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Resumo— Este artigo propoe uma simplificagdo na formulagdo LMI (do inglés “Linear Matrix Inequality”) de
uma lei de controle preditivo robusta com realimentagao de saida para sistemas lineares incertos com descrigao
politépica. A simplificagdo proposta conduz a uma formulagdo LMI equivalente, preservando assim as garantias
originais de atendimento das restrigoes e estabilidade robusta. O ganho computacional resultante é ilustrado
em um exemplo numérico. Mais especificamente, um nimero reduzido de iteragdes é requerido para obter uma
solugao factivel para o problema de otimizacao.

Palavras-chave— Realimentacao dinamica de saida, controle preditivo robusto, desigualdades matriciais li-
neares, carga computacional.

Abstract— This paper proposes a simplification in the LMI (Linear Matrix Inequality) formulation of an
output feedback robust model predictive control law for linear uncertain systems with polytopic description. The
proposed simplification leads to an equivalent LMI formulation, thus retaining the original guarantees of constraint
satisfaction and robust stability. The resulting computational gain is illustrated in a numerical example. More
specifically, a reduced number of iterations is required to find a feasible solution for the optimization problem.

Keywords— Dynamic output feedback, robust model predictive control, linear matrix inequalities, computa-

tional workload.

1 Introduction

Robust Model Predictive Control (RMPC) is con-
cerned with the receding-horizon control of un-
certain systems subject to operational constraints
(Bemporad and Garulli, 2000). A popular ap-
proach consists of minimizing an upper bound for
an infinite horizon cost function, with model un-
certainties expressed in terms of Linear Matrices
Inequalities (LMIs), as in (Kothare et al., 1996),
(Schuurmans and Rossiter, 2000), (Cuzzola et al.,
2002) and (Huang et al., 2011). Such formulations
typically employ full state feedback, which may be
an inconvenience if only partial state information
is available. In this case, state observers could be
used to estimate the state variables that are not
directly measured. However, the constraint sat-
isfaction and stability guarantees may not hold if
the controller and observer are designed separately
(Wan and Kothare, 2002).

In order to retain these guarantees, a suit-
able Output Feedback Robust Model Predictive
Control (OFRMPC) formulation is required. A
common strategy is to employ a Dynamic Out-
put Feedback Controller (DOFC) in an inner con-
trol loop, with the OFRMPC acting in the outer
loop (Granado et al., 2003), (Lee and Park, 2007),
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(Ding et al., 2008), (Ding, 2010), (Li et al., 2013).
With appropriate tuning (Colombo Junior et al.,
2015), recent OFRMPC formulations such as that
proposed in (Li et al., 2013) may achieve simi-
lar closed loop performance compared to the orig-
inal state feedback RMPC approach (Kothare
et al., 1996).

In this context, the present paper proposes a
simplification of the LMI formulation presented in
(Li et al., 2013) in order to reduce the computa-
tional effort required for on-line implementation
of the OFRMPC control law. The proposed sim-
plification leads to an equivalent LMI formulation,
thus retaining the original guarantees of constraint
satisfaction and robust stability.

The remainder of this paper is organized as
follows. Section 2 describes the problem state-
ment and OFRMPC formulation proposed in (Li
et al., 2013). Section 3 brings the main contribu-
tion of the present work. Section 4 presents an
illustrative simulation example. Finally, conclud-
ing remarks are presented in Section 5.
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2 Output feedback robust model
predictive control formulation

Consider the following polytopic uncertain sys-
tem:

xz(k+1) = Az(k) + Bu(k) (1)
y(k) = Cx(k) ()
(A, B, C)eQ (3)

where x € R™ is the state vector, u € R"* is
the control input, y € R™ is the measurable sys-
tem output and 2 is an uncertainty polytope with
known vertices (A;, B;, C;), where A; € R"=*"=,
B; e R*=*"™ and C; € R™*"= §=1,2,...,n,

The OFRMPC formulation adopted in (Li
et al., 2013) uses a DOFC given by

B(k+1) = Ao
u(k) = sat(CoZ:

(k) + Boy(k) + Fra(k),  (4)
(k) + Doy(k) + Faz(k)).  (5)

where “sat” is a £1 saturation function, #(k) €
R"= represents the estimated state vector and Ag,
By, Cy and Dy are matrices describing the DOFC
dynamics. The matrices F; € R"=*"= and Fy €
R™*"= are obtained as solution of the OFRMPC
optimization problem.

