
APPLICATION OF ROBUST SWITCHED CONTROLLERS IN ACTIVE

SUSPENSION SYSTEM

Rodrigo Cardim∗, Ivan F. Y. Tello∗, Marcelo C. M. Teixeira∗, Edvaldo Assunção∗,

Diogo R. de Oliveira∗, Uiliam Nelson L. T. Alves∗

∗UNESP - Univ Estadual Paulista, Campus of Ilha Solteira, Department of Electrical Engineering,
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Abstract— In this paper, some results concerned with the control of uncertain switched linear systems using
Lyapunov-Metzler inequalities and properties of Strictly Positive Real (SPR) systems are presented. A practical
implementation is realized with the design of a robust controller, proposed in this paper, based on switched static
state feedback and using Linear Matrix Inequalities (LMIs), in an active suspension system manufactured by the
Quanser® . For the implementation, it is supposed that the active suspension system is subject to uncertainties
in the model. Performance indices such as decay rate and restriction in the norm of controller gains are considered
in the design. The results show an adequate performance and an efficient solution for this control problem.

Keywords— Robust Switched Control, LMIs, Uncertain Switched System, Strictly Positive Real Systems,
Lyapunov-Metzler Inequalities.

Resumo— Neste artigo, são apresentados alguns resultados relacionados ao controle de sistemas lineares cha-
veados incertos usando as desigualdades de Lyapunov-Metzler e as propriedades de sistemas Estritamente Reais
Positivos (SPR). Uma implementação prática é realizada com o projeto de um controlador robusto, proposto
neste trabalho, baseado em realimentação com comutação estática do estado e usando Desigualdades Matriciais
Lineares (LMIs), em um sistema de suspensão ativa, fabricado pela Quanser®. Para a aplicação, supõe-se que
o sistema de suspensão ativa está sujeito a incertezas no modelo. Os ı́ndices de desempenho, tais como taxa de
decaimento e restrição na norma dos ganhos do controlador são considerados no projeto. Os resultados mostram
um desempenho adequado e uma solução eficiente para este problema de controle.

Palavras-chave— Controle Chaveado Robusto, LMIs, Sistema Chaveado Incerto, Sistemas Estritamente Reais
Positivos, Desigualdades de Lyapunov-Metzler.

1 Introduction

Switched systems are dynamical systems com-
posed of several subsystems switching among
themselves according to a decision rule. This kind
of dynamical systems exist in a variety of engineer-
ing applications. An important stability problem
concerning switched systems, that has been stud-
ied, is the problem of finding conditions for the ex-
istence of a stabilizing switching signal for a given
switched system (DeCarlo et al., 2000). The main
idea of this paper is the design of Variable Struc-
ture Controller (VSC) based on the Lyapunov-
Metzler (LM) inequalities proposed by Geromel
and Colaneri (Geromel and Colaneri, 2006) and
the stability properties of the Strictly Positive
Real (SPR) systems. It is known that a linear
time-invariant system is SPR if it satisfies the
following properties. It is a passive system, is
asymptotically stable, and all its transmission ze-
ros have negative real parts. The SPR synthesis
has been studied for various purposes, in the spe-
cialized literature is possible to find works that
report its use in Linear Time-Invariant (LTI) sys-
tems such as the design of VSC systems (Teixeira
et al., 2002; Hung et al., 1993), and in the out-
put feedback tracking of uncertain systems (Hsu
et al., 2001).

A sufficient condition to apply the SPR syn-

thesis is that, given a LTI plant {A,B,C},which
is controllable and observable, find constant ma-
trices F and K0 such that the controlled system
{A − BK0C,B,FC} is SPR. For plants with the
number of inputs m equal to the number of out-
puts p, this problem has solution if and only if all
transmission zeros of the plant have negative real
parts and det(CB) ≠ 0 (Owens et al., 1987). The
procedure to solve this problem using Linear Ma-
trix Inequalities (LMIs) can be easily solved with
available software. Moreover, using this tool, we
can consider other design specifications like plant
uncertainties, decay rate (related to the setting
time), and output and input constraints (Teixeira
et al., 2002; Bernussou et al., 1999).

