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Abstract— In this paper we present new results for continuous-time Markov jump linear systems
with partial observations on the jumping process. We assume the existence of a suitable detector
which provides measurements of the Markov chain. Our aim is to design a detector-based H
state feedback controller. The proposed design methods, which include an algorithm to treat a
non-convexity issue, are given in terms of linear matrix inequalities and the results are applied to
the control of an unmanned aerial vehicle and a power system.
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Resumo— Neste artigo, apresentamos novos resultados para sistemas lineares com salto Mar-
koviano a tempo continuo com observacgao parciais do processo de salto. Assumimos a existéncia
de um detector que fornece informacgoes da cadeia de Markov. Nosso objetivo é o projeto de um
controlador com realimentagao de estado baseado no detector. Os métodos de projeto propostos,

incluindo um algoritmo para tratar a nao-convexidade do problema, sao estabelecidos em termos
de desigualdades matriciais lineares e os resultados sdao aplicados no controle de um veiculo aéreo

nao tripulado e de um sistema de poténcia.

Palavras-chave—

1 Introduction

Markov jump linear systems (MJLS) have been
the subject of extensive research over the last few
years and the associated literature is by now fairly
extensive (see, e.g., (Mariton, 1990; Costa et al.,
2005; Dragan et al., 2006; Costa et al., 2013),
and references there in). This class of parameter-
switching models has an intimate connection with
systems which are sensitive to abrupt changes in
their structure. On that account, MJLS can be
used in a wide variety of real applications such
as, for instance, in aircraft flight systems, com-
munications networks, robotics, mathematical fi-
nance, etc. A fleeting glimpse of works which deal
with application in this field can be found, e.g.,
in (Costa et al., 2005; Costa et al., 2013)(see also,
(Costa et al., 2015)).

Regarding the H,, approach for MJLS, (de
Souza and Fragoso, 1993; Pan and Basgar, 1994;
Fragoso et al., 1995), seem to be the first works
dealing with H.,-control. In the context of H,-
filtering, works can be traced back at least to
(de Souza and Fragoso, 2002a). Most of these
works consider the setting in which the opera-
tion mode of the systems is completely acces-
sible. The exceptions in the scenario of par-
tial information of the Markov chain are the
so-called mode-independent case (see, e.g., (de
Souza et al., 2006)), the cluster setting (see, e.g.,
(Gongalves et al., 2009)) and situations involving
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parametric uncertainty, in which the partial ob-
servation is related to incomplete knowledge of the
transition probability matrix (see, e.g., (de Souza
and Fragoso, 2002b)). For a recent overview on
the state-of-the-art of MJLS with partial observa-
tions see, for instance, (Costa et al., 2013).

In this paper, we make some further foray
on the H,, control problem for continuous-time
MJLS. We consider the case in which we do not
have access to the Markov chain but, instead,
there is a detector that emits signals which pro-
vides information on this parameter.

Roughly, the contributions of the paper can
be briefly summarized as follows:

1. We devise a detector-based H., control ap-
proach for continuous-time MJLS with partial
information on the Markovian jump parame-
ter. The detector approach proposed here for
the continuous-time scenario is inspired on
(Fragoso and Costa, 2004; Costa et al., 2015),
which treat, respectively, mean-square stabil-
ity of continuous-time MJLS and a control
problem in discrete-time. The main results
come in the form of Theorem 2 and Algo-
rithm 3.

2. In order to illustrate an application of the
main results, we present a numerical example
of the H,, control for an unmanned aerial
vehicle model (see (Ducard, 2009)), as well
the control of a power system model (see
(Arrifano and Oliveira, 2004)).

An outline of the content of this paper is as
follows. In Section 1.1 we provide the bare es-
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sentials of notations. The detector-based formu-
lation is presented in Section 2, along with the
H, control problem in Section 2.1. In Section
3 we present numerical examples which illustrate
the usefulness of the obtained result. The paper is
concluded in Section 4 with some final comments.

1.1 Notation

Throughout this paper we shall denote by R™ the
n-dimensional real Euclidean space and by R"™*™
the set of n x m real matrices. The Euclidean vec-
tor norm is represented by || - ||. We also denote by
I,, the n x n identity matrix, and by RT the inter-
val [0, 00). The superscript ' will denote transpose,
Her(-) £ (-) 4+ ()’ and the symbol * represents
a symmetric block in the linear matrix inequal-
ity (LMI). For a real matrix V, V > 0(V < 0)
means that V' is symmetric and positive definite
(negative definite). Let (§2,.%, P) be a complete
probability space carrying its natural filtration
{F,t € RT}, as usual augmented by all null sets
in the P-completion of #. In addition we de-
note by L™ (2,.%, P) the space of all .%#-adapted
stochastic processes w = {w(t);t € RT} in R™w
such that ||wl|]2 < co, where

fule= ([ E[w(t)ﬂﬂdt)l/z,

with E[-] standing for the usual mathematical ex-
pectation.

