbed problem and
compute the second order topological asymptotic analysis of the shape functional (8) to obtain
the reconstruction of retention parameter ε.

In order to introduce the main ideas of the proposed methodology, we present the calcu-
lation of the topological derivative for functional (8) considering two basic cases. In the first
one (Case A), we choose a problem whose analytical solution is known to introduce system-
atic analysis of the entire process behind the calculations. Thus, we obtain the explicit form
of asymptotic expansion of functional and consequently, we can identify each one of its terms
and assign it the order of the topological derivative. In the second case (Case B), we introduce
a generalized methodology to be used in the numerical calculation of first and second order
topological derivative of shape functional (8).

Case A: an example with analytical solution

In this particular example, consider the problems (P ) and (Pε), described by Eqs, (5-7) with
x ∈ (0, 1), t > 0, the initial condition f(x) = sinπx and the boundary conditions ao = a1 = 0.
The analytical solution of the unperturbed problem (P ) is given by:

p0(x, t) = e−Dπ
2t sin πx. (10)

On the other hand, the solution of problem (Pε) is given by:

pε(x, t) = e−Dπ
2te−επ

4t sinπx. (11)
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Note that if parameters D, ε, D̂ and ε̂ satisfy D + επ2 = D̂ + ε̂π2, from Eq. (11) we can
infer that parameters D and ε are not simultaneously identifiable. Then, it is necessary to solve
the inverse problem of identification of D and ε in two steps. As previously mentioned, we
admit here that the diffusion coefficient D is already known.

As the goal is to investigate the asymptotic expansion of the solution pε(x, t), let us consider
the following approximation

e−επ
4t = 1− επ4t+

ε2π8t2

2
+ o(ε2), (12)

into Eq.(11). It follows that

pε(x, t) = p0(x, t)− επ4tp0(x, t) +
ε2π8t2

2
p0(x, t) + o(ε2)

≈ p0(x, t)− επ4tp0(x, t) +
ε2π8t2

2
p0(x, t) = pasympε (x, t). (13)

Note that Eq. (13) indicates that if p0(x, t) is known, we have an approximation (as good
as ε is small) for pε(x, t), denoted by pasympε (x, t). Furthermore, given an experimental set of
data for pε we can have an estimative for the retention parameter ε. In fact, taking into account
the asymptotic expansion of pε(x, t) given by Eq. (13) into the shape functional (8), we have

Ψε(ε) =
N∑
i=1

(piexp − piε)2 =
N∑
i=1

(piexp − pi0)2 + 2επ4

N∑
i=1

t(piexp − pi0)pi0

+ ε2π8

N∑
i=1

t2(2pi0 − piexp)pi0 + o(ε2). (14)

Considering Eq.(9), we can identify γ1(ε) = 2επ4, T =
∑N

i=1 t(p
i
exp−pi0)pi0, γ2(ε) = ε2π8

and T 2 =
∑N

i=1 t
2(2pi0 − piexp)pi0.

In this simple example we can observe the most important property of the topological
derivative: this term depends only the unperturbed problem and, therefore, it is very cheap from
a computational point of view. Although, in this particular example it is also true for the second
order topological derivative, it is not true in general cases (Rocha de Faria and Novotny, 2009).

In order to identify the retention parameter ε we consider the first and second order topo-
logical asymptotic expansion. Putting Ψε(ε) = 0 and disregarding the terms o(ε) in Eq. (14),
we obtain, taking into account first order topological asymptotic expansion,

ε1 = −
∑N

i=1(piexp − pi0)2

2π4
∑N

i=1 t(p
i
exp − pi0)pi0

, (15)

as the ‘first-order’ estimate for ε.