In (Geromel and Colaneri, 2006), a stability
analysis and control design is proposed for the
continuous-time switched linear system given by
ẋ = Aσ(t)x(t), x(0) = x0, where x(t) ∈ Rn is the
state vector, σ(t) is the switching control rule, and
x0 is the initial condition. The design of this con-
trol law was described as the solution of LM in-
equalities. This method was applied in the design
of a switching control law of a comfort-oriented
semiactive suspension in road vehicles and a better
performance was obtained when compared with
other available methods (Geromel et al., 2008). In
(Deaecto et al., 2010), it is studied a novel proce-
dure for switched affine systems control design es-
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pecially developed to deal with switched convert-
ers where the main goal is to attain a set of equi-
librium points. More recent researches in this con-
text can be found in (Duan and Wu, 2012; Con-
tzen and Raisch, 2014; Hsu et al., 2015).

This work aims mainly to confirm the good
performance of the proposed methodology in
(Cardim et al., 2016). Thus, a practical imple-
mentation was realized in an active suspension
system manufactured by the Quanser®, for that,
failures and uncertainties in the plant model were
considered. The computer simulations were car-
ried out by using the software package YALMIP
(Löfberg, 2004), with the solver LMIlab (Gahinet
et al., 1995).

For convenience, some notations that will
be used at work shall be established: KN =
{1,2, ...,N}, N ∈ N, Aσ(t)(α) = Aσ(α), K(α) =
∑r

i=1 αiKi, for αi ⩾ 0 and ∑r
i=1 αi = 1.

2 Uncertain Switched Linear System

As some parameters of the plant are not com-
pletely known, let us consider the following un-
certain switched linear system:

ẋ(t) = Aσ(t)(α)x(t) +Bσ(t)(α)ua(t), (1)

y(t) = Cσ(t)x(t), (2)

where x(t) ∈ Rn is the state vector, σ(t) is the
switching control rule, x(0) = x0 is the initial con-
dition, ua(t) is an additional control input and
y(t) ∈ Rp is the output. The matrices A(α) ∈ Rn×n

and B(α) ∈ Rn×m are given by

Aσ(t)(α) = Aσ(α) =
r

∑
k=1

αkAσk, (3)

Bσ(t)(α) = Bσ(α) =
r

∑
k=1

αkBσk, (4)

where Aσk and Bσk are known matrices

Aσk ∈ {A1k,A2k, ...,ANk} ,
Bσk ∈ {B1k,B2k, ...,BNk} ,

(5)

α ∈ [α1, α2, ..., αr]T ,
r

∑
k=1

αk = 1, αk ≥ 0, k ∈ Kr. (6)

In the matrices Aσ(t)(α),Bσ(t)(α), the vector
α is associated with the polytopic uncertainties
(or structural failures) of the plant and σ(t) is the
switching strategy, as described earlier.

2.1 LM-SPR Synthesis for Uncertain Switched
Linear Plants

Based in the control synthesis for switched lin-
ear systems through the so-called LM-SPR in
(Cardim et al., 2008), let us consider the Problem
1 to describe the proposed synthesis for uncertain
switched linear plants in (Cardim et al., 2016).

Problem 1 Given the uncertain switched linear
system (1)–(6), with Bσ(α) and Cσ(α) as defined
in (4), where rank(Bσ(α)) = m for all α defined
in (6), then find necessary and sufficient condi-
tions for the existence of matrices Fσ(α) ∈ Rm×p

and K̄σ(α) ∈ R
m×n, K̄σ(α) = ∑r

k=1 αkK̄σk and
Fσ(α) = ∑r

k=1 αkFσk, and K̄ik, Fik with (i ∈ KN ,
k ∈ Kr) are constant matrices that make the feed-
back system shown in Figure 1, with input ũ(t)
and output ỹ(t), an LM-SPR system.