Remark 1 This OFRMPC formulation assumes
normalized £1 bounds on the control variables.
Different values for these bounds can be taken into
account by scaling the columns of the input ma-

trix B appropriately, as discussed in (Cao and
Lin, 2005).

Let z(k) be an augmented state vector defined
as

0= 50 | ©)
with e(k) = x(k) — &(k). The system (1) — (3)

controlled by (4) and (5) without the saturation
function can be described as

(k+1) = As(k) + B { 22(“ ] )

where
. Ay + ByC
| A— Ag+ BCy — ByC + BDyC
ByC (8)
A — ByC + BDyC
- I 0
5[ 18], o

The effect of saturation on the control in (5)
is taken into account in the LMI formulation by
using the strategy originally proposed in (Cao and
Lin, 2005).
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Although the state is not measured, it is as-
sumed that the initial state estimation error e(0) is
bounded by the expression e (0)S5(0)e(0) < 1,
for a given S(0).

The OFRMPC formulation involves an
infinite-horizon cost function J (k) given by

= (lz(k+ilk)[[3, + lluk +ilk)|[3,)
=0

(10)
where P, € R2"=*2nz gand P, € R™ X" are
symmetric, positive-definite weight matrices and
z(k 4+ ilk), u(k + i|k) denote the future values of
z and u predicted on the basis of the information
available at time k.

In view of the uncertainty on the A, B, C
matrices, the optimization problem can be formu-
lated in a min-max framework as

Joo (K), (11)

min max
F,F> (A,B,C)eQ

subject to

lup(k+1k)| <1, p=1,2,..,n,, i >0 (12)

[yq(k +ilk)] < Ygmaz, ¢ =1,2,...;ny, 1 >0
(13)

where ¥4 mao denotes the bound on the magnitude
of the ¢th output variable.

As shown in (Li et al, 2013), this min-
max problem can be replaced with the following
semidefinite programming (SDP) problem (14) -
(29), which involves the minimization of an upper
bound 2+ for the cost Joo:

min By+yi+BictBad, (14)
v:71,6,d,Q,Q,Y1,Y2, Y ,M,W
subject to
TZm (15)
M 1,Q+Yy
>
R
M,, < 1/2 (17)
[ W Ci[I I](4,;Q+DB:z) ] >0 (18)
* Q
qu S 07 5y§,mam (19)
1 *
N >0 20
{ B(k) @ } s (20)
Q * ok *
AZ]Q+31Z1 Q * *
’ >
P?Q 0 mI « 0 (21)
PATQ+Y2) 0 0 I
Q * kX
AijQ+ BiZp Q * x
pl? 0 I =«
PPMQ+ Vi Yo+ Vi Vu) 0 0 Al
(22)
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Q1>Q3 (23)
Q2> Qu (24)
Q1= q(k) (25)
Q2 > S(k) (26)
Qs <cl (27)
Qq<dl (28)

Q .
{[I 0] (A;Q+ Bia) ;Qg}zo (20)

where qu(O) = 0, n = [OO + DocZ D()CZ‘], )}2 =
ng 0], YH = [YH 0] and

Y; 0
2=y tievy 0] GO
1@ 0
=% ol (31)
o= % o | e-ere-ana-ar
‘Q4 = Q{? ql(k) e Rn”:xn”:’p = 1727"'7nu7

i =1,2,...,np j = 1,2,..,n, (or j = 4, if

), I =1,2,..,2" m = 2,3,...,2™ and
g =1,2,...,n,. Blocks above or below the main
diagonal of a symmetric matrix are denoted by a
* symbol. The matrices V; and V,” are given in
Definition 1 below. The matrices /Lv,j and Bi are
defined as

A' o A() + B()Cj
B Ay — Ag + BiCo — B()Cj + BiDOCj
ByC;j
A — BoC; + B;DoC, ] (32)
~ I 0
Bi{—[ Bi}' (33)

In this formulation, 5 > 0, 1 > 0 and B2 > 0
are additional design parameters, which can be
tuned to improve closed-loop performance. More
details can be found in (Huang et al., 2011) and
(Li et al., 2013).