On the other hand, considering second order topological asymptotic expansion, the mini-
mum of the expression (14), where we had disregarding the terms o(ε2), is given by

ε2 = −
∑N

i=1 t(p
i
exp − pi0)pi0

π4
∑N

i=1 t
2(2pi0 − piexp)pi0

, (16)

where ε2 is a ‘second-order’ estimate for ε.
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Case B: the general case

Let us consider again the problems (P ) and (Pε), described by Eqs, (5-7) and build an
efficient numerical methodology to obtain the topological derivative. For this, consider the
asymptotic expansion of pε(x, t) given by:

pε(x, t) = p0(x, t) + εw1(x, t) + ε2w2(x, t) + wε(x, t), (17)

where w1(x, t) and w2(x, t) are independent of the parameter ε. In fact, taking into account
Eq. (17) and the problems (P ) and (Pε), we got that w1(x, t) is the solution of the following
auxiliary problem:
Problem (W1): Given p0, find w1(x, t) such that

∂w1

∂t
− D

∂2w1

∂x2
= −∂

4p0

∂x4
, (18)

whith initial-boundary conditions given by

w1(0, t) = w1(L, t) = 0;
∂2w1

∂x2

∣∣∣∣
x=0

=
∂2w1

∂x2

∣∣∣∣
x=L

= 0; w1(x, 0) = 0, (19)

where x ∈ (0, L) and t > 0.

Further w2(x, t) is associated to a pure diffusion problem and wε compensates the dis-
crepancy produced by the previous terms. More specifically, these terms are solutions of the
following problems:
Problem (W2): Given w1(x, t), find v0 such that

∂w2

∂t
−D∂

2w2

∂x2
= −∂

4w1

∂x4
, (20)

with initial-boundary conditions given by

w2(0, t) = w2(L, t) = 0;
∂2w2

∂x2

∣∣∣∣
x=0

=
∂2w2

∂x2

∣∣∣∣
x=L

= 0; w2(x, 0) = 0, (21)

Finally, wε satisfies:
Problem (Wε): Given w2 and ε, find wε(x, t) such that

∂wε
∂t

− D
∂2wε
∂x2

+ ε
∂4wε
∂x4

= −ε3∂
4w2

∂x4
, (22)

whith initial-boundary conditions given by

wε(0, t) = wε(L, t) = 0;
∂2wε
∂x2

∣∣∣∣
x=0

=
∂2wε
∂x2

∣∣∣∣
x=L

= 0; wε(x, 0) = 0. (23)

It is easy to observe that wε = o(ε2). Therefore, this term may be disregarded.

In summary, first of all, we need to solve the unperturbed problem given by Eq. (7). Then,
the solution p0(x, t) is post-processed and the term−∂4p0/∂x

4 is the source term in the Problem
(W1). Finally, after solve Problem (W1) and a post-processing of the solution (w1), we can solve
the Problem (W2).
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Then, putting the ansätz (17) into the shape functional (8), we get

Ψε =
N∑
i=1

(
piexp − p0 − εw1 − ε2w2 + o(ε2)

)2

= Ψ0 − 2ε
N∑
i=1

(piexp − p0)w1 − ε2

(
2

N∑
i=1

(piexp − p0)w2 −
N∑
i=1

w2
1

)
+ o(ε2). (24)

In Section 5.1 we show that first order topological derivative not proved to be a good es-
timator for the retention parameter. Therefore, in this general case we will consider only the
“second order” estimator ε2 given by:

ε2 = −
∑N

i=1 (piexp − p0)w1

2
∑N

i=1 (piexp − p0)w2 −
∑N

i=1w
2
1

. (25)

4 FINITE ELEMENT APPROXIMATION

In order to solve the time-dependent problems (P ), (W1) and (W2) numerically, let Ω ≡
(0, L) denote the spatial domain and I ≡ (0, T ) the time interval of interest, W = H2

a(Ω) =
{w(x, t) ∈ H2(Ω) | w(0, t) = a0;w(L, t) = aL} and V = H2

0 (Ω), be the set of trial functions
and the space of weighting functions, respectively. Let [0, T ] =

⋃N
n=1[tn, tn+1] be a uniform

temporal discretization and ∆t = tn − tn−1 the time step. The spatial domain is discretized
using an uniform finite element partition consisting of ne elements Ωe such that Ω =

⋃ne

n=1 Ωe

and
⋂ne

n=1 Ωe = ∅. Our choice is to construct Wh = {wh(x, t) ∈ C1(Ω) | wh(0) = wh(L) =

0,∀wh(Ωe) ∈ P̂3(Ωe)} ⊂ W and Vh ⊂ V , where P̂3(Ωe) are the Hermite’s polynomials of third
degree. Then, the approximations to problems are given by
Problem (Ph): Find ph0(x, t) ∈ Wh, ∀t ∈ I , such that∫ L

