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Abstract. In this paper, a boundary element dynamic formulation isetlgyed for the analysis
of structures formed by three-dimensional associationlafeg. Initially, the boundary ele-
ment formulations developed for plane elasticity isotcomioblems and bending of isotropic
thin plate problems are associated in one plane elementfathdegrees of freedom per node,
given by normal, tangential and transverse displacememdisreormal rotations. Then, the for-
mulation is extended in order to allow the spatial assengptiifithese structures. The technique
of sub-regions is applied to combine macro-elements iretdienensional space. The final sys-
tem is obtained by assuming each individual plane strut¢telement as a sub-domain. After
the necessary transformation of these equations, they easotmbined in a single system by
using displacement compatibilities and traction equililon conditions. Numerical examples
are presented and their results are compared to resultslabks in literature.
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1 Introduction

The Boundary Element Method (BEM) is an advanced numerigadputational method
developed for the solution of engineering and science probl Its main characteristic is the
boundary only discretization that reduces the modellingne dimension. Because of this,
when compared with the Finite Element Method (FEM) and Hattee size of influence ma-
trices is very reduced. However, different from FEM wherdéygolynomials are integrated,
in BEM, integration is not a trivial task. Some techniquesenbeen proposed to integrate the
influence terms of the BEM, especially when the integralngsiar or near-singular. The aim
of numerical techniques used to integrate functions isydvta obtain a value that is very near
the exact or analytical value of the integral. In fact, atie§} integration has been purposed in
literature for 2D and 3D problems.

The boundary element method (BEM) has been applied suctiggsfsolve the thin plate
bending problem since late 1970s and early 1980s. Manynetesa derived the direct bound-
ary integral equation (BIE) for both linear and nonlineaspenses have been analysed by
[Stern(1979)], [Morjaria and Mukherjee(1980)], [Tanakd82)], [Kamiya and Sawaki(1982)],
[Ye and Liu(1985)]. Using the Rayleigh-Green identity ahd fundamental solution, the bihar-
monic governing equation of Kirchhoff thin plate theory daamtransformed into a direct BIE
where there are four boundary variables, that is, the defleatotation, bending moment, and
Kirchhoff equivalent shear force. One major problem in@la¢nding formulation, where gov-
erning equations is a system of elliptic partial differahéquations of fourth order, is the many
hypersingular integrals within. The use of Gauss quadeatinot suitable to compute non-
polynomial functions, especially for near, weak or stromgslar integrals. Serious problems
arises when calculating results at domain points near thadery or when computing any re-
sults at very slender structures. Generally, two of thengasen from the boundary conditions
(BCs) and the other two are to be determined. Therefore, tik&s Bre required for the thin
plate bending problem: the displacement (deflection) BI& twe rotation (normal derivative)
BIE. The first BIE is strongly singular, while the second iphysingular.

[Brebbia(1992)] evaluated analytically the integral tonpute theG matrix terms based
on the two-dimensional constant and continuous linear ehsnwith the source point located
at the element, i.e., singular integrals. [Almeida and @i883)] also developed analytical in-
tegration formulas to calculate tlg@ matrix terms based on constant and linear elements with
the source point on-element, for the two-dimensional Legkquation. [Banerjee(1994)] cal-
culated analytically the terms for tie matrix considering constant elements in BEM to solve
the two-dimensional Laplace equation. [Fratantonio anaci®¢2000)], present the analyti-
cal solutions of the boundary element integral coefficiémtshe H and G influence matrices.
[Ghadimi et al.(2010)Ghadimi, Dashtimanesh, and Hosselelz] solve the two-dimensional Pois-
son equation by BEM based on Galerkin vector method, wheratbgrals that appear in BEM
are computed analytically for constant and linear elements

