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Abstract: A realistic approach to structures and components used in engineering 

should consider the existence of cracks. The presence of cracks in structures, or mechanical 

components, usually, is associated with the phenomenon of fatigue, and its propagation is 

strongly influenced by the state of stress in its vicinity. 

In this work were obtained approximated numerical solutions through the integration of 

the differential equations describing the crack propagation laws of types: Paris-Erdogan, 

Forman, Priddle and McEvily. These laws can be formulated with the use of numerical 

methods of Euler, implicit and explicit, and explicit fourth-order Runge-Kutta (RK4). 
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Using a computational tool like the Matlab to plot graphs showing crack propagation is 

a didactic resource to visualize how the equations that predict crack size work and how the 

curves change when a parameter is altered, being useful in the study of fatigue. 

The equation proposed by Paris-Erdogan sets an initial value problem (IVP), defined by a 

nonlinear and autonomous ordinary differential equation (ODE) of first order.  More 

generally, the equation can be used as a Cauchy problem that consists in determining the 

trajectories (functions) that satisfy the differential equation, passing through the point set in 

the initial condition,   00 .a aN   The ODE is separable so the direct integrating method can 

be used to obtain solutions to the equation. Nonetheless, generally, the definition of the 

function “geometric correction factor” prevents the determination of the explicit function 

“crack size”. Thus, it is possible to obtain numerical solution to the ODE, only, through the 

use of numerical methods. 

Keywords: Paris-Erdogan’s Law, Linear elastic fracture mechanics, IVP.  
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1  MODELS OF CRACK PROPAGATION 

The study of the evolution of a crack is based on the crack propagation rate. Regarding 

the behavior of the crack propagation rate, considering the log function of crack propagation 

versus the stress intensity factor on the region of an analyzed crack, the diagram can be 

divided into three regions indicated in Fig. 1. 

 

 

Figure 1. Diagram    da
dN

log log K  : Ávila et al. (2013). 

 

Region I: In this region small numerical values are observed for the stress intensity 

factor K and the crack behavior is associated with a limit  K . 

Region II: Many project methodologies based on “crack growth rate” are designed to be 

used in this region. Many functions have been adjusted for this region that is characterized by 

an approximately linear behavior. Among them stands out the equation of Paris and Erdogan 

(1963), that has been widely used. 

Region III: This region has high crack growth rates. Generally, an instable behavior of 

the crack is observed in this region. 

 

1.1 Paris-Erdogan model 

The crack propagation model proposed by Paris-Erdogan describes crack growth in 

region II of figure 1. This model is based on experimental observations and heuristic 

guidelines. The evolution of a crack through this model is better represented when a 

probabilistic characterization is used. This is the proposed work of Ghonen & Dore (1984), 

which tested and analyzed results obtained from a sample of experiments for a finite plate 

containing a centered crack submitted to a stress load. 
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Using the crack propagation model proposed by Paris-Erdogan, the IVP or Cauchy 

problem for crack growth can be formulated according to Eq. (1). 

 
1

0 1

0 1

0 0

Determine ([ , ]; ),  such that:

, ( , );

( ) ;

pm

p

a C N N

da
C K N N N

dN

a N a

  



   





 

                                                                            (1) 

Cp and mp are parameters of the material, N is the number of cycles and ΔK is the variation of 

stress intensity factor.  

Many variations of Paris-Erdogan model have been developed to simulate crack 

growth in components or structures with complex geometry, numerical analyzes have been 

extensively used in recent years. Among them we can mention the calculation of stress 

intensity factors by the boundary elements method (Leonel&Venturini, 2011; Leonel et al., 

2010; Leonel et al., 2011), finite elements method (MEF) (Réthoré et al., 2010; Shen& Lew, 

2010) and finite elements method Xfem (Elguedj et al., 2006; Gupta et al, 2012) including 

cohesive modeling of cracks. 

 

1.2 Forman model 

The Forman model (Forman et al. 1967) is used to predict the crack growth rate on 

fatigue in regions II and III from the diagram    da
dN

log log K   of figure 1. This model 

includes the effect of crack instability at the beginning of accelerated fracture and is given by 

Eq. (2). 
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being “n” a constant of the material. This model is in accordance with the tests performed by 

Broek e Shijve (1963).   

 

1.3 Priddle model 

Among the most versatile models of crack propagation is that proposed by Priddle 

(1976). This model describes regions I, II and III from figure 1 and is given by the Eq. (3). 
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C and m are parameters of the material, ΔKth is the initial value where the cracks in formation 

starts its propagation and Kmáx the maximum stress intensity factor.  
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1.4 McEvily model 

McEvily and Groeger (1977) proposed a model given by Eq. (4) to describe regions I, II 

and III from figure 1. 

( ) 1m

th

y c máx

da A K
K K

dN K K

 
    

 
,                                                                                  (4) 

being A and m parameters of the material and σy is the yield stress of the material. The value 

of ΔKth is function of stress ratio R, and of the environment.  

2  COMPUTATIONAL ANALYSIS 

To make comparisons between numerical methods were simulated models of Paris-

Erdogan, Forman, Priddle and McEvily. The integration required to obtain an evaluation of 

crack size is obtained from Euler, implicit and explicit, and fourth-order Runge-Kutta 

methods. The proposed problem is that of an infinite plate with a centered crack. It evaluated 

the function “crack size” for amplitude of 20ksi   for a range of 900000 cycles of stress 

load. The software used for analyze is the MATLAB.  