ẋ(t) = Aσ(α)x(t) +Bσ(α)ua(t)

y(t) = Cσx(t)
Fσ(α)

K̄σ(α)

ũ(t) ua(t) y(t) ỹ(t)

x(t)

Figure 1: Feedback uncertain linear system for
LM-SPR synthesis described in Problem 1.

A solution for Problem 1 is proposed in the
next theorem which is an extension of the results
presented for linear time invariant and known sys-
tems in (Cardim et al., 2008; Cardim et al., 2011),
now for uncertain switched systems. Furthermore
let us consider an important performance index,
called decay rate. In (Boyd et al., 1994), the de-
cay rate is defined as the largest real constant γ,
γ > 0 such that

lim
t→∞

eγt ∥x(t)∥ = 0. (7)

Lemma 1 (Boyd et al., 1994) the controlled sys-
tem (1)–(2) has a decay rate at least equal to
γ, γ > 0 if for all trajectory of x(t), t ⩾ 0 there
exist Pi = Pi

T > 0, i ∈ KN such that v(x) =
mini=1,2...,N xTPix satisfies the condition

V̇ (x) ≤ −2γV (x). (8)

Proof: see (Boyd et al., 1994) for details. ◻

Theorem 1 Assume that p = n and det(Ci) ≠ 0,
for i ∈ KN . Then, Problem 1 can be solved, with
decay rate greater than or equal to γ, if and only
if there exist matrices Xi = XT

i ,Miq and scalars

πji ≥ 0 for i ≠ j and ∑N
j=1 πji = 0, i, j ∈KN q ∈Kr,

such that (9) holds:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−Rik Xi ⋯ Xi

Xi
X1
π1i

0 ⋯ 0

0 ⋱
Xi−1
πi−1,i

0 ⋮

⋮ ⋮ 0
Xi+1
πi+1,i

⋱ 0

Xi 0 ⋯ 0
XN
πNi

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

> 0,

Rik = AikXi +XiA
T
ik −BikMiq −MT

iqB
T
ik +

πiiXi + 2γXi, (9)

for all i ∈ KN and k, q ∈ Kr. Furthermore, if (9)
are feasible, with a solution given by Xi = P −1i ,Mik
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and πji, the following Matrices Fik and Kik are a
solution of Problem 1:

Fik = BT
ikPiC

−1
i , (10)

Kik =MikPiC
−1
i , i ∈ KN , k ∈ Kr. (11)

Proof: See (Cardim et al., 2016) for details. ◻

The Theorem 1 solves Problem 1 and is a gen-
eralization of the method proposed in (Cardim
et al., 2011) for known linear time-invariant
plants. Thus, this result can be useful in the de-
sign of switched static state feedback controllers
for uncertain switched plants, based on SPR syn-
thesis. Another performance index that can be
added in the LM-SPR synthesis method, that al-
lows the specification of an upper bound for the
norm of the controller gains, as described later.

Lemma 2 (Šiljak and Stipanovic, 2000) The
norm of the gains, such that KikK

T
ik ≤ ηη

2
x is guar-

anteed if there are constants η > 0 and ηx > 0 such
that the LMIs of Theorem 1, with (12), hold.

[ηxIn In
In Xi

] ⩾ 0, [ηIn MT
ik

Mik Im
] ⩾ 0, i ∈ KN , k ∈ Kr.

