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Abstract— This paper proposes an adaptive control strategy to solve the path tracking problem of a Tilt-rotor
UAV in load transportation tasks. Initially, a nonlinear dynamic model is obtained through the Euler-Lagrange
formulation and linearized around a reference trajectory in order to obtain a linear parameter-varying model.
Therefore, a discrete linear adaptive controller based on the LMI approach is designed to ensure closed-loop
stability and increase the system’s domain of attraction. In addiction, simulation results are shown to verify the
good performance of the proposed controller in presence of external disturbances and model uncertainties.
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Resumo— Esse artigo propde uma estratégia de controle adaptativo para resolver o problema de rastreamento
de trajetéria para um VANT Tilt-rotor utilizado para o transporte de carga. Inicialmente, um modelo dindmico
nao linear é obtido via formulacdo de Euler-Lagrange e linearizado em torno de uma trajetoria de referéncia para
se obter um modelo linear a pardmetros variantes. Através do modelo obtido, um controlador adaptativo discreto
baseado na abordagem de LMIs é projetado a fim de garantir estabilidade em malha fechada e de aumentar o
dominio de atragdo do sistema. Adicionalmente, resultados de simulagdo sdo apresentados para verificar o bom

desempenho do controlador proposto na presenga de perturbacoes externas e incertezas de modelo.

Palavras-chave— Controle Adaptativo, Transporte de Carga, VANT, LMI, Sistema Mecanico Subatuado.

1 Introduction

The several possibilities for UAVs applications
as well the issues related to the development of
these vehicles has attracted the attention of the
academia in the last two decades. Some examples
of applications are: precision agriculture, aerial
surveillance, and load transportation.

UAVs are mainly presented in two regular
configurations: rotary-wing and fixed-wing. The
rotary-wing aircraft has the ability to take-off and
landing vertically, while the fixed-wing one can
reach high cruising speeds. Seeking to combine
these abilities, the Tilt-rotor structure was pro-
posed. This kind of aircraft is particularly inter-
esting to perform tasks that require fast deploy-
ment and access to restricted areas, for example,
search and rescue and cargo transportation.

Tilt-rotor UAVs are underactuated mechan-
ical systems since it has more degrees of free-
dom (DOF) than actuators. This means that is
not possible to control all DOF at the same in-
stant of time. Hence, the path tracking control
problem must be formulated for tracking some
desired DOF while the remaining ones are kept
stable. The tiltable mechanisms that allows the
thrusters’ motion, increases the mechanical com-
plexity, when compared with others UAVs. Fur-
thermore, the system model is nonlinear and could
become non-affine at the inputs depending on how
the control inputs are selected. All these features
result in a more complex system modeling leading
to a challenging control design.
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Researches dealing with control design for
Tilt-rotors UAVs are recent with few works pub-
lished in the literature. Some relevant works have
used the follow control techniques: model pre-
dictive (Papachristos et al., 2013); back-stepping
(Amiri et al., 2013); and robust linear (Donadel
et al., 2014). On the other hand, only Almeida
and Raffo (2015) addresses the load transporta-
tion problem considering a Tilt-rotor UAV. Al-
though, if different UAVs structures are consid-
ered, many works dealing with the load trans-
portation control problem can be found in the lit-
erature (Sreenath et al., 2013; Faust et al., 2013).

Generally, aerial vehicles presents highly non-
linear dynamic behavior, making linear controllers
based on the nominal linearized model unsuitable
to perform flight control even in a limited operat-
ing range. Gain-scheduled controllers are a tech-
nique widely used to obtain a system with higher
domain of attraction and then overcome this is-
sue. However, in some frameworks it is not trivial
to ensure stability for the global system controlled
by a gain-scheduled controller.