 

2.1 Paris-Erdogan model 

Initially, analyzing Paris-Erdogan model for a set of data, these values were applied in 

Paris-Erdogan equation to evaluate crack evolution. 

 

Parameters for solution of Paris equation, (Barsom, Rolf, 1999): 
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Applying Euler methods, Fig. 2 shows the graphic of the curve representing the 

development of the crack size as a function of the number of cycles.  
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Figure 2. Evolution of the crack size using Paris model and Euler method. 

 

Completed 900000 load application cycles, the obtained value of the crack was 

15.493338in for the implicit method and 15.493325in for the explicit method. The difference 

between values obtained at that point was 1.318630.
510
in.  

Using Runge-Kutta method to 900000 cycles the crack size was 15.493336in. Fig. 3 

shows a graphic representing the crack size, using the data provided. 
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Figure 3. Evolution of the crack size using Paris model and RK4 method. 

 

Collecting the values of different points from crack growth graphics it was possible to 

organize these data as observed in table 1. 

Table 1 was created stipulating values for N, between 10000 cycles intervals. In this 

chart it is observed the following information: the values obtained for the crack size using 

Euler method, the difference between them, the value obtained using RK4 method and the 

differences between RK4 method and Euler methods, implicit and explicit.  

 

Table 1. Values and differences between methods using Paris model. 
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2.2 Forman model 

Using Forman model, analyzes for crack growth were made for different values of 

loading rate R, which represents the minimum stress value divided by the maximum stress. 

Thus two sets of data were obtained, one for each value of R. 

 

Parameters for solution of Forman equation, (FORMAN et al., 1967): 
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Initially was used the R value of 0.1 to analyze the behavior of the crack. The value 

obtained for the crack was 5.000000116in when it reaches 900000 load cycles. 

It was not possible to observe measurable differences between methods for the 

stipulated accuracy. The modulus of the differences between the methods was null for the 

adopted accuracy as it is observed in table 2. 

 

Table 2. Values and differences between methods using Forman model, R=0.1. 

 

 

For R value of 0.9 it was obtained a maximum crack size of 5.00000104in when it 

reaches 900000 load cycles. Again, it was not possible to observe measurable differences 

between methods. Table 3, shows the obtained data.  

The crack size obtained for 900000 cycles was 5.0000001155in for R equal to 0.1 and 

5.0000010429in for R equal to 0.9. For an R of 0.9, crack growth was 9.03 times the value 
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obtained to a value equal to 0.1. Thus we observe, for this example, an approximately 

proportional and linear character between R and crack growth.   

 

Table 3. Values and differences between methods using Forman model, R=0.9. 

 

 

2.3 Priddle model 

For the simulations of the Priddle model it was used the data obtained in the same 

article where Priddle demonstrates his model for an EN3A steel. 

 

Parameters for solution of Priddle equation, (PRIDDLE et al., 1967): 

Material: EN3A Steel. 
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Analyzing table 4, when the load application reaches 900000 cycles it was obtained a 

crack size value of 19.744307mm for RK4 method. 
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Table 4. Values and differences between methods using Priddle model. 

 

 

Using Euler methods was possible to obtain a crack growth of 9.744mm when 

completed 900000 cycles, as it is represented in Fig. 4.  

 

 

Figure 4. Evolution of the crack size using Priddle model and Euler method. 

 

Figure 5 shows crack size values when RK4 is applied.  
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Figure 5. Evolution of the crack size using Priddle model and RK4 method. 

 

2.4 McEvily model 

For the McEvily model, the following set of data for an aluminum alloy was used to 

obtain crack size values. 

 

Parameters for solution of McEvily equation, (WANG et al, 2008): 

Material: 6013 aluminum alloy. 
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For the first simulation of McEvily model, Euler method, implicit and explicit, were 

used to obtain the graph shown in Fig. 6, where the maximum value obtained for the crack 

size was 10.21779mm for implicit Euler . 
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Figure 6. Evolution of the crack size using McEvily model and Euler method. 

 

Figure 7 shows crack size values when RK4 is applied.  

 

Figure 7. Evolution of the crack size using McEvily model and RK4 method. 
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Values for crack size were very near, as it is observed for N=900000 in table 5. 

 

Table 5. Values and differences between methods using McEvily model 

 

 

3  CONCLUSIONS 

As was proposed in this work, various relations between numerical methods and crack 

propagation models were observed. The use of numerical methods facilitates and 

complements initial value problems as the proposed by Paris, used as reference for other 

crack growth models. 

The order of a method measures how quickly this method converges to the analytical 

solution. The inaccuracy of each method decreases when the number of steps increases. 

Another way to obtain more accurate values is to use methods of higher order as the Runge-

Kutta. 

Both, methods of Euler and RK4 method, have shown great efficacy for the integration 

of differential equations found in crack propagation models, and the method of highest order 

among the analyzed is the fourth-order Runge-Kutta. The results obtained in implicit Euler 

method were the nearest to those obtained using RK4 in all studied models. 

Using a computational tool to plot graphs showing crack propagation is an efficient 

manner to visualize propagation of cracks in real engineering situations and can be used as an 

educational activity during the study of fatigue.     

We have available several crack growth prediction models. A relevant question for 

engineering is the inherent cost of each type of analysis. A more complex model involving 

many parameters, may require additional information, usually obtained experimentally, 

promoting rise of costs during analyze. Moreover, depending on the required reliability of 

results, a simpler model may not provide the desired accuracy. 
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