The development of BEM for dynamic problems has been a subjeesearch since the
1970s. In the early 1980s, there was a major developmenteiBEM known as the dual
reciprocity method (DRM) developed by [Nardini and Brel{h@82)]. The DRM has been
used to solve potential, fluid mechanics and heat transtaslggms, but there has been very
few publications applying the method to dynamic problemsnofig these publications are
the work of [Bridges and Wrobel(1994)] where spline funaotias used to model free vibra-
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tion problems. [J. P. Agnantiaris(1996)] compared the wigha of polynomial RBF against
thin plate splines. [Rashed(2002)] extended the DRM to dyos using Gaussian functions.
[J. P. Agnantiaris(2001)] recently used the same formaihatiith polynomial and multi-quadratic
functions 3D and axisymmetric structures. The formulaatso applied to non-linear applica-
tions by [J. C. F. Telles(2001)] and [H. B. Coda(2000)]. HEsien of the formulation to the
Galerkin-type collocation is studied by [J. J. Perez-Gayi2000)]. Additional work for soil-
structure interaction and fracture mechanics can be fautititextbook of [Dominguez(1993)].

The RIM approximates the body forces b as a sum of M producéppfoximation func-
tions f™ and coefficients to be determinett. Then writing another integral representation of
these body forces. Both the original and the body force nalefgrmulation use Green reci-
procity theory; therefore the formulation is said to be deaiprocity formulation.

This paper presents a dynamic formulation of the boundagnent method to calculate
the displacement of isotropic thin plates. The purpose isdoce the processing time to solve
plate bending problems as well as to avoid drawbacks thaedoom near singular integrals.
The results obtained by numerical integration are compiareesults obtained with the Sladek
and FEM.

2 Theory of bending of thin plates

A plate is a structural element defined by two flat parallelesigs (Fig. 1), where loads are
applied transversely. The distance between these twocagrtiefines the thickness of the plate,
which is small compared with the its other dimensions. Depenon its material properties,
a plate can be either anisotropic, with different properiredifferent directions, or isotropic,
with equal properties in all directions. Depending on itskhess, a plate can be considered
as either a thin or a thick plate. In this work, formulationdl ve developed for isotropic thin
plates.

Figure 1: Thin plate.

The theory of bending of thin plates is based on the follonasgumptions (Lekhnitskii,
1968):

1. Straight sections which are normal to the middle surfadbe undeformed state remain
straight and normal to the deformed middle surface aftedifga

2. The normal stresses in cross-sections parallel to the middle plane are smallpared
with the stresses in the transverse cross-sectigns,, andr,,,.
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Figure 2: In-plane normal forces, bending moments, shear fice, twisting moment and out of plane shearing
forces.

3 Governing equation for deflection of plates

Consider equilibrium of an elemerit: x dy of the plate subject to a vertical distributed
load of intensityg(x, y) applied to an upper surface of the plate, as shown in Fig. 2.tHeo
system of forces and moments shown in Fig. 2, the followimgehndependent conditions of
equilibrium may be set up:

1. The force summation inaxis gives

0Q, 0Qy

dxdy + dxdy + qdxdy = 0, Q)
ox dy
from which
0Q, | 0Qy
0, 2
5 T By o +q= (2)
2. The moment summation aboubxis leads to
M. M.
0 Y dxdy + 0 —dxdy — Q,drdy = 0, 3)
ox y
or
oM, oM,
. + L Qy = 07 (4)
ox

Note that products of infinitesimal terms, have been omitqn4
3. The moment summation abapaxis results in

oM,, OM,
—Q,=0. 5
o | or Q (5)
It follows from Eq. 4 and Eq. 5, that shear fora@s and(@, can be expressed in terms of
the moments, as follows:

OM,  OM,,
Q: = 9 By
OM,, OM,
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4 Basic relations for isotropic plates

Considering a plate following the assumptions defined inpitewious section. Knowing
the moments\/,, M, andM,, are given by

M,, = D(1—v) (%). (7)
where
3
D= (i) o

is the flexural rigidity of the plateF elastic modulus and> denotes small deflections of the
plate in thez direction. As shown by [Fernandes(1974)], derivative o gguations are given

by

(T 2e)
- ()
824;?/ = D(1-v) (%), (11)
s py-(22). w2

Substituting Eq. 9 to Eq. 12 in Eq. 4 and Eq.(», and(@, are obtained as a function of
displacementv, given by