Therefore, this paper presents a discrete lin-
ear adaptive controller designed to perform path
tracking of a Tilt-rotor UAV at the rotary-wing
flight mode while carrying a suspended load sta-
bly. The adaptive control law schedule the feed-
back gain using an optimal convex combination of
individual gains obtained using a polytopic repre-
sentation to describe the nonlinear system as an
uncertain linear system.
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2 System Model

This section briefly describes the equations of mo-
tion for a Tilt-rotor UAV with suspended load
through the Euler-Lagrange formulation. More
details about the model formulation can be found
on Almeida and Raffo (2015).

The complete system can be seen as a multi-
body system: the Tilt-rotor UAV composed by
three bodies (a main body and two thrusters’
groups) and the suspended load being the fourth
body. For modeling purposes, all bodies are as-
sumed rigid and the load is assumed to be at-
tached to the main body by a massless inelastic
rod on a spherical joint. Moreover, each thruster’s
group is composed by a rotor to generate the lift
force and a servomotor to tilt the propellers.

Six frames are defined to describe the Tilt-
rotor UAV motion: the inertial frame Z, and the
moving frames B and C;, which are, respectively,
frames rigidly attached to the main body and the
center of mass of the i-th body (see Fig. 1).

X« T Y C4
Fig. 1: Frames and variables definition.

The position of the body frame’s origin repre-
sented in the inertial frame is given by &€ = [z y 2|,
and the attitude by = [¢ 0 1]’, described by Eu-
ler angles using the ZYX convention about local
axes. The orientation of Co with respect to B is ob-
tained by a rotation ap around the YB-axis and
a constant negative tilt angle 8 around the X5-
axis. Likewise, the rotation of the frame C3 with
respect to B can be obtained considering rotations
ay, around the YB-axis and a constant tilt angle /3
around the XB-axis. Further, using a parametriza-
tion that considers the load as a pendulum with
length [ and two degrees of freedom represented by
71 and 7z (rotations around XB-axis and Y5-axis,
respectively); the position of the suspended load
with respect to the main body becomes a simple
forward kinematic problem.

Therefore, the generalized coordinates that
describe the motion of the Tilt-rotor UAV are de-
fined as ¢ = [¢' ' ar ar y1 7). Furthermore, the
system’s inputs are given by w = [fr fr 7r 1],
were fr and f;, are the thrust forces of the right
and left propellers, respectively; likewise, Tr and
71, are the torques applied by the servomotors.
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2.1 Dynamic Model

The nonlinear dynamic model of the Tilt-rotor
UAV with suspended load can be described by the
Euler-Lagrange equations as:

MG+ Cq+ G =F + Furag + Fout, (1)

where M £ M (q) € R'®*!° is the inertia matrix,
C 2 C(q,q) € R is the Coriolis and cen-
tripetal forces matrix, G £ G (q) € R is the grav-
itational force vector, F £ F (q) € R' is the gen-
eralized input force and torque vector, Fy.q, € R'°
is the generalized drag force vector and the vec-
tor F..: € R' represents the external disturbances
acting on the generalized coordinates.

Assuming that the drag forces are propor-
tional to the generalized velocity, Fyrey = —pg,
the equation (1) can be rewritten as:

MQ+[C+N]Q+G:F+Feact7 (2)

where p is a constant diagonal matrix.

Taking the generalized positions and veloci-
ties as states, i.e. = = [¢' ¢]’, the equation (2)
can be written in a state-space representation as:

. q

TTIM ' Butd-[C +pld-Gl|’ ®)
where d = F.zt, and F = Bu; being B 2 B(q) ¢
R!0%4 a jacobian that maps the input forces in the
inertial frame.

2.2 Linearized Model

Once this work addresses the path tracking prob-
lem through a linear control strategy, the state-
space model (3) must be linearized around a ref-
erence trajectory. Therefore, consider the vehi-
cle in hovering without any external disturbances
(d = 0). The equilibrium points can be obtained
after solving & = f(Z,a,t) = 0, leading to the
system of algebraic equations B (q) 4 — G (q) = 0,
where (-) denotes the equilibrium.

