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Abstract. This work presents a simple computer implementation of the Finite Element Method
for solving boundary value problems in two dimensions, more specifically the heat transfer
and plane elasticity problems. The code was made in Python and the following libraries were
used: numpy for handling matrices operations; scipy for solving the system of linear equa-
tions; matplotlib for plotting the contour maps with the solution distribution within the domain
and networkx for drawing the domain and boundary condition. The mesh was created using
“Gmsh”, Geuzaine & Remacle (2009), which is a free mesh generator, and then parsed inside
the python code.
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1 INTRODUCTION

The Finite Elements Method is a widely used discretization technique in structural mechan-
ics and also in non structural problems. Its popularity on engineering analysis started in the mid
of the XX century together with the advancements on computation technology.

This work aims to show the implementation aspects of the method using the Python pro-
gramming language which is known for its simple syntax that provides readability to the code.
Its property of Object-Oriented programming allows a clean and intuitive script for the code,
e.g., passing all the mesh attributes and methods as a function argument is as simple as passing
the object “mesh”. The large amount of libraries available represents another advantage.

2 PROBLEM FORMULATION

This section presents the mathematical model for the plane elasticity and heat transfer prob-
lems. Both topics were widely discussed on the literature such as Zienkiewicz (2005) and Fish
& Belytschko (2007).

2.1 Elasticity

The elasticity problem can be stated as “Given the body geometry, applied loads, support
conditions, material stress-strain and initial stress; Calculate the body displacements and the
corresponding strains and stresses” Bathe (1996). Its mathematical model consists of three
equations; the first one is the equilibrium equations, the second, kinematics; and the third the
constitutive relations.
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where 0;;, €;; and u; are the stress, strain and displacement fields, respectively. C,jj, is the
elasticity tensor. The distributed body forces per unit volume is represented by b;. For this model
small displacements assumptions were made. The boundary of the domain is 992 = 9Q% U 9"
and n; the unit vector normal to the domain.

2.2 Heat transfer
The heat transfer problem in its transient form is modeled by,
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which represents the equilibrium of heat flow. In the equation, k is the the thermal conductivity,
c is the specific heat of the material and p the density. The temperature field is represented by
0 and q the internal energy source. The boundary conditions of the problem are imposed on the
domain boundary, 052, and the initial condition is given by 0(x;,0) = 6.
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3 COMPUTER IMPLEMENTATION

The computer implementation for both problems, scalar and vector fields, has the same
architecture. The framework used was the Direct Stiffness Method, where all elemental matrices
were computed for later be assembled in the global system of equations. The first part of this
process is depicted in Fig 1.
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Figure 1: Discretization process and element coordinate transformation for integral computations. £; and
&, are the coordinates of the isoparametric domain.

In order to use the discretization we first write the equations in the weak form,

/ v;k0,; dQ2 — / vqdS) — / vs"dl' =0
Q Q 0N (3)
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with, v and w; been the test function and the vector with test functions. The Neumann boundary
conditions are: s" the heat flux assigned to a delimited boundary and f;* the assigned traction.

4 VALIDATION

In order to validate the solver created for the plane elasticity problem two problems are
proposed: the first one deals with a rectangular plate under gravity load only; the second, a
structure with a minimum set of displacement boundary conditions and with traction applied on
both sides, this problem is also reproduced on Mosalam (2011). Figure 2 shows the result for
both problems.

In the test with only distributed body forces, 126 elements, the error for the displacement
at the bottom end was less than 0.1% and for the normal stress at the top end less than 2%
(the stresses were obtained directly on element nodes instead of Gauss points), both compared
with analytic solution. The second test resulted in the exact solution for displacement field and
stresses.

The heat transfer problem was validated with a simple problem: a square plane with a fix
temperature assigned to one of its side and a fix heat flux assigned to the opposite one. The
result was exact with the analytic solution.

5 CASE STUDY

The case study used to demonstrate the program capabilities is a dam, shown in profile on
Fig.3,on the left, discretized by 2913 quad elements and under the load of the water reservoir
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Figure 2: Validation problems for the plane elasticity solver. On the left, the deformed shape of plate under
gravity (¢) load and normal stress contour plot. On the right, the deformed shape of the structure from the
second test.
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Figure 3: On (left) the dam geometry with the edge labels used to specify boundary conditions and on (right)
the displacement field of the structure amplified 1000 times. At represents the temperature change.

and the thermal load due a temperature change during a typical day. The foundation Young’s
modulus is different from the actual dam.

Figure 4 shows the principal stress distribution obtained from averaging the resulted node
value weighted by the number of elements sharing that node. From the plot we can see where
are the stress concentration regions, which is the heel of the dam.

6 CONCLUSION

This work has shown the versatility of the Finite Element Method with the Direct Stiff-
ness Method framework for solving boundary value problems with complex domain and with
material discontinues, such as a dam profile with rock foundation and concrete structure. This
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Figure 4: On the (left) the minimum principal stress distribution and on (right) the maximum principal
stress distribution.

feature arises from the implementation architecture, which deals with each element individually.
The integral over each element sub-domain can be further simplified for computer implementa-
tion with the isoparametric formulation where element nodes are mapped to a master standard
element.

The produced code was validated using two plane elasticity and one simple heat transfer
examples (the later not shown in this paper), all of them with good approximations.

The Python language proved useful, especially the plotter library. The mesh was plotted
using an other useful library called NetworkX which handled elements as networks. The bound-
ary conditions were passed to the solver as a functions of space which can be conveniently done
since python treats everything as an object.
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