Definition 1 (Hu and Lin, 2001) The set
{V; € Rme>mu | = 1,2, ....2™} comprises all the

diagonal matrices with diagonal elements equal to
either 1 or 0. For example, if n, = 2, then

1 0 1 0

0 0 0 0
welo Vvl 0]

Moreover, V,” =1 —V;, where I represents a
identity matriz with suitable dimensions.
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Henceforth the SDP problem (14) - (29) will
be denoted by P(k).

The gain matrices Fi, F» to be employed in
the calculation of u(k) in (4), (5) are given by

L =Y1Q;" (34)
F=Y,Q;" (35)

and the matrices ¢; and S are updated as

a(k+1) = (36)
Sk+1)=Qq (37)

with Y7, Y5, @1 and @4 obtained as solution of
P(k). As demonstrated in (Li et al., 2013), if P(k)
is feasible at k = 0, then P(k) will remain feasi-
ble for £ > 0 and the closed-loop system will be
robustly stable.

3 Proposed simplification

With the aim of reducing the computational work-
load, the following theorem presents a simplifica-
tion of the LMI constraint (29).

Theorem 1 The LMI constraint (29) is equiva-
lent to

[ Q * lsp
[ (Ao + BoCj)Q1+Y1 BoCiQ2 ] 1Qs | =

(38)
with 7 =1,2,...,n,.

Proof: See Appendix A.

In view of Theorem 1, the OFRMPC opti-
mization problem can be reformulated as

min By +m + Bic+ Pad, (39)
¥:71,6,d,Q,Q,Y1,Y2, Y, M

subject to (15)-(28), (38).

It is worth noting that constraint (29) involves
n22™ vertices (if Dy # 0), whereas (38) involves
only n, vertices. Moreover, if matrix C' is known,
the constraint (38) will involve only a single LMI.

If this optimization problem is feasible, the
gain matrices F; and Fy are calculated as in (34)
and (35) at each sampling time. The constraint
satisfaction and robust stability guarantees from
(Li et al., 2013) are preserved because the pro-
posed formulation is equivalent to the original one.

992



XXI Congresso Brasileiro de Automatica - CBA2016
UFES, Vitéria - ES, 3 a 7 de outubro

4 Simulation example

Consider the following model for a DC motor
(Lordelo and Fazzolari, 2014):

0 1

@(t)—[o _Beq/J}x(t)Jr[K/J]u(t)
Lo ]

where 6(t) and 6(t) correspond to angular position
(rad) and velocity (rad/s), respectively, Be, =
0.08404 Nms/rad is the viscous friction coefficient,
J = 2.1 x 1073 kgm? is the moment of inertia
and K is an actuator gain with nominal value
Kpom = 0.1285 Nm/V. Herein, K is assumed to
be uncertain, with possible values in the range
K € [0.5Knom, 2Knom|, which leads to a poly-
topic structure model with two vertices (A., Bc,1)
and (Ac, Be,2), where

0 0
Bea = [ 0.5K nom/J } » Beo = [ 2K pom/J }

(43)

The state equation (40) needs to be dis-
cretized into form (1) for use in the OFRMPC
control law. Assuming that the motor voltage is
kept constant between sampling times by a Zero

Order Hold, an exact discretization can be carried
out as (Franklin et al., 1998)

A= eACT _ i (A;?)n (44)
n=0 ’
T > (A"
B = (/0 eAe d7> B, = (nzo ((n+ 1))'> B.T
(45)

Since matrix B is related in a linear man-
ner with the uncertain matrix B,, the discretiza-
tion results in a polytopic model with two vertices
(A, By) and (A, Bs), where

T

By = ( / eAchT> B (46)
0
T

By = ( / eAdeT> Beo (47)
0

The sampling period was set to 7' = 10 ms,
which is an order of magnitude smaller than the
settling time of the open-loop impulse response of
the system (117 ms for a +1 % criterion).
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The DOFC parameters were set to

100 0.016
Ao = [ 0 037 } (48)
Bo=| it | ()
Co=[-032 —0.12 ] (50)
Dy =0 (51)

The OFRMPC was tuned with § =1, f; =
100, B2 = 10, P, = diag([1000, 0.1]) and P, = 1.
The bounds on the control variable were set to
+6 V, corresponding to the nominal voltage of
the DC motor employed in (Lordelo and Faz-
zolari, 2014), as indicated in (Quanser Consult-
ing, 2015). The initial system state was set to
2(0) = [7/4 0], and the OFRMPC algorithm
was initialized with 2(0) = [27/9 0]7 and S(0) =
diag([w /18,7 /18]).

