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Abstract. Numerical models are commonly used to design and optimize the construction and
operation of ballasted railways tracks. In this work, we used a randomly fluctuating continuum
model to study the dynamical response of a ballast layer coupled to a homogeneous elastic half
space. The simulations were performed using the Spectral Element Method. The comparison
of the dispersion curves for a homogeneous and a heterogeneous ballast urges to consider
apparently non-propagating modes in design. Those modes induce apparent damping in the
free field.
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1 INTRODUCTION

Strong competition with other means of transportation has increased the demand for per-
formance in the railway industry. The dynamical loads caused by the passage of high-speed
trains accelerate track deterioration and damage neighbor buildings (Connolly et al., 2014).
Two classes of numerical models are used to try predict the behavior of these dynamical sys-
tems: (1) discrete approaches, in which each grain of the ballast is represented by a rigid body
and interacts with its neighbors through nonlinear contact forces (using molecular dynamics or
non-smooth contact dynamics); and (2) continuum approaches, in which the ballast is replaced
by a homogenized continuum and the classical Finite Element Method (FEM, or similar) is used
to solve the problem. The discrete approaches are today capable of solving only a few meters-
length of ballast. The absence of an efficient scheme for parallelization over large clusters of
computers remains an open problems.

However, in many cases, the microscopic behavior (found in discrete solution) is not the
focus of attention per se, and some macroscopic feature are the only interesting, such as the
settlement of a railway track. For these cases, it may prove appropriate to derive a so-called
macroscopic model (Pasternak and Miihlhaus, 2005; Andrianov et al., 2010). The methods
based on continuum mechanics (like the Finite Element Method) can solve very large models
thanks to efficient parallelization schemes. However, a homogeneous continuum cannot repre-
sent the non-affine and heterogeneous fields of stress and strain present in the actual mechanical
system.

The numerical simulation of dispersion curves in railway tracks is usually performed on
homogeneous media (Sheng et al., 2004; Freitas da Cunha, 2013; Bian et al., 2015). The most
advanced models consider 3D finite elements and model reduction (Arlaud et al., 2014). Un-
fortunately, these homogeneous models cannot reproduce accurately the experimental observa-
tions (Anbazhagan et al., 2011). Itis necessary to consider the granular character of the material.
The simulation of wave propagation in granular media for simple geometries has been treated
using discrete models, and has succeeded in reproducing a wide range of experiments (Jia et al.,
1999). The influence of pre-stress on the wave velocity in particular can be simulated (Shin
and Santamarina, 2012) as well as the influence of the pressure in the grain network (Goddard,
1990). The simple addition of random “heterogeneity” in a spring network allows to repro-
duce the complex frequency response seen in measurements of sound propagation in a granular
system (Leibig, 1994). Note that Jia et al. (1999) observed the coexistence of an attenuated
coherent signal and the "coda”, which is a classical feature of seismic signals (Aki, 1969).

The objective of this work is use a statistical approach to model the mechanical properties
of the ballast layer to build the dispersion curves of a ballasted railway track. This statisti-
cal approach aims to reproduce in a continuum model the heterogeneity of the stress field in
a discrete granular model. The mechanical properties (in practice the Young’s modulus) are
modeled as stochastic random fields. This approach was introduced in (Cottereau et al., 2015)
and we apply it here to the construction of dispersion curves of ballasted railway tracks in the
frequency-wave-number domain. This representations allow a good visualization of the modes
present in the ballast layer.

The transition from time-space to frequency-wave-number domain is performed using a
two dimensional Fourier transform. An array of sensors is spatially distributed in a model and
captures the displacement in all directions. This data is used to obtain the dispersion curves
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(frequency-wave-number domain). Different configurations are considered to represent a larger
area of the frequency-wave-number space. The curves obtained for the heterogeneous are con-
sistently compared to the classical ones, obtained with a homogeneous ballast.

2 Numerical model

2.1 Spectral Element Framework

The SEM is a generalization of the FEM based on the use of high-order piecewise polyno-
mial functions. A crucial aspect of the method is its capability to provide an arbitrary increase
in accuracy by simply increasing the algebraic degree of these functions (the spectral degree n).