Let © = {z(t);t € RT} in R™ denote the
state variable, z = {z(¢);t € R*} in R™ the
system’s controlled output and w = {w(t);t €
Rt} € L3»(Q,#,P) an exogenous disturbance
input. We also define § = {(0(t), %;),t € Rt}
as a time-homogeneous Markov process with right
continuous trajectories, taking values on the finite
set S = {1,...,N}. For small h > 0 we have that

PO(t+h) =7 100) =) = { e 70
M)
where A = [(A;;)] is the homogeneous N x N tran-
sition rate matrix of {6} with X\;; > 0, i # j and
A= =y = Zj:j# Aij. Here o(h) denotes an
infinitesimal of higher order than h.

2 The detector-based H., approach

The interest in this paper is on the situation where
the process # cannot be known precisely, but in-
stead a measurement é, which is provided by a
suttable detector, is available at all times. In this
context, we extend the detector formulation intro-
duced by (Costa et al., 2015) in the discrete-time
setup, and consider a finite set D = {1,..., M}
and subsets D; C D such that a signal (t) € D;
is emitted whenever the Markov chain 6(t) = i,
independently of all previous and present values
of the other processes.
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For the context of H., analysis we consider
the following continuous-time MJLS

el . {ﬂb(t) = Agwyoy ) + Jpaw(t)
et .
2(t) = CouyayT(t) + Loy w(t),

with A;p € R*=X"=  J., ¢ RM*"w (), € R"=*"=
Ly e R"=*"w forje S and ¢ € D.

(2)

Assumption 1 The joint process (0(t),0(t)) =
{(6(t),0(t), F);t € RT} satisfies a homogeneous
Markov property.

Assumption 2 We set 2 as the o-field gener-

ated by {x(s),0(s),w(s),0(7);0 < s <t 0<7<
t}, and we assume that

PO(t) = | F) = apuy, LED,  (3)

holds for some prespecified emission probabilities
{aje > 0;1 € S, ¢ € D;} satisfying Zé\il o =1
and ) ;e e > 0, for each i € S and £ € D.

Therefore a;p represents the probability that
the detector will emit the signal £ € D given that

O(t) = i. For later use, let us also define the
stochastic matrix
ar; ... Qapm
TR ] (4)
N1 e QN M

Notice that D; represents the possible signals
that can be emitted from the detector whenever
O(t) = i. For each i € S we consider integer num-
bers 7/ > 1,1 < /5 < M and 1 < j < 7°, with
M =71l 4.+ 7N such that D; £ {¢},...,01,} C
D. Thus 7° represents the number of elements in
D; and f} j=1,...,7% the elements in D;.

Definition 1 System (2) is said to be internally
mean-square stable (MSS) if, for an arbitrary ini-
tial state Tg € R™ such that E||zo|%*] < oo, we
have
. 21
Tim E[[lx(8)]%] = 0, (5)

in which x = {z(t);t € R"} stands for the unique
solution to &(t) = Ay, (t), 2(0) = zo.

Definition 2 Assume that system (2) is MSS.
Given a scalar v > 0, the system (2) is said to
have an H performance level ~y if it satisfies

IZ0)le & sup {”ZIQ;U/#O} <,
weLYY (Q,F,P) [[wl[2
(6)

with x(0) = 0.

Remark 1 The detector-based formulation cov-
ers some of the better studied particular scenar-
10s considered in the MJLS literature. Next, we
briefly present how to access these particular set-
tings from the aforementioned detector.
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1. The scenario with complete observations of
the jump process is equivalent to the situation
where 0 = 0. In our context, it can be deter-
mined by considering M = N and T = Iy.

2. On the other hand, it is also possible to repre-
sent the set up with the information concern-
ing the jump process totally unknown, i.e., the
mode-independent case. Here, it suffices to
suppose M =1 and a;; =1 fori e S.

3. The so-called cluster observations (see (do
Val et al., 2002)) corresponds to the situation
where only part of the jumping process is ac-
cessible and further arranged on disjoint sets.
Under the referenced formulation, we define
g : S8 — D such that g(i) = j for alli € S;.
The set S; represents the cluster to which 1
belongs, even if the state i itself is unknown.
Then, given the information provided by the
detector, it suffices to consider D; = {g(i)}
and o;giy = 1, with M < N, so that é(t)
would indicate to which cluster 6(t) belongs.