(12)

Proof: See (Šiljak and Stipanovic, 2000). ◻

2.2 Application using state feedback

A design method of switched controllers for the
switched system (1)–(6) is presented. To find the
feedback gains, the control law uses two stages.
The first stage is based on the procedures cited
before and chooses an index

σ = arg min
i=1,2...,N

xTPix, (13)

where Pi = PT
i > 0 and the Lyapunov function is

equal to v(x) = xTPσx. The idea of the second
stage is the minimization of the time derivative
of the Lyapunov function, through the selection
of the controller gain, which belongs to the set of
gains {Kσk, k ∈ Kr} where σ was obtained in the
first stage. This stage uses auxiliary symmetric
matrices Qik, i ∈ KN , k ∈ Kr and selects an index

ν = arg min
q=1,2..,r

xTQσqx, (14)

Therefore, considering the indices σ (13) and
ν (14), the switched controller is defined as fol-
lows:

ua(t) = uσν(t) = −Kσνx(t). (15)

From (1)-(6), the controlled system is given by

ẋ = Aσ(α)x(t) +Bσ(α)uσν(t),
x(0) = x0.

(16)

The proposed method in this paper, pre-
sented in the next theorem, was based on (Cardim

et al., 2016). Certainly, the proposed theorem was
adapted to satisfy more LMIs than the Theorem 5
presented in (Cardim et al., 2016) to avoid unsta-
ble modes showed in the practical implementation
owing to the delay of the control action of the real
time system.

Theorem 2 Consider the system described by
(16). If there exist Xi = XT

i > 0 ∈ Rn×n, sym-
metric matrices Z̄ik ∈ R

n×n
and Q̄iq ∈ R

n×n
, ma-

trices Mjq ∈ R
m×n

and scalars πji > 0 for i ≠ j

and ∑N
j=1 πji = 0, such that

−BikMjq −MT
jqB

T
ik − Z̄ik − Q̄iq ≤ 0, (17)

AikXi +XiA
T
ik + Z̄ik + Q̄ik +

N

∑
l=1

πliXiPlXi+

2γXi < 0,
(18)

hold for all i, j, l ∈ KN , k, q ∈ Kr. Then the
controller (15) with the switched control law (13)
and (14), Qiq =X−1i Q̄iqX

−1
i , Kij =MijPiC

−1
i and

Pi = X−1i for i ∈ KN and q ∈ Kr makes the equi-
librium point x(t) = 0 of the system (16) globally
asymptotically stable. Furthermore, the decay rate
is equal to or greater than γ.

Proof: Assume that there exist matrices Zik =
ZT
ik ∈ R

n×n and Qiq =QT
iq ∈ R

n×n, such that

−PiBikKjqCi −CT
i K

T
jqB

T
ikPi ≤ Zik +Qiq. (19)

The following conditions are sufficient for the so-
lution of Problem 1, with decay rate specification:

Pi(Aik −BikKjqCi) + (Aik −BikKjqCi)TPi+

N

∑
l=1

πliPi + 2γPi < 0, (20)

Pi = PT
i > 0, (21)

BT
ikPi = FikCi, (22)

for i, j, l ∈ KN , k, q ∈ Kr, where πji > 0 for i ≠ j

and ∑N
j=1 πji = 0. Therefore, it follows that:

D+(v(x)) ⩽
N

∑
k=1

αkx
T (PiAik +A

T
ik
Pi − PiBikKjqCi

−CT
i KT

jqB
T
ik
Pi)x + x

T
N

∑
l=1

πliPlx + x
T 2γPix

⩽
N

∑
k=1

αkx
T (PiAik +A

T
ik
Pi +Zik +Qiq)x+

xT
N

∑
l=1

πliPlx + x
T 2γPix.

(23)

Considering that xTQσνx ≤
N

∑
k=1

αkx
TQσkx

D+(v(x)) ⩽
N

∑
k=1

αkx
T (PiAik +A

T
ik
Pi +Zik)x+

xT
N

∑
l=1

πliPlx + min
q=1,..,r

xTQσqx + xT 2γPix

⩽
N

∑
k=1

αkx
T (PiAik +A

T
ik
Pi +Zik +Qik)x+

xT
N

∑
l=1

πliPlx + x
T 2γPix < 0.