Nevertheless, this algebraic system has more
variables than equations meaning that an infin-
ity set of real numbers can solve the problem.
To overcome this issue, let the states z, y and
z assume any value along the trajectory and let
1) = 0. Thus, the equilibrium values for the states
and system inputs can be obtained. The reference
trajectory can be expressed as z.(t) = [q; ¢,] =
[€r yr 20 $0 0GR GL 71 F2 &r Yr 2-0000000]".

Likewise, rearranging (2) and evaluating
at reference trajectory, it is possible to ex-
press the reference control signal as w,(t) =
B*(q,) [M(¢)é» + [Clar,dv) + 1] dr + G(a,)], be-
ing ()" the Moore-Penrose pseudoinverse.

Finally, the linearized model can be obtained:

Az = A(t)Az + B(t)Au, (4)
where Ax = ¢ — ., Au = u — u,, and:

_Of (@, u, t) ju=u,
a ou T=w;

T, U, t) ju=u,

A= @D g
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2.8 Uncertain Linear Model

After solve the partial derivatives it turns out that
A(t) € R20%20 ig a function of &, jj,, and Z,, and
B(t) € R?%*4 is a constant matrix. Thus, the lin-
ear parameter-varying model obtained in (4) can
be written as A&z = A(Z,(¢), 4r(t), 2-(t)) Az + BAw.

Considering the reference accelerations &, ¥,
and Z, as bounded uncertainties, the uncertain lin-
ear model can be expressed in the polytopic form:

s.t.Zaizl, a; >0,Vi=1,---,N,

i=1

where o € A is a vector of uncertain parameters
and A is a polytope with 23 vertices. Thus, the
uncertain linear model can be written as:

E < e (t) < @7
Ad = A(a)Az + BAu, s.t. G < () < 4",
Fmin < 5 (t) < zmer,

2.4 Integral Action

In order to perform path tracking with null
steady-state error when constant disturbances af-
fect the system, integral action acting on some
desired states must be considered. In this work

the integral action is applied to z, y, z, and .

Consider the vector e = [z —z, y—yr 2 — 2,
¢ —,]’. Adding to the state vector the integral
of €, it is possible to obtain integral action. Thus,
the new state-space model is given by:

r1 0 ?(%) 0 0‘0-|
Ad(t)] Az(t)]  [B
R o n g vl [ [g]aue
0 00 0 01

where 0 is a zero matrix with appropriate dimen-
sion. Therefore, the augmented state-space can

be rewritten in a compact form as':

Az = A(a)Az + BAu. (6)

Since a discrete controller will be considered,
it is necessary to map (6) from the continuous time
to the discrete time domain, leading to Az =
Ay(a)Axy, + BiAui, where the matrices Ag(a)
and B, are obtained after discretize the model us-
ing a zero-order hold with sample time 7.

3 Adaptive Controller

This section deals with the problem of designing a
controller able of solving the path tracking prob-
lem for a Tilt-rotor UAV. The main objectives are
to ensure stability for the closed-loop system and
reject constant external disturbances and model-
ing uncertainties. The controller developed in this
work is based on Gonzalez et al. (2010).

IThe reader should note that, for the sake of simplicity,
the symbol (*) was omitted in (6). Thus, for now on, Az
will represent the extended state vector.
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3.1 Control Problem Formulation

An adaptive control law that reach the proposed
objectives can be defined as Aui = K (o) Azy,
where the feedback gain is defined as a convex
combination of each individual feedback gain cal-
culated for each vertex of the polytope, that is:

K(a)éa1K1+a2K2+~~+aNKN. (7)

Consider the error model given by Axyiq1 =
(Ai(a) + B4K (a))Axy, the goal is to obtain
K (a) that ensures asymptotic stability and reach
some performance specification.

Therefore, consider the following Lyapunov
function V(Az,) = AzxjA\PAxy, where A\ € Rt
is a scaling factor. In order to obtain an asymp-
totically stable system, the conditions P > 0 and
V(Azpi1) — V(Azk) < 0 must be satisfied.