3 3

ox3  0x0y?
Pw  Pw

Into account thatl/,,, = M,,. Substituting Egs. 13 into Eq. 2, one finds the following:
0? M, 282M$y 0*M,

= — . 14
o2 T o0y T oy q(z,y) (14)
Finally, introduction of the expressions fof,,, M, and}M,, from Eq. 7 into Eq. 14 yields
4 4 4
Ow o 0w  Ow_4 (15)

ozt T “9r20yr | 9yt D
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This is thegoverning differential equation for the deflectiarfghin plate bending analysis
based on Kirchhoff assumptions. This equation was obtdgddigrange in 1811. Mathemati-
cally, the differential equation 15 can be classified asedlirpartial differential equation of the
fourth order having constant coefficients [12-13].

Equation 15 may be rewritten, as follows:

ViI(Viw) = viw = %, (16)
where
04 o4 04
v = Ox? + 2895283/2 + oyt (17)

is commonly called théiharmonic operator

5 Calculation of flexural rigidity in arbitrary directions

Consider a vertical section of the plate whose normalakes an angle with the x axis
Fig. 3. Take the origin of the Cartesian coordinate systigmutward normal to the edge) and
(tangent to the edge) at some point of the edge. In a genesa) tee normal bendingy,, and
twisting M,,; moments, as well the transverse shear f@pgevill act at this section. The above
moments at any point of the skew edge are

{b}

Figure 3: Element of plate subjected to moments in arbitrarydirections.

h/2 )2
M, :/ onzdz, My, :/ Tt 2dz (18)
—h/2 —h/2

The relationship between the stress components shown .ir8sggiven by

o, = opcosia+ oy sin? o + 2T,y CcOs asin av,

Tot = TayCOS20 — (0, — 0y) sina cos a. (19)
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Substituting the Eq. 19 into Eq. 18, integrating over thdepthickness and taking into
account that

M, o

h/2
M, - /h/2 oy (0% (20)
Mmy Oy

one obtains the following relationship

M, = M,cos’a+ M, sin? o 4+ M, sin 2a,
M, = My, cos2a — (M, — M,)sin acosa. (22)

The shear forc€),, acting at a section of the edge having a normeén be evaluated from
condition of equilibrium of the plate element, as follows:

Qnds - Qa&dy - del‘ = 07 (22)
Qn = Qucosa+Qysina

The effective shear force at a point of the skew edge can leerdeted as

aMnt
Vo= Qut

where - denotes a differentiation with respect to the tangent obkesv edge.

(23)

6 Boundary integral equation for bending problems of isotrgic plates

The equilibrium Eq. 17 can be transformed into a boundasgiral equation given by

Q)+ [ Vi@ pyer) - my@. )50 aree)

+ZW@Pw¢)

- -%{Rci( Q. P) +/ w™(Q, P) dQ2
I / l w*(Q, P) — mn(P )%(Q,P)] dr(P), (24)

Where |s the derivative in the direction of the outward vecdtothat is normal to the bound-
ary I mn andV,, are, respectively, the normal bending moment and the Keoffldguivalent
shear force on the boundaly R. is the thin-plate reaction of the cornets; is the transverse
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displacement of the corners;is the field point}Q is the source point; and an asterisk denotes a
fundamental solution. The constafitis introduced in order to take account of the possibilities
that the point)) can be placed in the domain, on the boundary, or outside theauho If the
point( is on a smooth boundary, thén = 1/2.

In order to have an equal number of equations and unknowablas, it is necessary to
write an integral equation corresponding to the derivaiiite displacement(()) with respect
to a Cartesian coordinate system fixed to the source poirtaXis directions of this coordinate
system are coincident with the directions of two vectors #ta normal and tangential to the
boundary at the source point. For the particular case wiheredurce poind) is placed on a
smooth boundary, the boundary equation is given by [Pag&q)l

5 i fFiamo- Sarkolar

) d2

+/{ Q P) - (P)ai1 lé’w (Q, P)H T(P), (25)

Where is the derivative in the direction of the outward vectgrnormal to the boundary
I at the source poin®). It is important to say that it is possible to use only equati®4) in

a boundary element formulation, by using the boundary nadéelsan equal number of points
external to the domain of the problem as source points.