(24)

XXI Congresso Brasileiro de Automática - CBA2016 
UFES, Vitória - ES, 3 a 7 de outubro

ISSN 2525-8311 3320



Therefore, from (24), D+(v(x)) < 0 holds if
the following condition holds:

PiAik+AT
ikPi+Zik+Qik+

N

∑
l=1

πliPl+2γPi < 0, (25)

for all i ∈ KN , k, q ∈ Kr. Premultiplying and post-
multiplying (19) and (25) by Xi = P −1i and defin-
ing Q̄ik =XiQikXi and Z̄ik =XiZikXi one obtains
(17) and (18). From (24) and (25) x = 0 is a glob-
ally asymptotically stable equilibrium point of the
controlled system. From Lemma 1 and from (25)
the decay rate is equal to or greater than γ. The
proof is concluded. ◻

Note that, applying the Schur Complement
in (18), and following the procedure used in equa-
tions (37)-(39) in (Cardim et al., 2016), one has:

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−Gik Xi ⋯ Xi

Xi
X1
π1i

0 ⋯ 0

0 ⋱
Xi−1
πi−1,i

0 ⋮

⋮ ⋮ 0
Xi+1
πi+1,i

⋱ 0

Xi 0 ⋯ 0
XN
πNi

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

> 0

Gik = AikXi +XiA
T
ik
+ Z̄ik + Q̄ik + πiiXi + 2γXi.

(26)

This procedure is used in the simulation of
an Active Suspension System with the switch-
ing strategy given in (13)-(14) and the conditions
given in Theorem 2.

3 Active Suspension System

Consider the active suspension system of a vehicle,
with the schematic model given in Figure 2. This
system is manufactured by Quanser® (Figure 3)
(Quanser, 2009). The system consists of a set of
two masses, calls of Ms(α) and Mus. The Ms

mass represents 1

4
of the total vehicle body and

is supported by the spring ks and by the damper
bs. The Mus mass corresponds the mass of the
tire set and is supported by the spring kus and
by the damper bus. The vibrations caused by ir-
regularities in the street can be attenuated by the
vehicle’s active suspension system, represented by
a motor (actuator) connected between the masses
Ms and Mus, and controlled by the force Fc.

The dynamic model can be represented by the
uncertain linear system given in (1), considering

x(t) = [(zs − zus) żs (zus − zr) żus]T ,

ẋ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 −1
−ks

Ms(α)

−bs

Ms(α)
0

bs

Ms(α)
0 0 0 1
ks

Mus

bs

Mus

−kus

Mus

−bs − bus

Mus

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
x

+ [0 βσ(t)

Ms(α) 0
−βσ(t)

Mus

]
T

u. (27)

bsks

Ms(α) → 1
4

of the vehicle mass

zr(t)

(Road)

kus bus

zs(t)

zus(t)

Active suspension

Tire

Fc

Mus → Mass of the tire set

Figure 2: Schematic model.

Figure 3: Active suspension system from
Quanser®.

The respective values for the system parame-
ters are shown in Table 1. In the physical model
of the active suspension system there is a payload
mass (brass) removable. It consists of two iden-
tical weight units, resulting in the mass Ms(α).
Each unit has the weight of 0.4975kg, such that,
the total mass corresponds to the 2.45kg, reported
in the Table 1. Therefore, the Ms mass may as-
sume values between 1.455kg (without the two
weight units) and 2.45kg (with the two weight
units). Thus, the Ms mass may be uncertain and
belongs to the interval 1.455 ≤Ms ≤ 2.45(kg).

Table 1: Parameters of the system.

Symbol Value

Ms 2,45 (Kg)

Mus 1 (Kg)

Ks 900 (N/m)

kus 2500 (N/m)

bs 7,5 (Ns/m)

bus 5 (Ns/m)

4 Simulation Results

In the system simulation, it is considered Ms =
2.45kg with a limited uncertainty ±0.49kg, fur-
thermore β1 = 0.5 (when σ(t) = 1) and β2 = 1
(when σ(t) = 2). For these parameters, the two
matrices A1(α) and A2(α) are both stable.