Definition 3 We say that i,5 € S are distin-
guishable by the detector (3) whenever D; ND; =
0. Otherwise, D; N\D; # ) and they are said to be
indistinguishable by this detector.

The preceding definition allows a partition of
the state space of the Markov jump process S, in
accordance to the zero pattern of the matrix T
defined in (4). More precisely, this can be done
through the set-valued map

i {jeS; DiND; #0). (7)

In general, some of the sets in the image of (7) will
coincide, because M < N by hypothesis. Letting
N(T) stand for the number of such distinct sets,
we obtain 1 < N(T) < M < N along with a
partition S1,...,Sn(r) of S:

N(T)
U S; =38, with S;NS, =0 whenever s # v.

s=1

For later use, we define the set R £
{1,...,N(Y)}, along with the function¢) : § =+ R
such that ¢ (i) = v if and only if i € S,,.

Remark 2 The sets of distinguishable operating
modes just defined are somewhat related to the
clusters introduced in (do Val et al., 2002). The
main difference between these two approaches is
that, in our case, besides the sets we are endowed
with additional parameters (the matriz Y ), which
can be taken into account for analysis and synthe-
sis purposes. Informally, the emission probabili-
ties can be seen as relative weights which tell the
controller how to proceed in the scenario of partial
observations.

ISSN 2525-8311

We introduce the following lemma, which will
allow us to deal with the H, control problem that
will be formulated in Section 2.1. This result is a
bounded real lemma (BRL) for continuous-time
MJLS with partial information on the Marko-
vian parameters. (For the proof, see (Graciani
Rodrigues et al., 2015). See also (Todorov and
Fragoso, 2008).)

Lemma 1 (BRL) Given v > 0, system (2) is in-
ternally MSS with || 2o < 7 if and only if there
exists P; > 0 in R™=*"=  sych that

T:(P) * *
2 eep, iy Pi _V?Inw * <0, (8
Ci LL Y
where
7:(1)) £ Her {Pz Z aiZAiZ} + Z)\ijpj,
LeD; jES

(>

, !
A /O[Mii Cieiii| R

’ !/
VoL |

— Y
i |:1 /O[Mi Oié’i
_ 1y
L, & [ /oniLMi

are satisfied for each i € S.

>

In addition to BRL, the following notation is
used in the sequel:

H;(U) £ Z @itUpy(iy, Hi(V) £ Z a;eVie,

LeD; LeD;
(92)
Dl(P) é diag(Pl, .. -aPi—17Pi+1; .. .,PN), (9b)
Y 1/2 1/2 1/2 1/2
II; = {)‘m I )‘i(iq)I )‘i(i+1)I AN 1}7

(9¢)
p(K) 2 [K} Kyl (9d)

2.1 H. Control

In this section we discuss the static state feedback
scenario with partial information on the Markov
chain. Concerning this matter, we deal with the
following controlled continuous-time MJLS:

g, : @(t) = Agyr(t) + Boyu(t) + Joyw(t),
“\ 2() = Coy(t) + Doyult) + Logyw(t),
(10)
with Ai c anxnm’ B; € anxnu7 J; € an><nw7
C; € R=Xn= D, € RW=>"u [, € R"=*"w_ for
i € S. Here, u = {u(t); t € R*} is the control
variable in R™ and we assume that the state x(t)
is completely known while on the other hand there
is only partial information regarding 60(t).
Our aim is to design a detector-based state
feedback controller of the form

u(t) = Ké(t)x(t)ﬂ (11)
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with K, € R™*"=_ for £ € D, such that the re-
sulting closed-loop system

g E(t) = Agpyan () + Joyw(t),
©E0) = Cyay () + Loyw(t),

where A;y = A; + B; Ky and Cyyp = C; + D; Ky,
is internally mean-square stable with |G|, <
~. Furthermore, we note that system (12) is a
particular case of (2) with J;y = J; and L;y = L;.
The design comes in the form of the next theorem,
which is the first main result of the paper.

(12)

Theorem 2 Given v > 0, there is a controller
such as (11) which internally stabilizes system
(12) and guarantees ||G |~ < v whenever there
are X; > 0 in R™*"= for all i € S, as well as
Vi € Ruxne G, € R"=*" for{ € D, v € R,
along with scalars €; > 0, such that the following
coupled matriz inequalities are feasible

!