Here we will just summarizing the key features of the SEM, (Komatitsch, 2005). We begin
from the equilibrium differential equation of elastodynamics:

0
o=V ot F (1)

where v(x,t) denotes the velocity at position x and time ¢, p(z) is the density distribution, and
F(z,t) the external body force. The stress tensor o is related to the strain tensor by the consti-
tutive relation 0 = C : Vu, where C denotes a fourth-order tensor and u is the displacement
field. No particular assumptions are made regarding the structure of C, which describes the
elastic properties of the medium (even non-linear constitutive laws (D1 Prisco et al., 2007)). As
in the FEM, the dynamic equilibrium problem for the medium is written in a variational form
in space. In time, this method uses an explicit second-order finite-difference scheme, which is
conditionally stable and must satisfy the Courant condition.

The features of the SEM are as follows:

e The partition of the domain is similar to FEM. The model domain {2 is subdivided into
a number of non-overlapping elements € ,el = 1,...,n. such that ) = UZf:l 1§82, and
Al Q=0

e The basis functions within the elements are Lagrange polynomials with degree n and
interpolated in n 4 1 nodes.

e The interpolation nodes are chosen to be the Gauss-Lobatto-Legendre (GLL) points,
which are the nodes of the GLL quadrature.

Thanks to this numerical strategy, exponential accuracy of the method is ensured. An
increase of the polynomial order leads to an exponential decreasing of the aliasing error. This
property, called spectral precision, gives its name to the method.

The use of an orthogonal basis of Lagrangian functions associated with integration using
the GLL quadrature leads to a diagonal mass matrix. This property enables to use an explicit
time stepping in which the inverse mass matrix M ~! can be exactly and easily computed. This
feature does not, naturally, occur in so-called hp-FEMs.

Inserting the polynomial interpolation and quadrature rules into the variational form of the
equations of elastodynamics leads to a system of ordinary differential equations:
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MV = Feyi — Fine(U) + Firac(7) 2)

where U = V, U, V and 7 are vectors containing the components of the displacement, velocity
and traction at the global nodes, respectively. M is the mass matrix. The vectors Fey and
Fi.¢ contain the external and internal forces, respectively, and F',.,. corresponds to the traction
forces.

The main features of the software (SEM3D) used in this paper are:
e The capability of dealing with externally created 3D unstructured meshes;

e Handling the partitioning and load balancing of the computational domain using METIS
(Karypis and Kumar, 1999) as an external library;

e Presence of absorbing boundary conditions (PML) in order to avoid boundary reflections;

e Computational scalability.

2.2 Mechanical properties

To build this stochastic continuum heterogeneous medium, used to model the ballast layer,
we need to define two things: (1)first-order marginal law; and (2) a correlation model. The cor-
relation model chosen here is based in the literature. The first-order marginal law for the Young
Modulus was identified using a optimization process when one discrete model was compared
with one stochastic continuous one. For this task a conventional FEM was employed.

2.2.1 Discrete Model

The model consists of 29 cylinders with a radius of 35 cm and a height of 39 cm. Samples
were taken from this cylinders as 48X48X32 cm?® orthogonal parallelepiped. The total number
of particles in each cylinder is around 2700. The particles are convex polyhedra with diameters
between 2.5 cm and 5 cm, whose shapes have been obtained by digitalization from real ballast.
An isotropic confinement pressure of 60 kPa is applied on all samples, a vertical load on the
upper face of 63 kN, and the gravity is considered within all samples. The model was calculated
using non-smooth contact dynamics (NSCD).

2.2.2 Continuum Model

The continuum model has one cubic sample of 48X48X35 cm?, taken from cylinders with
radius of 35 cm and 39 cm high. A radial pressure of 60 kPa is applied, a pressure of 163 kPa
was applied on the upper face. Gravity is considered, the density was assumed as 1500 kg/m?.
In terms of first-order marginal law, we will model Youngs modulus field with a log-normal
distribution. This model requires the definition of a mean value E, a variance o2, and a corre-
lation model. We took £/ = 80 MPa given by the report INNOTRACK D2.1.3, 2009), made
in the INNOTRACK Project, variance (estimate below) and correlation length. (Quintanilla,
1999) developed a theoretical correlation model that was used here to estimate the correlation
function, based in the Percus-Yevick model, the characteristic diameter was took as 4 cm. The
value of the Poisson ratio was taken from the report INNOTRACK D2.1.3,2009), as v = 0.23.
The boundary conditions are equal to those of the discrete model.
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2.2.3 Identification Process

This task requires some measurement comparisons between the discrete and the continuum
media. We choose the stress as comparison variable. This choice try to represent the same
statistical behavior between the discrete and continuum media.