7 Fundamental solutions for bending problems of isotropic fates

The fundamental solution for the transverse displacenmepliate bending is computed by
setting the non-homogeneous term of the differential Ecaslégual to a concentrated force
given by a Dirac delta functiod(Q, P)), i.e.,

1 2
* = 1 26
v 87TD22T [ n,r]’ ( )

wherer? = [(x — x0)? + (y — yo)?] is the distance between source and field point.

The boundary quantitie%#f, m. andv; at a regular point o’ are expressed in terms of
the deflectionv by the relations (21) - (23) and Eqg. 7. We obtain the following

* 1 2
vy = R(nr)[—i’) +v+2(1 —v)(sr)], (27)
m; = —%[2“11‘)2(1 —v)+2u+ (1+v)(1+21nr), (28)
a;’: = gop [+ 2mr)] (29)
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881;;: = _87;)22 [(ar)r(1+21nr], (30)

ov}

(20 () (3 - ) +

2(1 — v)sr(2ms(nr) + mn(sr) — 4(nr)(nr)(sr))|, (31)

om; 1

o 4 [—2(nr)(—mn + nr(nr))(1 — v) + nr(1 + v)], (32)
sngm = —47$)22 [nr(nr) + (mn) In r|. (33)

In Equations above, the following relations were used:

nr =d/r (34)
sr = dtan(0)/r (35)
nr = m cos(6) + m sin(6) (36)

wherem/ andm/, are the coordinates of the normal vector at source pointat &ysteniz’, y').

8 Transformation of domain integrals into boundary integrals in the isotropic
plate bending problem

As can be seen in Egs. (24) and (25), there are domain insegrahe formulation due
to the distributed load in domain. These integrals can bepewed for the domain by direct
integration over the are@, (see Fig. 1). However, the boundary element formulatioadats
main feature, i.e., the boundary only discretization. s thork, domain integrals which arise
from distributed loads are transformed into boundary irgtsgoy Dual Reciprocity Method.

Consider that the term) of the Equation (24) is approached throughout the domairsas a
of unknown coefientes!" and a class of functions denoted % (x). The approximated;(x)
is given by

M
bi(z) = > o f"(x) 37)
m=1
Thus, the integral over the area in Eq. (24) can be written as
M
/ bUnd =3 am / Upp f7dS) (38)
Q el Q
Particular solutiong’ can be found in order to satisfy equilibrium equations
Cmnrsﬂikmg - fglk (39)

The reciprocal relationship between fundamental solusind particular solution can be
written as

an / Ty dl = — / FrURAQ + / Uy dr (40)
r Q r
Substituting Eq. (40) in Eq. (38), gives
M
/ Upid = 3" am {—a;;g + / 7 Udl — / ﬂia;?;;dr} (41)
0 o) r r
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Now, substituting Eq. (41) in the Eq. (24), you have

M
wt [ Towdl = [ Uitdl + " o {ugg - [ inviar+ [ T,Z-a;.;gdr} (42)
r r = r r

Equation (42) will be used as basic equation for the duaprecity boundary element. It
may be noted the absence of domain integrals.

In order to obtain a solution for the elastic-dynamic probldoundary is divided into
elements. Thus:

u = ¢u?
t = ot (43)
a = ¢a?
t = ot®

where variables represented in bold letters are vectorzeRéV where N is the number of
nodes,u® andt® are displacements and tractions nodal values, respagtivés the shape
function matrix,u andt represent displacements and stresses along the elemefit’andd

t(® are vectors and nodal displacements and tractions, plartisoiutions respectively. Thus:

L NE . NE )
clu +jzl{£?¢dr}u :jzl{/rjUgbdQ}t +

u [ NE N NE o
0n' — Updl » T9™ Todl , UI™ | o™
Z{cu ]z::l{/rj ) } +;{ﬁj¢ } ]oz

m=1
(44)
considering that,
/ Ugdl = G (45)
r
and
7[T¢>dr —H (46)
Ly
it is possible towrite Eq. 44 as:
N o N o M N o .
STHIW =3 G+ >N (me — Glﬂtm) a™ 47)

j=1 j=1 m=1 j=1

The M vectorsa (2x1) corresponding to the different approximatting functigfis can be
grouped into a vectat (2M/x1) and related to the body forces vegir (2)/x1) containing
body forces for all we outline. Thus, equation (8) can betemitas

b = Fa (48)
where elements of matrik are values of functiong™(z) at all nodes. Reversing the matiix
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can be written

a=Ep (49)

whereE = F1,
Substituting equation (49) in the equation (47), you cartenri

Hu = Gt + [HU - GT| Ep (50)
and maning

M= |GT - HU|E (51)
Equation (50) becomes

Mp + Hu = Gt (52)

which has the same aspect of the equilibrium equations ¢¢ #hements, namely, a mass matrix
M a stiffness matri¥ and force vectofzt.

9 Matrix equations

In order to compute the unknown boundary variables, the tanyl” is discretized into
N E straight elements the boundary variable$w /on, m,,, andV,, are assumed to be constant
along each element. Taking a nadlas the source point, Egs. (24) and (25) can be written in
matrix form as follows:

w@ . 4
[ e o oo
. +
id id ()
2| e o\ | vy mEY || 2w
on
i,d i,d i i,d
3 Gt et | v S SR
i=1 Ggl’d) G(;Q"” m i=1 C’éi’d) ‘
NC Fld) _ P,
+3008 L p RO+ : (53)
i=1 FQ(Z’ ) 1)

where N C stands for the number of corners. The terms of Eq. (53) aegials, given by

HOD — / V> dr, HED — / m? dr, (54)
Fi Fi
A oV - om’
HiY = [ Sar, HGY = [ Zrmar, (55)
T; 8711 T 8”1
i = [ war, G = — [ 2 ar, (56)
T, r; On
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(i,d) ow* " i 8771;

G — dr GEd — _ dr 57
= r, On; 22 r, Ony On ’ (57)
o = R, cfd = Il (58)

(9711

, _ Ow*
PO =y, Fid = 228, (59)

8n1
Pi= | Fdr. Py= | Gl (60)

Some of the above integrals show weak singularities, stsorgularities, or hypersingular-
ities when the element that is being integrated containsdbece point. In the work described in
this paper, these integrals were treated analytically ssriteed by [Paiva and Albuquerque(2003)].

The matrix Eq. (53) contains two equations &idE + NC' variables. In order to obtain
a solvable linear system, the source point is placed sugess each boundary nodel (=
1,...,NFE) and in each corner nodd & NE + 1,...,NE + NC). It is worth noting that
while both of equations (24) and (25) are used for each baymdale (providing the fir2 NV E
equations), only Eqg. (24) is used for each corner (providivegotherNC' equations). So, the
following matrix equation is obtained:

H C w G F \% P
= + : (61)
H C || w. G F || V. P.

wherew contains the transverse displacement and the rotationcbfle@undary nodéy con-
tains the shear force and the twisting moment for each boymimle,P contains the integrals
P, and P, for each boundary nodey,. contains the transverse displacement of each co¥her,
contains the corner reaction for each corner, Bactontains the integraP; for each corner.
The termdH, C, G, andF are matrices which contain the respective terms of Eq. (@3en
for the N E boundary nodes. The ternk¥, C’, G/, andF’ are matrices which contain the re-
spective first-line terms of Eq. (53), written for tA&”' corners. Applying boundary conditions,
Eq. (61) can be rearranged as

Ax = b, (62)

which can be solved by standard procedures for linear sygstem

10 Transient Problems: Formulation in the time domain

That this the method is the suitable for use in the direct timiegration along with the
radial integration reciprocity boundary element method.

10.1 Matrix equations

Seeing that in this case, the only body forces present in bdodyainS2 and contoud” are
due to the acceleration field,
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matrix equation (52) may be written to a time step A7 as
pMﬁTJrAT + HuTJrAT = GtTJrAT (64)

To carry out time integration for a periof, this time period is divided int&v equal inter-
valsAr (7T = NAT). Assuming that the solution of equation (52) is kno\ 7, 2A7, ..., 7
solution at timer + Ar is found according to the approach proposed Houbolt (1950
acceleration im + A7 is approximated by the expression of finite difference

ﬁ’T-l—AT = ﬁ (2uT+AT - 5u7‘ + 4uT—AT - uT—QAT) (65)

An important feature of Houbolt method is that it has a higmetcal damping.