ZZ(G,V) ailnz
0 0
Ay(X) + Her { [Wi(G, V)| | 0 <0,
—Gy) In,
0 0
where
Xii X * * * *
J,L( _"/2Inw * * *
Ae | o BT |
X, 0 0 0 *
X, 0 0 0 —D;(X)

Zi(G,V) £ A4,Gyp) + BiH,i(V), (15)
Vit (CiGyay + DiViry i)
Wi(G,V) £ : :
Ve (CiGygiy + DiVii yi))
(16)
for each i € S. Furthermore, the gains of such a
controller are given by

Ky = VG, (17)
for each v € R and £ € J;cs, Di-

Proof: Since Vi) = KiGyu) and Hi(V) =
ZéeDi aig K¢G iy follows from (17), we promptly
obtain AiGw(il + Biﬁi(v) = Hi(A)Gw(i) and
Wi(G,V) = CiGy). Therefore, LMI (13) can
be written as

!

E,;Inz

0

0 < 0.
In

0

Hi(A)
0

Gy

ng x

Notice that! ker [H;(A)’
im(W;), where

0 7

A
W, & 0 0
Hi(A)' 0
0 0

Here ker and im denote the kernel and image of matri-
ces, respectively.
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Hence, bearing in mind that the columns of W; are
linearly independent, from Finsler’s lemma (Boyd
et al., 1994), the existence of such G ;) yields the
following:

T(X)  J; X, XTI,

/A o J. —~¥I,, L} 0
0>W/AX)W; = | 5 7 S
I, X; 0 0 —D;(X)

where 7;(X) £ Her(#;(A)X;)+A;; X;. Using then
Schur’s complement, followed by the congruence
transformation diag(Xi_l, 1, I)(-)diag(Xi_l, 1,1),
we get (8) with P, = X, ! and data as in (12).
Therefore, the result follows from Lemma 1. O

Remark 3 In the same wvein of the partition
Si,...,Sn(r) for S, which is a consequence of
Definition 3, by letting 2, £ Uies, ¢ € Dsaip >
0}, for v € R, we have that Uiv:q).@s =
D, with 2,1 2, = () whenever s # v, which
guarantees the consistency of the bivariate design
formula (17).

Algorithm 3 Given a desired precision w > 0
and scalars 82(»0) >0,i€ S8, lett =0 and consider

the following steps.

1. Letting ¢, = 5§t), manimize v > 0 subject to

the LMIs (13), and let () < ~, el Gy,
Ve(j) < Vi, store the obtained numerical val-
ues for allv € R and { € Ujes,D;.

2. Letting G,, = Gg) and Vy, = Ve(qf)7 minimize
~v > 0 subject to the LMIs (13) (with decision
variables X; and €;, fori € S). Let 4t «
v, Xi(t) — X, {—:Et) < ¢; store the obtained
numerical values for all i € S.

3. If ¥ — ~v() < @, proceed to the next step.
Otherwise, increment t < t + 1 and go back
to step 1.

4. Return the controller (17) with Vi, = Vz(s);
G, = Gg,t), along with the guaranteed H
cost v, =~

Upon convergence, the algorithm returns a
mean square stabilizing controller which guaran-
tees a terminal Hoo cost v, that is at least as good
as the one obtained by solving the LMIs (13) with

€= 61(-0) (i.e., the first run of step 1).

Remark 4 The preceding algorithm yields a de-
creasing sequence of guaranteed H., costs of the
form 70 > ~(0) > 71 5 4 1) > ... > Ft) > 5
where t, denotes the number of necessary iter-
ates for a particular set of parameters. Bearing
in mind the convergence criterion in step 3, it is
not difficult to see that (t. + 1)w < Fp, so that
the mazimum number of iterates cannot be larger
than 3 /w.
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Corollary 4 Given v > 0, Y invertible and
D, = 0 for all i € S in (10), there exists a
controller such as (11) which internally stabi-
lizes system (12), with Cyp = C;, and guaran-
tees |G |oo < 7y whenever there are X; > 0 in
R™"=*"= gnd Q; € R™*™=  for all i € S, as well
as G, € R"=*"= ¢ € R, along with scalarse; > 0,
such that the LMIs (13) are feasible with A;(X) as
in (14) and Z;(G,Q) = A;Gyau) + BiQ;, instead
of (15), for each i € S. In addition, a controller
K= (Ky,...,Ky) is given by

p(K) = (T® 1) '9(QG™Y),  (18)

where & denotes the Kronecker product and ¢(+)
as in (9d).