Figure 4 shows a simulation of the feasible re-
gion, with constraints on the decay rate and norm
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of controller gains. To design the controller, these
results may help the designer to find coefficients
regions (π12 and π21) for the controller design.

50 100 150 2002

4

1.5

2.5

3.5

4.5

π12

π21

γ

Figure 4: Feasible region, with ηη2x = 16 × 10
7.

Considering the conditions given in Theo-
rem 2, and considering the maximization of the
trace(X1+X2), choosing π21 = 160, π12 = 1.5, and
γ = 3, the method provides the following matrices:

P1 =
⎡⎢⎢⎢⎢⎣

184.9141 9.9532 185.0909 1.4469
9.9532 4.3807 0.3330 0.5887

185.0909 0.3330 226.1800 0.2152
1.4469 0.5887 0.2152 0.0842

⎤⎥⎥⎥⎥⎦
,

P2 =
⎡⎢⎢⎢⎢⎣

191.0166 10.8667 191.2933 1.5912
10.8667 3.4326 4.0839 0.4713
191.2933 4.0839 224.3725 0.7115
1.5912 0.4713 0.7115 0.0697

⎤⎥⎥⎥⎥⎦
,

K11 = [ −636.49 71.68 −878.05 9.17 ] ,
K12 = [ −149.77 242.55 −1141.94 31.12 ] ,
K21 = [ −639.04 41.58 −804.51 5.30 ] ,
K22 = [ −150.40 169.46 −936.01 22.02 ] .

Figures 5 and 6 show the simulations results
considering as excitation signal (in the road profile
zr(t)) a square wave signal, with amplitude 0.04m,
frequency of 1

3
Hz with pulse width of 50% in two

cases: M = 1.96Kg (0 ≤ t < 3 s) and M = 2.94Kg
(t ≥ 3 s). Note that, as shown in Figure 5, the con-
trolled system presented an adequate performance
for the response of the position zs(t).

0 1 2 3 4 5 6
−0.04

−0.02

0

0.02

0.04

0.06

0.08

 

 

zus[m]
zs [m]

zr [m]

Ms = 1.96kg Ms = 2.94kg

t (sec.)

Figure 5: Simulation response with switching con-
trol strategy, ηη2x = 16 × 10

7 and γ = 3.

5 Practical Implementation - Active

Suspension Control

Practical results were obtained considering the
same conditions of numerical simulation and the
outcomes presented were obtained in Figures 7

0 1 2 3 4 5 6
−50

0

50

0 1 2 3 4 5 6

u
(t
)

[N
]

K11

K12

K21

K22

Ms = 1.96kg Ms = 2.94kg

t (sec.)

t (sec.)

Figure 6: Control signal and gain selectionKσν(t)
at each moment.

and 8. In this implementation, it was considered
the open-loop system in the range 0 ≤ t ≤ 6 seconds
and the controlled system in 6 < t ≤ 12 seconds.

0 2 4 6 8 10 12
−0.015

−0.01

−0.005

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

 

 

zr [m]
zus [m]
zs [m]

t (sec.)
Figure 7: Time response of the implementation.

6 7 8 9 10 11 12
−20

0

20

6 7 8 9 10 11 12

u
(t
)
[N
]

t (sec.)

t (sec.)

K11

K12

K21

K22

Figure 8: Control signal and the switching of the
gain Kσν(t) in the practical implementation.

6 Conclusions

A control design method for continuous-time un-
certain switched linear systems using a state feed-
back switching strategy was proposed in this pa-
per, based on (Cardim et al., 2016). New condi-
tions were obtained and the theory developed is
illustrated through of simulation and implemen-
tation in the active suspension control system.
The results obtained with the proposed method
showed adequate performance.
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It is important to mention that the presence
of the offset, showed in Figure 7, in spite of the
adequate behavior of the response signal, is due to
the nonlinearities that occur in the real model of
the active suspension system, such as friction and
dead band. In this case, the possibility of improv-
ing the calibration and study the nonlinearities of
the system can be considered. This subject is sug-
gested for a future research.
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