0

∂ph0
∂t

vhdΩ +D

∫ L

0

∂ph0
∂x

∂vh
∂x

dΩ = 0, ∀vh ∈ Vh, (26)

with initial-boundary conditions given by

ph0(0, t) = a0; ph0(1, t) = a1; w(x, 0) = f(x). (27)

Problem (W1h): Given ph0 , find wh1 (x, t) ∈ Wh, ∀t ∈ I , such that∫ L

0

∂wh1
∂t

vhdΩ +D

∫ L

0

∂wh1
∂x

∂vh
∂x

dΩ = −
∫ L

0

∂2poh
∂x2

∂2vh
∂x2

dΩ, ∀vh ∈ Vh, (28)

with initial-boundary conditions given by

wh1 (0, t) = wh1 (L, t) = 0; wh1 (x, 0) = 0. (29)

For the Problem (W2h), we take Problem (W1h) replacing ph0 = wh1 and wh1 (x, t) = wh2 (x, t).

In the last procedures, it is necessary a transient algorithm to obtain the required numerical
solutions of the semi-discrete problems. For this, we take the approximation at time t to be
of the form wh1 (x, t) =

∑np

j=1wj(t)ϕj(x) and vh(x, t) =
∑np

j=1 ϕj(x) to construct the finite
element interpolation and weighting functions, respectively, where np is the total number of
degrees of freedom and ϕj(x) the global shape function. Thus, each of the spatial discrete
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problems (Ph) and (W1h), not excluding the Dirichlet boundary condition nodes, leads to an
ordinary differential system

np∑
j=1

[
Mij

dwj
dt

+Kijw

]
= Fi, t ∈ I; 1 6 i 6 np, (30)

wi(0) = fi(x),

where Fi = 0 to problem (Ph), fi(x) = 0 to problem (W1h) and

Mij =

∫
Ωe

ϕi(x)ϕj(x)dΩe, (31)

Kij =

∫
Ωe

Dϕ′i(x)ϕ′j(x)dΩe, (32)

Fi =

∫
Ωe

pho(xi)ϕ
′
j(x)dΩe, (33)

which may be rewritten in the following matrix form:

Mẇ + Kw = F, (34)
w(0) = f(x),

The transient algorithm to be used here to solve the above system is based on generalized
trapezoidal family of methods, presented in Hughes (1987), which consists of the following
equations:

Mνn+1 + Kwn+1 = Fn+1, (35)
wn+1 = wn + ∆tνn+α,

νn+1 = (1− α)νn + ανn+1,

where νn and wn are the approximations to ẇ(tn) and w(tn), respectively; Fn+1 = F(tn), ∆t
is the constant time step and α ∈ [0, 1] is the parameter which define the method. Thus, an
implementation derive of (35) where ν’s are unnecessary are given by:

(M + α∆tK)wn+1 = (M− (1− α)∆tK)wn + ∆t(αFn+1 + (1− α)Fn), (36)

where is well-known that to α = 0, 0.5 or 1 we have the Foward Euler, Crank-Nicolson or
Backward Euler method, respectively.

5 NUMERICAL EXPERIMENTS

In this section, we present some numerical experiments to illustrate the methodology used
in cases (A) and (B) of the Section (3), showing its potential. In each case, in order to avoid
inverse crimes, we pollute the piexp data with Gaussian white noise, i.e., we take p̂iexp = piexp +
εi(0, σ), where εi(0, σ) ∼ N(0, σ2). Thus, we take into account the first and the second order
topological asymptotic expansion of functional (8): Ψε(uε) ≈ Ψ(uo) + γ1(ε)T and Ψε(uε) ≈
Ψ(uo) + γ1(ε)T + γ2(ε)T 2 to obtain the estimates ε1 and ε2, respectively, for the retention
coefficient ε and compare the results.