Aiming to add some performance require-
ments to the problem, V (Axy) is considered as
an upper bound for the linear quadratic regula-
tor (LQR) cost function. Thereby, the closed-
loop system dynamics with an adaptive control
law should be as close from the LQR controller
performance as the optimization problem achieve.
Therefore, the following problem is considered:

V(Axg) > 7{73in> Z Az, QAzy + AupRAuy,. (8)
u|v,00 k—0

To obtain some valid linear matrix inequali-
ties (LMI) conditions through (8), consider as nec-
essary condition to asymptotic stability and per-
formance the inequality below:

Az} ( ”;APAf) Az, — Azl (\P)Azy
< -Az;, (Q + K'(a)RK (o)) Azy,

where Af = Ad (a) + BdK (a)

Since (9) is not a valid LMI condition, the
inequality needs to be manipulated. Hence, rear-
ranging (9) and applying the Schur complement

twice (Alamo et al., 2006), it holds that:

P A, Q: K'(a)R:
A -1
AP 0 0 >0, (10)
Q: 0 A 0
R:K(a) 0 0 A

In order to remove the nonlinear terms, it is
necessary to pre and post multiply (10) by the
block diagonal matrix blkdiag (P~',I,I,I), and
to define § = P!, Y(a) = K(a)P~ .

Thus, the LMI condition used to calculate a
state feedback controller that ensure stability and

performance to the uncertain system can be writ-
ten as:

s H SQ Y'(a)R?
H s o 0
1 >0. (11
QS 0 I 0
R:Y(a) O O A

where H = Ag(a)S + ByY ().
Likewise, it is possible to obtain a LMI con-
dition to constrain the control signal amplitude.
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However, first it is needed to map the control sig-
nal amplitude to the maximum increment of con-
trol.

Consider the upper and lower admissible con-
trol signals, respectively, u*? and w!’; the max-
imum increment of control can be defined as
Au™ & min (uT —ul P — ur). Then, the LMI
condition can be obtained by solving:

Auy = K(a)Aa:k < Au™. (12)
Considering also the problem to determinate

the maximum value of a linear function with ellip-
soidal constraints (Alamo et al., 2006) as follows:

a* =max K(a)Azy, st Ax,PAz, <1, (13)

Awy,
for which the solution is given by:
a* = VK(a)P1K'(a). (14)
Thus, a sufficient condition to solve (12) is:
K(a)P~'K/(a) < (Au™)". (15)

The LMI condition to constrain the control
signal amplitude is obtained rearranging (15) and
applying the Schur’s complement, which yields to:

(Aum)2 Y(a)

Y'(e) S > 0. (16)

In addition a LMI condition is used to con-
strain the maximum states error as:

le| < [er ey el €} e’ €y eny eny € E%T, (17)

where e is the maximum error for the i-th state.
The inequality (17) can be rewritten as:

|fie| <ei, (18)

where f1 =[10 --- 0], f2=1[01 --- 0}, and so on.

Consider again the problem of obtain the
maximum value of a function with ellipsoidal con-
straints presented in (13) and (14). Using the
same procedure as in (15), inequality (18) can be
written by the following LMI:

FiSfl < (™), Vi=1,---,10. (19)

3.2 Adaptive Control Law

After finding a feasible solution to the LMIs pre-
sented in (11), (16), and (19), feedback gains
K, -+ ,Kg are obtained. The feedback gain
K () is a convex combination, as defined in (7),
and the coefficients «; are obtained solving a lin-
ear optimization problem.

Consider the cost function:

J =tr ((a1A1+"'+048A8)A;1 —I) ; (20)

where tr(.) is the trace operator, and A, is the
current realization of the system. Using the trace
properties, (20) can be rewritten in the canonical
linear form as J = f'a + fo, where:

f = [tr (AlAgl) tr (AQAgl) e tr (Asfi;l)] ,
fo=—tr(I).
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Adding the constraints presented in (5), the
following optimization problem must be solved in
order to obtain the o vector:

. / Za:L
min fa, st { o> 0. (21)

4 Simulation Results

This section presents the simulation results ob-
tained by applying the proposed adaptive con-
troller to perform path tracking of the Tilt-rotor
UAV carrying a suspended load. Since the sys-
tem is underactuated, only x, y, z, and 3 are
tracked, and the remaining DOF are stabilized
around their equilibrium points.