The forces in a granular model are point forces localized at the interface between grains. It
is interesting to define a generalization of the notion of stress tensor for these granular media.
Several proposals have been made by (Drescher and de Josselin de Jong, 1972; Rothenburg and
Bathurst, 1989; Moreau, 1997) for the static regime.

Given a network of contact forces f< (at contact points ¢ and with coordinates «) in a
granular medium, the equivalent stress field were used by (Love, 1927; Voivret, 2008), and can
be defined as:

N¢
1 - C /)C
Ous = 7 D Fally = ne (fals) (3)
c=1

where /¢ is the vector linking the centers of the two particles in contact at ¢, the sum is on the N,
contact points in the averaging volume V', and n. = N,/V is the density of contacts, see (Weber,
1966) for more details. Obviously, this quantity depends on the size of the averaging volume
(with more variability over the whole sample for smaller volumes).

Now, we compare the probability density function obtained from the discrete model (refer-
ence) and the continuous (target) using a classical L2 norm. To measure the distance one norm
was used the classical L? norm: (Arnst and Ghanem, 2008):

L = /% @) e () d, @)

where p, (x) is the probability density function of the discrete model and p () is the probability
density function of the continuum model.

The stochastic field was generated by spectral representation following the work made
by (Shinozuka and Deodatis, 1991). This corresponds to the "RF Lib” that generates the
Young’s Modulus seen in the Fig. 1. This figure is a small schema of the algorithm used to
minimize the distance between the first-order marginal.

One realization of the random Young Modulus was inserted in a classical FEM model. The
stress distribution found in this model is compared using the Eq. 4. The optimization process
was made using a Nelder-Mead simplex algorithm (Lagarias et al., 1998).

The identification results are plotted in the Fig. 2. The minimum distance is at 0%/ E? ~
5.4. For this variance a comparison of the stress distribution in log-log scale was presented in the
Fig. 2, where a good approximation for the values around the mean was noted, the exponential
behavior was well fitted, however the match in the tails was not perfect.
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Figure 1: Material identification schema. The region inside the dot line represent the optimization loop.
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Figure 2: Relative distance between the probability distribution function o, with Vol = 83cm?. Compari-
son of the probability distribution function with normalized variance 0% /E? ~ 5.4

2.3 Geometry and boundary conditions

Three models were built, one of those models can be seen in the Fig.3, it was based in a
250000 elements, with 375 degree of freedoms in each element, given ~ 94x10° degrees of
freedom. This model is 32 meters long. One prescribed force was impose as excitation. A
rickers pulse with amplitude 1 and central frequency 30 Hz, for the other models the central
frequency were modified. The Fig. 3 show also the region where vertical load is applied in the
top of the ballast layer, and the mesh used. This kind of load condition was used in order to
excite the ”same modes” that the train usually applied in the ballast layer.

The other two models had 320000 and 380000 elements with 120x10¢ and 142x10°¢ degrees
of freedom. They only difference is the length of the railway, one is 40 and the other 48 meters
long. The excitation for this models are 100 and 210Hz. Due the large number of degree of
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- PML - Ballast
B seil

Figure 3: Geometry, mesh, and boundary conditions for the wave propagation analysis.

- PML - Ballast
P soil

Figure 4: Cut view of the geometry and position of the captures lines. The red lines corresponds to the
position of the captures lines. Three different sets where plotted at the top of the ballast, in the half of the
layer, and on the interface between soil and ballast.

freedoms present in the model we choose a parallelizable and scalable code. This code, called
SEM3D, it solve the dynamic equation in a time domain, using a explicit time integration, (Ko-
matitsch et al., 2002), as described above.

Two kind of simulations were performed in each model, homogeneous and heterogeneous
for the ballast material. The statistical mean of the mechanical properties was keep the same in
this two models.

The Fig.4 show these position of the captures used to record the displacement field in the
model. Three rows of captures were put inside of the ballast co-linear to the longitudinal axis,
placed in the top, half, and the bottom of the ballast layer.
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The mechanical properties used in the soil are the follow: V; = 180m/s, V}, = 1100m/s,
and p = 1900kg/m?.