Since the problem is severely ill-posed, it is necessary to impose some kind of regulariza-
tion. To avoid adding an artificial regularization term in the functional (8), we choose to take
the greatest value of a sample of thirty repetitions of the experiment.
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5.1 Case A
In these experiments, we wish to obtain an estimated value for ε by first and second order

topological derivatives formulas given by Eq. (15) and Eq. (16), respectively. We consider
the diffusion coefficient D = 2 × 10−4 and the standard deviation σ = 0.02, which means
considering up to 4% noise in the data. The time interval t was assumed to vary from 5 to
95, with a time step ∆t = 1. Thus we obtain 90 experimental data from a sensor positioned at
x = 0.5 coordinate for different values of ε. Here, we do not consider the influence of the spatial
numerical approaches because we know the analytical solutions of unperturbed and perturbed
initial value problems, given by (10) and (11), respectively.

Table 1: First (ε1 – Eq. (15)) and second order (ε2 – Eq. (16)) topological estimated ε for 4% noise data

exact ε1 ε2

5.0× 10−5 2.1479× 10−5 3.3203× 10−5

1.0× 10−5 0.5029× 10−5 0.9045× 10−5

5.0× 10−6 3.0163× 10−6 4.9201× 10−6

1.0× 10−6 2.2828× 10−6 1.1014× 10−6

5.0× 10−7 4.7840× 10−7 5.0446× 10−7

1.0× 10−7 2.2785× 10−7 1.0118× 10−7

A set of results are shown in Table 1, where the first column includes the exact values of ε
parameter and the second and third columns include an estimate for ε parameter, using the first
ε1 and second order ε2 topological asymptotic expansion, respectively. Note, by compare first
and second column, that the first order topological asymptotic expansion is not a good estimator
for retention coefficient, it is because the perturbed operator is the higher order term of equation,
and thereby more information of expansion would be required. When we consider the second
order term of expansion, all estimates are improved, as we can see in the last column of the
table. This confirms our expectation that this (second order) term would be a good estimator
to reconstruct the parameter ε. Note that the accuracy is improved to the extent that ε becomes
much smaller than D.

Figure 1 shows two different sceneries for noisy data, analytical solution and reconstructed
solution, obtained from estimated ε using second order topological derivative. In Fig. 1a the
exact ε = 1.0× 10−5 was considered and the solution using estimated ε = 0.9046× 10−5 was
well reconstructed. In Fig. 1b the exact ε = 1.0 × 10−4 was assumed and the solution using
estimated ε = 0.4898 × 10−5 was not reconstructed accurately; note that the reconstructed
solution is out of noise range.

Like Table 1, the Fig. 1 also illustrate the hypothesis that the smaller value of ε give us a
more accuracy for reconstructed solution.

5.2 Case B
In this case, we will consider the influence of the spatial numerical approaches, so that

we disregard the existence of analytical solution for unperturbed and perturbed initial value
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(a) (b)

Figure 1: Solution Pε(0.5, t) for ε exact and reconstructed, using f(x) = sinπx. (a) ε = 1 × 10−5 (b)
ε = 1× 10−4.

problems. As in Case A, we admitted D = 2 × 10−4 and the standard deviation σ = 0.02,
which means considering up to 4% noise in the data. We assume a time interval I = [0, 80] and
spatial domain Ω = [0, 1] , with x = 0.5 fixed. Only the second order topological derivative has
been used.

(a) (b)

Figure 2: Numerical solution Pε(0.5, t) for ε exact and reconstructed, using f(x) = (sinπx)11 + 1 and
∆t = 0.05. (a) ε = 1× 10−6 (b) ε = 1× 10−5.

Figure 2 shows two sceneries obtained by numerical simulation, both admitting f(x) =
(sinπx)11 + 1 and boundary conditions a0 = a1 = 1. Here we used a time step ∆t = 0.05,
α = 0.5 (Crank-Nicolson) and an uniform spatial partition of 20 elements. In Fig. 2a the exact
ε = 1.0 × 10−6 was considered and the solution using estimated ε2 = 1.2370 × 10−6 was
well reconstructed. In Fig. 2b the exact ε = 1.0 × 10−5 was assumed and the solution using
estimated ε2 = 6.5298× 10−6 was not reconstructed accurately. This shows that the magnitude
of ε definitely influences the methodology used for the parameter reconstruction, regardless
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of the number of observations and spatial discretization. We have obtained best estimates for
smaller ε values. In this particular experiment, the parameter should be less than 10−5.