Substituting equation (65) in the equation (64), you have

2 1
[FPM + H} Urinr = Gtrpar + FPM (5u, —4u, ar +1ur0a7) (66)
Since all unknown variables are passed to the left side tiequ@6) can be written as

AyTJrAT = WriAr (67)

wherey. . A, is the unknown variable vector and,, A, is the known variables vector, and
its elements are calculated from the valuesudirom the earlier times steps, and boundary
conditions in timer + Ar.

11 Numerical results

The example chosen to evaluate the Boundary Element MeBio#ll) performance in the
sense of thin-shaped structures, as well as to analysefthat ef the size of the time step, is
the elastodynamic problem. The problem corresponds tota pleder uniform load applied
as a step function at timg = 0, as defined in Figure 4. Dimensions of the plate are: length
L =1000 mm, widthb = 1000 mm, thickness = 8 mm. The Material properties are: elastic
modulusE = 210 GPa, Poisson coefficiemt= 0.3 and density = 1 Kg/m? . The plate is under
a uniformly distributed loag = 100 N/n%.

Figure 4: Cantilever slender plate.

The plate was discretized in 12 and 24 constant boundaryegiesof equal length and time
stepsAt = 5.5741 10° s. In this paper, we are interested in evaluating how the gwilfor

CILAMCE 2015
Proceedings of th¥XXVI Iberian Latin-American Congress on Computationatiéels in Engineering
Ney Augusto Dumont (Editor), ABMEC, Rio de Janeiro, RJ, Bradtovember 22-25, 2015



Template for CILAMCE 2015 (Please edit this short title field

vertical displacement obtained with BEM varies with the tn@mof integration points used on
the numerical integration and the Radial Integration Mdth®he problem was solved with a
time step and result is shown in Figure 5.

Cantilever Square Plate

25 T T T

—8— 1 Subregion
—— 2 Subregion

Maximum displacement [m]

0 5 10 15 20 25 30 35 40 45 50
Time step [s]

Figure 5: Maximum transversal displacement,w,,..., computed with different number of integration points
and .

In Figure 6 the model consists of two plates attached to fokrshaped structure. Dimen-
sions of the plate are: lengiy = 1m, L, = 1m, L3 = 2m, ¢; = 0, 1m andt, = 0,1 m. The
Material properties are: elastic modulss= 210 GPa, Poisson coefficiemt= 0.3 and desity
=1 Kg/m? . The plate is under a uniformly distributed loae: 100 N/m.

Ly

Figure 6: Dimensions and boundary conditions for the structire 'L

Distribution of displacement can be seen in Figure 7.

As can be seen, the number of elements and time step influedddining displacement
versus time on dynamic analysis at the numerical integratiohe situation in the first example.
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Figure 7: Distribution of the total displacement for the structure "L”

For this problem, at least 12 to 24 elements numbers are seyas order to obtain an agree-
ment with Sladek results. The second case shows an examplate$ associated in space. It
was noticed in both cases that the use of RIM may have gedexatemerical damping. For this
problem, was used 300 elements numbers are necessary mo&ain an agreement with
Ansys results.This behavior could be due to the transfaomahethod used for the domain
integral.

12 Conclusions

This paper presents numerical expressions for influenceaeatand dynamic analysis
using the radial integration method and direct method ehsni®r isotropic thin plates. The
proposed formulation has been applied to a thin plate andptates associated subjected to
uniformly distributed loads. It used the RIM method to penidhe transformation from domain
to boudary integral. It was observed that the use of consamndary elements has shown a
good agreement when compared with Ansys and Sladek reSoltse efforts are still necessary
to make adjustments and improve results. As a suggestiomugi the DRM and use the RIM.
Indeed, the use of radial integration method shows betseittsefor this application, despite the
greater computational cost.
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