The original and proposed formulations of the
SDP problem involved in the OFRMPC control
law were solved employing the Robust Control
Toolbox of MATLAB 2012a. The default settings
of the SDP solver were used. The simulations were
carried out with the (A, Bg) vertex of the plant
model, which corresponds to K = 2K,

Figures 1 and 2 present the resulting out-
put and control signals, respectively. As can be
seen, the DC motor position was driven back to
the origin in approximately 10 sampling periods,
with proper enforcement of the control constraint.
The results obtained with the original and pro-
posed implementations of the OFRMPC control
law are almost indistinguishable, which corrobo-
rates the equivalence between the two implemen-
tations. The minor differences observed in the re-
sults can be ascribed to numerical issues.

0.8 :
Original
0.77 Proposed |]

DC motor position (rad)

5 10 15 20 25 30
Time instant (k)

Figure 1: DC motor position.

Figure 3 presents the optimization cost (see
(14)) wersus number of SDP solver iterations at
k = 0. It is worth noting that the initial point
of each curve corresponds to the first feasible so-
lution found by the solver. As can be seen, the
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Figure 2: Control voltage and associated bound.

proposed implementation required 58 iterations to
find a feasible solution, whereas the original for-
mulation required 74 iterations. Similar results
were obtained for x1(0) = 0.5,0.6,...,1.0 rad, as
well as for #2(0) =1 rad/s and —1 rad/s.

6

4.5x10

Original
Proposed

1.5F

05 i i i i
50 60 70 80 90 100
Number of iterations

Figure 3: Optimization cost wversus number of
solver iterations.

It may be argued that the computational ad-
vantage of the proposed formulation would be less
significant at subsequent time instants, because
the solver can be initialized with the solution ob-
tained at the previous sampling time. However,
non-modelled issues such as sensor noise, nonlin-
earities or exogenous disturbances may cause the
previous solution to be infeasible in practice. In
this case, the proposed implementation would be
useful to reduce the computational workload in
the search for a new feasible solution.

5 Concluding remarks

This paper presented a simplified formulation for
the OFRMPC control law originally proposed in
(Li et al., 2013). More specifically, an equivalent
LMI constraint was derived in order to simplify
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the SDP problem that needs to be solved at each
sampling time. In a simulation example, the num-
ber of iterations required by the SDP solver to find
a feasible solution was reduced from 74 to 58.

Work is being conducted to validate the pro-
posed OFRMPC implementation in a laboratory
system, by using the experimental procedures de-
scribed in (Colombo Junior et al., 2016).

Acknowledgments

The authors acknowledge the support of FAPESP
(Research Grant 2011/17610-0), CNPq (Research
Fellowships 303714/2014-0 and 300703/2013-9)
and CAPES (PhD scholarship).

Appendix A — Proof of Theorem 1

By replacing (32) and (33) for A;; and B;, the
(2,1) block in (29) can be rewritten as

[1 0] (Ai,jQ+BiZl> =
[ I 0 ] Ao-‘,—Bon
A; — Ao+ B;Coy — B()Cj + BiD()Cj
ByC,; I 0 .
Ai — BoC + BiDoC }QJ“ [ I B ]Zl> =
[ A0+B()Cj B()Cj }Q—F[I 0 ]Zl (52)

By replacing (30) and (31) for Z; and @, the
expression in (52) can be rewritten as

0
Qs }*
Y 0
[ mewv;m o}:
[ (Ao +BoCj)Q1 BoCjQa |+ [ Y1 0] =
[ (Ao + BoCy)Q1 + Y1 BoCiQs | (53)

[ Ao+ BoCj  BoCj | [ %1

which corresponds to the (2,1) block in (38).
Therefore, it can be concluded that the LMIs (29)
and (38) are equivalent.

O
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