The discrete linear model used for controller
design purposes is obtained with sampling time
T = 12 ms, which is chosen regarding the hard-
ware and actuators features. The maximum ab-
solute acceleration for z, y, and z is 2.5 m/s2.
The propellers can deliver thrusts in the region
0 < fgr, fr < 30 N and the servomotors are able
to apply torque —2 < 7gr, 7, < 2 N.m. Further,
the maximum state error considered in (19) is
e =[111111110.50.5], where the linear er-
ror is given in meters and the angular error in
radians.

The system physical parameters are: the dis-
tance between the frames B and C; given in me-
ters by df = [—0.00433 0.00060 — 0.04559], d5 =
[-0.00002 — 0.27761 0.05493], d5 = [0.00077 0.27761
0.05493]; the mass of the i-th body given in
kg by mi = 170249, ms = ms = 0.13973,
mq4 = 0.050; the gravitational acceleration g =
9.81 m/s*; the aerodynamic constant k; =
0.01789 m; the propellers’ tilt angle 8 = 5°; the
length of the rod attaching the load to the ve-
hicle I = 0.5 m; the viscous friction constant
p = diag(0,0,0,0,0,0,0,0,0.005,0.005) N/m?; and
the inertia moment of the i-th body in rela-
tion to the axes j and k, I}, given in kg.m?
by I., = 0.00369766749, I,, = 0.00084010403,
Il, = 0.00386505354, I, = 0.00000036342, I;, =
—0.00000951029, I,. = 0.00000061804, 12, = I3, =
0.00044168245, I7, = I}, = 0.00044167985, IZ, = I?,
= 0.00000064418, 12, = I3, = 0, I2, = -1, =
—0.00000000026, Iz, = —I3. = —0.00000107006,
I3, = I, = I, = 0.000002645.

The equilibrium values for the linear sys-
tem are ¢ = —0.00016 rad, § = —0.04180 rad,
ar = 0.04176 rad, ar = 0.04153 rad, y1 =
0.00016 rad, 7, = 0.04180 rad, fr = 9.98680 N,

fr =10.02264 N, Tr = 0 N.m, and 7, = 0 N.m.
The weighting matrices @ and R are ob-
tained using the Bryson’s method as an initial
tune (Johnson and Grimble, 1987), followed by
a fine adjustment in order to obtain a good path
tracking performance. The used values are:

ding (r1) = (20 10 5 5
T\ ()2 C—m)? 2-m)2)
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ding (1) (111 1 1 1 0.1 0.1
iag (g:) = (1,1,1, —, ; ; ; ;
(5 (5 (3" (5)* (5)°
0 10 1 1 1 1 1 1
(2)?7 (z)%7 227227 227 (3w)%’ (3m)*" (3m)*’
0.09 009 1 1

, , , , 20,20, 20, 10),
(3m)%7 (3m)*7 (3m)*" (3m)? )

The problem of finding a feasible solution to
the LMIs presented in (11), (16), and (19) is solved
using the YALMIP solver. Also, the optimization
problem (21) is solved using the MATLAB’s lin-
prog solver with an interior-point algorithm.

In order to analyze the proposed controller,
a LQR controller is designed to compare the sys-
tem’s closed-loop response in two different simu-
lation scenarios. The LQR controller is obtained
using the same Q and R matrices proposed above.

4.1 Scenario 1

In this scenario, the ability of the proposed con-
troller to reject constant disturbances is tested
while tracking a reference with low accelera-
tions. The reference trajectory is given by: x =
1.25 cos((7/50)t), y = 1.25sin((7/50)t), z = 3.5 —
2.5 cos((m/50)t), and ¢ = 0. The system under-
goes the external disturbances shown in Table 1.