3 Influence of the heterogeneity on the dispersion curves

The study about the influence of heterogeneity in the dispersion curves can be derived from
the equilibrium equation (1) where the stress is: 0 = A(x)Trel+ 2 e, for one isotropic material,
with the linear strain assumption: € = (Vu + Vu’)/2. Assuming that the displacement field is
expressed by u = texpi(k - x — wt), we obtain:

(A + k@ k —i(VA@k+k® Vi) + (uk? — ik - Vi — pw?)I] @ = 0, (5)

where k are the wave number, and w is the time frequency. Dividing by p the above expression,
one obtains:

(I'(k) — w?D)a = 0, (6)

where the I'(k) is the well Christoffel tensor, the dispersion equations are obtained by writing
det(pl'(k) — pw?l) = 0.

Unfortunately this equation has no “easy” analytically solution for heterogeneous stochas-
tic properties fields even in a full space. Furthermore, the stress-free condition in the upper sur-
face leads this solution to some very complicated dispersion relation, usually solve this equation
isn’t an easy task. For this reason we choose directly numerical models. Unfortunately, models
like semi-analitycal finite elements (Nelson et al., 1971) or global matrix (Knopoff, 1964) fail
to solve 3D heterogeneties.

3.1 2D Fourier Transform

The standard time domain methods for measuring the velocities of elastic stress waves
generally require minimal signal processing and are very friendly tool to use/apply. One single
mode can be easily resolved separately in time domain. The group velocity may be determined
by measuring the time that a wave package takes to propagate between two positions. Besides,
if the time record is composed of a number of superimposed wave-modes, it may not be pos-
sible to measure correctly the amplitudes or velocity of the waves modes. It is logical think if
there are many wave modes with very similar group velocities, and in this case, a considerable
propagation distance is required before they can be distinguish in the time domain.

The two-dimensional Fourier transform technique is an alternative method of measuring
the dispersion curves of Lamb waves quantitatively. It overcomes the problems of multiple
modes and dispersion by transforming the received amplitude-time record to amplitude-wave-
number records at discrete frequencies, where individual Lamb waves may be resolved and their
amplitudes measured.

The processing of the spatial-time data collected in the model was made using a 2D Fourier
Transform. This method was proven as an efficient tool to distinguish wave guided modes (Al-
leyne and Cawley, 1991). The Eq. (7) is the 2D-Fourier transformation and the inverse transfor-
mation pair defined by Eq. (8);
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+o00 +o00
U(w, k) = / / u(x, t)e Xt gyt (7

1 +oo +oo )
u(x,t) = / U(w, k)e! &>+t gk dyy (8)

where U(w, k) the frequency spectrum and u(x, t) the data collected in the numerical model.

On the other hand, the displacement data can be roughly described as:

u(x,t) = Z u”(x) = Z Fm . Emei(KM xtwt) ©)

m=1 m=1

where u™ is the m-th wave guided mode. It can be decomposed in sum of the forces (F™),

excitability (E™), and plane waves /(K" x+wt)

The force depends on the excitation pulse imposed by the boundary conditions. The ex-
citability is a function of the power flow of the mode, in other words, depends of the velocity
and stress field of the mode. The excitability play a hole as a kind of transfer function, it links
the imposed boundary condition and the wave mode amplitude.

The methodology that we applied here allow us found the inner product between force and
excitability. So, we are aware that only some modes will be found, because the load are applied
in one preferential direction. Only modes with some similar stress profile will appear the our
dispersion curves.

3.2 Numerical Results

The Fig. 5 shows the normalized displacement field for different time instants for the ex-
citation equal to 30Hz. Where the first line show results for the homogeneous case, the second
line show the heterogeneous case, this representation is the same for all the figures below. In the
homogeneous case its clear the presence of just one mode, it can be see clearly in the figures.
The heterogeneous model shows in this same case a small dispersion of the wave front. This
dispersion appears even in when the correlation length of the medium is very small compare to
wavelength (¢./\ = 0.016)

The Fig. 6 show the normalized displacement field for different time instants for the exci-
tation equal to 100Hz. The homogeneous case present the wave-guide behavior, and it can be
noted the presence of the first wave front, similar to Fig. 5, followed by other modes. In the het-
erogeneous media the scattering take place: a huge scatter of the wave front can be identified,
consistent with a reduction in the energy velocity of the wave.