(a) (b)

Figure 3: Numerical solution Pε(0.5, t) for ε exact and reconstructed, using f(x) = (sinπx)11 + 1 and
ε = 1× 10−6. (a) ∆t = 0.1 (b) ∆t = 0.5.

(a) (b)

Figure 4: Numerical solution using f(x) = (sinπx)100 + 1 and exact ε = 1 × 10−6. (a) Solution Pε(0.5, t)
for ε exact and reconstructed (b) Solution Pε(x, ti) for reconstructed ε .

In Fig. 3, we are interested in investigating the influence of the number of measurements for
accuracy of reconstructed solution. For this, we obtainedN = 80/∆tmeasurements Pε(0.5, x),
considering ε = 1.0 × 10−6 and the same initial-boundary conditions and spatial partition of
the previous experiment. In Fig. 3a we used a time step ∆t = 0.1, α = 0.5 and estimated
ε2 = 1.5770 × 10−6; in Fig. 3b, ∆t = 0.5, α = 0.5 and ε2 = 1.8580 × 10−6. We can
observe in Fig. 2a,3a and 3b that increasing the number of measurements leads to significant
improvement in the accuracy of the reconstructed parameter ε2. In the case of Fig. 3b, the
number of measurements has not been sufficient to maintain the solution within the noise range.
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Figure 4 was obtained by assuming an initial condition given by f(x) = (sinπx)100 + 1,
boundary conditions a0 = a1 = 0, uniform spatial partition of 100 elements, time step ∆t =
0.05 and α = 0.5. Furthermore, we consider the exact parameter ε = 1.0× 10−6 and obtained
the reconstructed solution ε2 = 1.2067 × 10−6. Figure 4b presents the solution Pε(x, ti) at
the following instants of time ti = 0.0, 0.1, 0.5, 1.0, 5.0, 10, 20, 50, 80. Figure 4a shows that
combining the number of observations, the spatial discretization and the size of ε parameter, we
obtain a good accuracy for reconstructed solution of complex problem.

6 CONCLUSIONS

Although a large body of literature has been produced over the last two decades, demon-
strating that anomalous diffusion can offer a better fit to experimental data, in many diffusive
processes, the mathematical study of inverse problems in anomalous diffusion is in an initial
stage. Mainly due to the nonlocality of the forward model by fractional differential equations.
For a recent review the reader may refer to Jin and Rundell (2015).

In order to avoid this difficulty, we adopt the fourth order PDE model introduced Bevilacqua
et al. (2011a). This approach allow us approximate the anomalous diffusion problem (Pε) by
three coupled pure diffusion problems (p0, w1, and w2) given, respectively, by (7, 19 and 21)
plus a higher order term, which may be disregarded, in general. This methodology allows
us to take advantage of both the theoretical and numerical point of view. In fact, it implies
approaching the solution of a new model by classical ones. Further, from the proposed ansätz,
given by eq. (17), we derive a new topological asymptotic expansion for (Pε) problem solution.
It was crucial in order to derive first and second order topological derivative in a straightforward
way.

In particular, in this paper we used a topological optimization formulation for the inverse
problem to reconstruct the unknown ε, i.e., the retention parameter. For this, we assumed that
the diffusion coefficient (D) was know and proposed a methodology grounded on the topo-
logical derivative to minimize the shape functional (8), that measures the quadratic distance
between noisy measurements and simulated data. The results, illustrated by numerical exper-
iments, shows the effectiveness of the second order topological derivative, ensuring a better
approximation as the lowest is ε compared with D, i.e., when the retention effect is a small per-
turbation in the process diffusive. Moreover, as the smaller ∆t, more accurate is the numerical
reconstruction, as expected due to the increase in the number of observations.

Despite the usefulness of the first order topological derivative in several applications, the
results obtained by this approaching are not enough to guarantee a good approximation in the
inverse problem under analysis. On the other hand, second order topological derivative proved
to be a proper tool for estimate the coefficient related to retention with low computational cost
and good results, even for noisy data. Reconstructed solutions are valid if limited by noisy data,
which is enough for the inverse problem reconstruction. In this case, the numerical experiments
corroborate the efficiency of the second order topological derivative.

In future works, it is interesting to investigate the application of the approach proposed in
this work in higher dimensional problems and simultaneous identification of D and ε.
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