Proof: Bearing in mind Theorem 2, assume
H;(V) = Q; in (15). Then, since Y is invertible
and bearing in mind (18), the result follows. O

3 Numerical Examples

In this Section we will present a numerical evalua-
tion of the result presented in the previous section.
The numerical simulations were obtained using
the solver SeDuMi in Matlab 7.8.0.347 (R2009a).
The examples represent systems governed by a
Markov chain with & = {1,2,3} and emission
probability matrix given by

1 0 0
T=10 p 1-p|, (19)
0 1I-p p

where p € [0, 1], is a prespecified parameter that
determines the quality of the estimator. In this
situation, p = 1 corresponds to the case with
perfect information of the Markov jump process,
whereas for p = 0.5 we recover the case of cluster
observations in the sets {1} and {2, 3}.

3.1 Aerial Vehicle

Consider system (10) as a linearized model of the
lateral dynamics of a small unmanned aerial vehi-
cle in steady flight (see (Ducard, 2009, Appendix
E)). We assume that failures affect the dynamics,
then let J1 = O4><27 Lz = —IQ, Dz = IQ, along with

0.5068 —2.9875 23.3434 0
0.0922 —0.9957 —0.4680 0.3256

—11.4540 2.7185 —19.4399 0
A= |\
1 0.0926 0 0

pit pl2 0 0
Bl _ bgl bzz , 32 — .]3 _ |:b21 b22:| ’
0 0 0 0
bit b2
BS:JQ:[g 8}, Ci= [l 0x2],
0o 0
where bl = 784002, b2 = —2.7282, b2 =

—3.4690, b?? = 13.9685, for i € S. In this
case, for the transition rate matrix consider A =
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-1 1 0
= [ 1 —10 9 } Thus, after solving the LMI
0 10 —10

(13), with g; = 10, we obtained for each p € [0, 1]
the guaranteed H,, costs depicted in Fig. 1. The
figure shows that the guaranteed H., cost in the
case of cluster observations (p = 0.5) is close
(about 77.28%, actually) to the worst case sce-
nario of no information on the Markov jump pro-
cess (traced line), which coincides with (Morais
et al., 2015, Theorem 2). Further, for p # 0.5 we
obtain a whole range of possible scenarios, includ-
ing the case of complete observation of the jump
process.

o

o
T
I

IS

w

N

Guaranteed H-infinity Costs

I I I I
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Detector’s Precision (p)

-

o
o
[
o
)

Figure 1: Comparison between the guaranteed Hoo
costs computed via Theorem 2 (dotted line) and Algo-
rithm 3 (thick solid line), along with the actual closed-
loop Hoo norms (thin solid line), vis-a-vis the mode-
independent (traced line).

As for the performance of Algorithm 3, the
reduction of guaranteed H,., costs vis-a-vis The-
orem 2 ranged from 0% (for p € {0,1}) to about
24% (for p close to 0.5). In all cases, the algorithm
converged in 16 iterations or less for the adopted
precision (@ = 1073).

3.2 Power System

In order to illustrate the result from Corollary
4, we consider a single-machine-infinite-bus power
system with parameters borrowed from (Arrifano
and Oliveira, 2004). Thus, for ¢ € S, con-
sider 4; = [870%5250 739f)2699], B, = {8],
0 a;  —04127 bi
where a; = 1.8792, as = 1.5530, ag = 1.2580,
by = 0.1190, b, = 0.1082, b3 = 0.0974, and
Li = [111], with I; = 0.4860, lo = 0.8913,
l3 = —0.7621. Also, we assume J; = B;,
C1 = Cy = 03«3, C3 = I3, along with g; =
1. We also consider (19) with p = 0.55 and

L [—10 10 0 ) )
A= —=1] 6 —10 4 |. In this case, we obtained
100 o 10 —10 ’

the controller K7 = 10% x [1.3715 1.3895 —5.2356 |,
Ky = 10% x [-1.3250 —1.4728 1.4167], K3 = 105 x
[1.8631 2.0710 —1.9935 |, with guaranteed Ho, cost
v = 1.6717.

4 Concluding remarks

In this paper we have presented a new approach
to H,, control for continuous-time Markov jump
linear systems (MJLS), in a scenario of partial ob-
servations of the Markov jump process (¢). The
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distinguishing feature of this approach is that, in-
spired by (Costa et al., 2015; Graciani Rodrigues
et al., 2015), we have assumed that the partial ob-
servations are provided by a suitable detector (f)
of the Markov chain. The main results (Theorem
2 and Algorithm 3) feature an efficient method,
based on linear matrix inequalities, for design-
ing detector-based H, controllers for continuous-
time MJLS. Numerical simulations show that,
given a suitable detector along with the param-
eters in (4), the proposed design can yield much
less conservative results than mode-independent
approach.
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