The Fig. 7 shows the normalized displacement field for different time instants for the exci-
tation equal to 210Hz. The homogeneous case present the wave-guide behavior, but differently
from the 30Hz case, Fig. 5, a wave front is no longer present. In the heterogeneous media a
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Figure 5: Normalized displacement field for the central frequency of 30Hz. The first line correspond to a
homogeneous case, and the second one is for the heterogeneous case. Each column represent different time
instants.

Disp Magnitu Disp Magnitu Disp Magritu
g
‘075 —~ ‘075 ‘075
05 05 05
iu 2 io.ys er 2
Te-5 les Te5

Time: 0.050000 Time: 0.150000 Time: 0.250000

Disp Magnitu Disp Magnitu Disp Magnitu

=0.75 :0.75 075
05 0.5 05
0.25 :0.25 =025
I I I

Te-5 le-6 le-6

Time: 0.050000 Time: 0.150000 Time: 0.250000

Figure 6: Normalized displacement field for the central frequency of 100Hz. The first line correspond to a
homogeneous case, and the second one is for the heterogeneous case. Each column represent different time
instants.

strong scattering wave regime occurs. The energy is completely scattered by the heterogeneities
present in the medium. The energy velocity of the wave propagation are slower then the other
models. This reduction is directly related to the ratio between correlation length and wavelength
(/X = 0.15).

Finally, Fig. 8 shows the dispersion curve in a range frequency between 8 and 400Hz.
They were created using the 3 models above. The sum of the displacement components were
introduced in the Eq.(7). This field was plotted as a surface plot for the amplitudes higher than
—60db. One deconvolution operation was performed to remove the influence of the source in
all the models. In this figures, the black dotted line represent the shear wave velocity.

In the figure, is observable an amplitude gap between 60Hz and 150Hz for the homoge-
neous case,which is probably related to the low excitability for the modes in this region. Also
for the homogeneous case, the convergence of the, approximately, 8 modes for the shear wave
velocity appears very quickly. This is expected, since the excitation used produce predominantly
shear stress, the energy conversion is more efficient to modes where shear stress is predominant.
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Figure 7: Normalized displacement field for the central frequency of 210Hz. The first line correspond to a
homogeneous case, and the second one is for the heterogeneous case. Each column represent different time
instants.

Other interesting behavior is the presence of some ”spurious” mode in the low frequency with
high velocity. In fact, this ”spurious” mode is a longitudinal mode. More studies must be per-
formed to understand this behavior. The difference between the modes that propagate in the
top of the ballast are very similar to the modes in the interior. The difference is larger when
we made one comparison between top and bottom. In the bottom of the ballast some interface
wave appear, having a slightly greater speed than the shear velocity. The velocity in this case
converge for Rayleigh velocity in the soil.

In the heterogeneous case was noted some kind of of energy leakage for the shear mode:
the scattering and depolarization were the responsible for this effect. The reduction of velocity
is easily noted in the frequencies greater then 100Hz, and with some difficult, two modes in
this region can be distinguish. Other interesting feature of this model is the high attenuation of
the frequencies higher than 250Hz. No displacement is present in this region. Unfortunately
the concept of mode becomes very complex in heterogeneous media, as noted in the top and
interior of the ballast. Finally in the interface between ballast and soil, some energy remains not
so attenuated with velocity near to V5.

4 Conclusions

One preliminary study was performed, the dispersion curves for homogeneous and het-
erogeneous media for one ballasted railway track were made. The dispersion curves in the
homogeneous case present the classical behavior for wave guides, in the other hand the energy
are distributed in a very large area in the heterogeneous case, making the classical analysis of
modes more difficult. The behavior are related to the link between the correlation length of the
medium and the wavelength, and it became more important when some threshold is achieved.

More studies must be performed to see if this threshold is related to the properties fluc-
tuation in the medium. Other realizations of the stochastic random field used will be made in
order to check this results, and the comparison with some semi-analytic model are necessary to
validate the homogeneous approach.
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Figure 8: Dispersion curves for the ballast. In the upper line, dispersion curves for the top, half, and lower
line respectively. The secound line present the same results for the heterogeneous case. The black dotted
line represent the shear mode in a full space.
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