Fig. 2 shows the 3D trajectory of the Tilt-
rotor UAV and Fig. 3-6 show the system’s DOF.
Observe that the proposed controller was able to
track the desired trajectory and keep the remain-
ing DOF stable around the equilibria. Although in
Fig. 4-6 the system stabilizes in equilibrium val-
ues distinct from those presented in this section, it
should be noted that the disturbances makes the
equilibria changes over time. In addition, Fig. 7
shows the control input applied to the system.

The table 2 shows the mean squared error
(MSE) and the integral of absolute value of the
control derivative (IADU) to compare the pro-
posed controller and the LQR. Clearly, the LQR
controller presents better performance with less
control effort. This is expected once the system,
even in the presence of disturbance, stays near to
the nominal system, i.e., the system considering
null accelerations.

F;_It F;It erzt F;It Feezt

IN | IN [ 1IN [ O0iNm [ 01Nm
t>10s | t>18s | £>265s | t>34s | t>42s

qu}zt F;a}v{t F;zt Fsint Fs;t
0.1 N.m I 0.1 N.m I 0.1 N.m l 0.1 N.m l 0.1 N.m

t>50s | t>58s | t>70s | t>80s | t>90s

Table 1: External disturbances.

z y z P
Adaptive 0.00215 0.00162 0.00009 0.77128
LQR 0.00033 0.00020 0.00002 0.77949
fr fr TR TL
Adaptive 7.14939 7.31984 0.51093 0.47581
LQR 5.00479 4.96759 0.38621 0.37646

Table 2: Performance indicators.
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Fig. 2: Tree-dimensional trajectory - scenario
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Fig. 3: Simulation of the states x, y, and z.
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Fig. 4: Simulation of the states ¢, 6, and .

_aR(rad)

0 10 20 30 40 50 60 70 80 90 100

o1 —UAV
Reference

_a(rad)

0 10 20 30 40 60 70 80 90 100

50
time(s)

Fig. 5: Simulation of the states ar and arp.
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Fig. 6: Simulation of the states 1 and ~s.
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Lift force (N)

Torque (N.m)

-0.15

0 10 20 30 4 0 70 80 9 100

0 50 6
time(s)
Fig. 7: Control input signals - scenario 1.

4.2 Scenario 2

This scenario simulates the system behavior when
subject to accelerations around 42.5 m/s?>. Con-
sider the reference trajectory given by z =
3cos((m/4)t), y = 3sin((n/4)t), z =4 — 4 cos((w/4)t),
and ¥ = 0. Fig. 8 and 9 show, respectively, the
3D trajectory and the control input applied to the
system. Unlike the adaptive controller, in this sce-
nario the LQR controller was not able to stabilize
the system because it is designed for the nominal
linearized system.

The adaptive controller presented in this work
can be seen as a gain-scheduled controller able to
ensure asymptotic stability over all operating re-
gion considered. Fig. 10 clearly shows how the
optimization problem expressed in (21) schedule
the system in order to obtain the best linear rep-
resentation for the current realization.

5 Conclusion

The simulation results show that the proposed
adaptive controller is able to stabilize all states
and reject external disturbances, ensuring the
path tracking of the Tilt-rotor UAV carrying a
suspended load. When comparing to a linear con-
troller based on the nominal system, the proposed
controller has worst performance near to the nom-
inal model, i.e., for small accelerations. However
when the system operates far from the nominal
case, i.e., with high accelerations; the considered
adaptive controller is better than controllers based
on the nominal model because it increases the sys-
tem domain of attraction allowing the system to
work in a greater operational range.

Although this work addresses only the control
problem of a Tilt-rotor UAV operating in rotary-
wing flight mode, in the future the problem of
transition between modes and path tracking in air-
plane mode will be considered to propose a com-
plete solution to the load transportation problem.
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Fig. 9: Control input signals - scenario 2.
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